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SHEET 1
Exercise 1. [1, Ex. 1.2 b)+a)]

b) Prove that f = " a;X* € A[X] is nilpotent if and only if all the a; are.
i=0
a) Show that f = > a; X" € A[X] is a unit if and only if ag is a unit in A and a; is
i=0
nilpotent for ¢ > 1.
Exercise 2. [1, Ex. 1.4] Show that in A[X] the Jacobson radical and the nilradical are
equal.

Exercise 3. [1, Ex. 1.10] Show that the following conditions are equivalent: i) a ring A
has only one prime ideal, ii) every element in A is either nilpotent or a unit, iii) A/radA
is a field.

Exercise 4. (cf. [3, Ex. 1.1.3]) Let f: A— B be a ring homomorphism. Show that
f(radA) C radB. Give an example of a surjective f such that the inclusion is strict.
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