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1 A firstdefinition

Def
M a topological space A prefachonzation algebra Fon M taking
values in vector spaces is a rule that

assigns

to each open set Uc M a ve tor space
5 U

For every finite collection of open sch V C V C M with

Vi pairwise disjoint a hier
mag



Compatibility

FLO is combative algebra
Unital prefantorirationalgern Ey Flott in mital

5 d FCM pomited vector space

1



Example
A association alg locally constantprefect algebra Afd

on R

A fact la bi A

A fait Ig Aj locally antut

multiplication of A

structure maps



2 Multi categories coloured operads

Operad monoidal category category

N nulticatigong

Preview prefactorization algebra w values in multi category e

is a functorof multi categories Disjn s l

2 1 Operads

Def An operadO infsätspans consists of
i A

sequence 0474ns µ hofenhaspa 11 014

called vector spaceof operations

ii A unit element y
K 011 1 E 0111



iii A collection of multilien maps

on msn.mn olnlotolm.to Olm Of Egg

1
11 0131

013 EI OH
G 4 04



Associativity

Sn equivariana



A map of operads f O P is a
sequence of maps

f n Ola Pint

compatible with composition and Sn a tion

Examples

1 Ass Ass n KIS free Sn module

Generator ET µ in Ass 2

Relation

f ff in Ass 3

2 Com with Com n K with hinal Sn action



3 Gwen v s V endomorphism gerad End

End n Hom VÖv or multilinear maps

Composition is composition of multilinear maps

Def 0 an opernd An algebra over O is a vector space V and a

map
of grades

g O End

Becauseof
Hom an Hom V9 U Hom an o 8 v

g n Ol n V0 V

T
Think about bin an span ofoperations



Example

O
o

a

1 More than one vector space in vedy multi categories colouredoperads

2 Need topological categories



2 2 Multi categories

We work in an enrichedsetting f syneki monoidal category
e g Ists 1 reden n

with all
necessary solicits

Def A multi category coloured operad consist of

collectionof objects ObM

For each hell tupleofobjects n Xu l y
an object

M x in y
e l

For each object x a mit
2x Ie MIX x

Compositionmaps
MIX x y Ml 9 I a a M x

Mix ü l y



MIX x y Ml 9 a a Mx

Mix ü l y

Ä

f bin

For every htt tuple x xuly and 8 E Sn

M x an 1yd MIX only
a morphism in e

Assoc mit equivariance an for operach q one sided mit in M x x



Def Map of multi categories F M N

i Faxe M an olyid F x EN

ii A morphism

Fun tut yl MIX x y N En Faulty
in l preserving unit composition and Sn action

Examples
1 B ordinary category BIX y Blayl Blah x y fern
2 operado singleobject

Ol 1 1 Olm

3 4,01 synehinmonoidal cat n multicat I with some objects

Ily in y l no xn y multilinear maps



Symmetrie monoidal cot Multi category

has a leftadjoint

M multicategory SM

oficts finite sequenceofcolours Xm EM

morphism f Ex x 1 Ey Yu

sugiction I I I L im

Hj 1 n

f E M hxitiaig.ly j
monoidal shu here son saturation



2 3 Factorization algebras and multi ratigonis

Not

Floh is a combative algebraobjectof l F is called unital if
Flo in unital

Factorization algebras on sites ofmanifolds

m myo mir
in up to homotopy e g when

l is

Eher



A theorem I would like to understand

on eures

concrete constructions

blochs

Tasks

framework fortop categories
Cher

Operads monoidal cats

in this setting



3 co categories

DA D categoryof finite ordinals

with order preservingmaps

IGeneraten cofacemaps d n n In 0 Ehen

formorphism injection leaves out k 4
0 o o o

1 o o 1

codegeneracymaps s Inti in

surgiatur hits h hin
o o o o

En
s o o s 5

z A

Def Categoryof simplicial seh 0 Set



Def Categoryof simplicial seh 0 Set s St

Xu X En X OP Set

da X d X in su X s Xu Xu

Ex Xu singleton set

KEY X
E Homo1 in standard

simplex

Example T C a category nerve N e E sSet

with
N e Fun in e Nie objectge

I Ned Morphium
ordinal set seen an
