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SHEET 2

Exercise 1. [1, Ex. 1.12] Prove that if A is a local ring and e an idempotent, that is,
e?2=e,thene=0ore=1.
Exercise 2. [1, Ex. 1.17] Let A be aring, f € A, X = Spec(A) and Xy = X \ V(f).
Prove the following statements.

(1) Xyn Xy =Xy,
(2) Xy =0 <= f is nilpotent,
(3) Xy =X < [ is a unit,
(4) Xy =X, <= rad(f) = rad(g).
Exercise 3. [1, Ex. 2.9] Show that if 0 M e M g 0 is a short
exact sequence of A-modules and M’, M" are finitely generated, then so is M.

Exercise 4. [2, Ex. 3.18] Let A be an integral domain. An element m € M is said to
be torsion if Ann(m) # 0. Denote by torsM the set of all torsion elements of M. We
will say that M is torsionfree if torsM = 0 and that M is torsion if M = torsM.

Let

0 M~ N2 0

be a short exact sequence. Show the following statements or answer the questions,
respectively.

(1) torsM is a submodule of M.

(2) If M is torsion, then the same holds for M’ and M".

(3) If M is torsionfree, then M’ is torsionfree, but M” need not be.

(4)

(5)

If M’ and M" are torsion, is then M is also torsion?
If M’ and M" are both torsionfree, does the same hold for M?
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