a category

N e furchen on
pain of composablemorphisms

o z t their composition
imposition da N e Nie mapsto composition



Lemma The nerve fucher N Cat sSet

in fully faithful
Chara twin the essential unage

Example 2 X top space 10 I e R top simplex

10 I h Ho xn I E 1

Sing X Homop 10 1 X
subcomplex i e

restichim in a
To learn about image k th n how My e Jpn

I n t

suplicial set
of nerve functor

remove h th face

n 2
yen3ham

h o

so G Co Cz
hin h 2



Composition of l fills any home M of nerve Nie uniquely

N Nie

II
h in

inner hom

outerhom

Ggf exhuds if f has a left inverse

Co Cz
ich



Recall X top space Sing X Hong 10 X

111 retract of O

Sing X is a kam complex

all homs exhnd Erp Cat inner horns extenduniquely
uniquely

tallhorns exhnd Kan SS



Space a category

Mfd with embeddings a category

ordinary category oo
category

Grothendieck hypothesis spaces and
a
grouprich are the some



Terminology a category l

object vertion X El

morphism 1 simplim s d S lo
t do en l

id so lo la

Simplicial identities sood 0550 id and s od id

do so da so ide id Elton x x 1

Composition Ey and g z

inne hm
g g ni e

Non unique extension N D e

das is a candidate for non unique composition



We all know non unique compositions

Algebra V W E reden A tumor product is a v s t liked map
V WI V W

m unique isomorphism Tumor product is a clique a contractible

diagramofvector spaces

Fundamental group paths do not compose uniquely
Sn I X

Sz I
dad loops Sz S not unigen

but up to homotopy



3 2 The homotopy categoryof an o category

Def f g x y are left homotysis f Eg if there is a 2 simplex

o O e

Ey
oo right homotopic

Prof
1 right homotopie ES left homotpic
2 Homotopy is an equivalence relation f homotopy class of f



We have to show that any two
choicesof composition are homotopie

Take x g and y ts Z and two compositions

h

62 12 suption exhibit h an a composition

Now consider

the 3 simplex bottom fan exhibit a

homotopy that exhibits

h 12
id



A slide of slogans

Classical math o math

based on sit based on spaces

vector space chain complex

category of abelian groups
so categoryofspectra

category o category
abelian categories stable a category

Set sohn to an engen Space redundant solutions

I
manywaysto identify them

homotopy types



Typen

1 type no tun or one hm

O type tems t for 2 tous a l s type of identification

equal or not equal

m set Question is there a solution

1 hype tems t fer tuns a o hp
A set ofways 2 elements are equal
How are thingsequal

2 type type t 1 typeof identification
How are things equal Are 2 way ofseeing that

they are equal equal
o o o



Why should we care about theways to see that things are equal
Isn't mathematisch physics about finding an explicit set of
solutions explicitly 1

Importantpoint local to global needs control on identifications

EI Computing 7T X x is essentially understanding
the coverings of X

To glue savings we need morphine of coverings



An example for propositions in the theory

Algebraic categories
TFT

s
math physics

geometric categories

Example

A addition category Cha chain complexes in A s o category

objects chain topless M Mo M

chainmorphisms

chain homotopis

Thy A abelian with enough projections stable a category D A

Its homotopy category is the old fashioned triangulated denied category



g

3 3 Function and natural transformations

Def K simplicial set l an so category Afucher F K l

in a map ofsimplicial sits Asmplicialsitisafencher Ö Set amapof
suplicial sch is a nat trafo

Observation ordinary categories SD A frueher

F o o

o s
Full D

amount to two fenton F G e D and a natural

transformation a F G

Afnaher a e D

pair of furchen t natural transformation

Def A pairoffurchen and a natural transformation is a map
O x K of suplicial sets



Def Space of functors

Fun k e Map ssa k e hausse Ö x k e

is a simplicial set

This extends the class ital notionusingthe nerve fenster N Cat s St

General principles forextending categoricalnotions to to categories

Tamar



4 Back to multi categories

4 1 Bach to vector spaces

Vectorspace UAV is definedonlyup to unique isomorphisms Clique

Hence no reason to expect equality VOV W U V W

Reason for existence of isomorphism trilinear maps

Homer vor W X E Trilin U V W IX Hann Uno Vw X

Idea Monoidal cat l category with a lot of structure
encode this in a new category e a nice functor to a

combinatorial category



New category given 9,0 symmetric monoidal category

Objects finite possiblyempty sequencesof objects

an an

Morphism
an an an ein

Two data

Sc 1 n
map

S 1 m

family ofmorphisms

fj a
i 5

jem
in e

well defied since l symmetric



Composition an n g an i Y 4

Sehr µ TC Y m
S 21 m ß T 1 1

U L T Box U 21 1

Boalli p
Ci

Blg k ni
i EI G

Blg k

Def I a hinkst ni Ix In funk pointed set

n 1 n

n n f 1 n

Category Fix objects are n

morphisms preservemarked Element



Remarks on Fing

equivalent to category of finitepointed sch

Morphium n cm

partially defied map from ni h cm

m

1 in thewaste
ein

I

4

4

5 25 47 27

There is an obvious forgetful functor lt Ein



There is an obvious forgetful functor l Es Ein

an n n

an n 4
mit ni s s es y µ au

o
Ö n cm

g
fj

The idea is that this functor l Es Ein is so nice that

it encodes the stucher of a symmetric monoidal category

This then allows us to define symehi monoidal categories
in the

w world
withorderpreservingmaps an morphisms

If we replace finite sits by finiteorderedsets we get monoidal

categories rather than somehi monoidal categories

Why is p nia
opfikratim

Segalproperty



4 2 Opfibration

DA
e

glp
fibreof pour de D is

la e

le

ET
la olyid c e l s t plot d

morphisms c Es c sit p fl ida

Get an assignment Dms lat
CollectionofcategoriesparametrizedbyDd a la

Q Can we tun it into something like a functor



e

Def Situation
Gp

Guin G
fp

with d fast
f is called a co Cartesian lift of a if

an 3

d
Ge

d
and all die d

G z z
NB

es
Haneke I Hornets s

d e de
t

fpHomlps.pi Hong1ps psrief ff

Gwin hand ß get unique
is a pullback

Cs C



Lemma

Suppose
c 4
s
µ c

are two co Cartesianmorphism w sane image under p
in D

L pf p f
Then

c Es c

co Cartesian lifts are essentially
d s d migue

Li

Def Ip
o

i an opfibration if for all or El and all

p i d in D there is a a Cartesian lift

enough co Cartesian lift



Construction

Suppose in offitration

Choose for each are me and each plc d in D a C lift

For a d da in D definafenator

X Ed Sd
G Z

where ca is the codomain of the chosen lift f G Ca of a
us functor
m for d Ed Ed ed Cd s Cd

POL

Pseudo fincher D lat

hide stuck d la



4 3 Back to symmetric monoidal categories

M1
ei
Ip is an opfitration

Fing

Indeed take Ton an E et and n Es m

We have to find a co Cartesian lift for a
Choose objects c and isomorphisms

af c

for ja m

These isos combine into a morphium

an en s an ein
which is a co Cartesian liftof a

Every morphism Im Es aus in Enix induces a functor

ei
am

et
n

well defied up to canonical isomorphism



Notation for 1 Ei en denote g n n

g j
1 if i j

else

M2 Denote by lf the film of n Segalcondition

Equivalence een Il

g n ans induces equivalence In E

lx.j.nu

We show a converse suppose DI Fig is an opfikation obeying
the Segal condition

Then l Das has the structureof a synnehin monoidal category



a Mz imphis that Do has up to qm
me object

Uniquemorphism Los 17 m fahr Da Da l

object Ice

b x es an f
exe Da xD IT Du Da e

T
equivalenceby M21 Segal

c 6 1 27

I
isommphim em s

hach to defintin



4 4 Bach to multicatigonis

One can again reconstruct the gerad from the forgetful functor

00 Ein

0 08 I an OE 0



Xs Xu so mi Fe OE

Mula Xu Y f T Y in 00 sit

JT f n 17 sit

STIFT

o a


