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e The maps are compatible in the obvious way, so that if U; U ---UU;,, € V; @ W
and Vi U --- U Vi € W, the following diagram commutes. 1 S F(UL) ® F(U12) ® F(Un)
Oreae |
AR i F(V1) ® F(V2) —— F(W)
k n; k N R
R @, F(U) » @ F(Vi) oy
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Figure 3.1. The prefactorization algebra A™ of an associative algebra A.
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(3) The composition maps are associative in the following sense. Let n, m,

ceosmp, €11, ., €ymy, €21, - - ., £y, be positive integers, and set M =

n N P o
Zj=1 mj, Lj =377, ¢, and

These data are equivariant, associative, and unital in the following way. N = Xn: L — Z s
- 7= K
i=1 (.k)eM
(1) The n-ary operations O(n) have a right action of Sj,.

(2) The composition maps are equivariant in the sense that the following
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O(n) ® (O(m1) @ - - - ® O(my)) ~22% O(n) ® (O(Mo (1)) ® - - ® O(My(y))

l ... 'L A.3 Operads and Algebras 285
O (31 m) O (Sp=m)
Then the diagram
where o € §, acts as a block permutation on the Z_;l=1 mj inputs, and .
the following diagram also commutes, Oom) ® é (o(mj) ® é o ,k))
j=1 k=1
id ®(11®--®1n)) -
O ® (O(m1) ® -+ - ® O(my)) O ® (O(Ma(1)) ® - - ® O my)) e \ y
J/ Om@QOm) ®@Q Q OUjx)
° ° j=1 j=1k=1
& By
o (Zim) 0 (im) g
Om QO o®id
j=1

where each 7j is in Smj and 71 @ - - - @ 1, denotes the blockwise permu-
"ta;tlon in SZ}%! mj*

A ~ e . *

n mj
OM) ® Q & Otjx)
o j=1k=1

~

O(N)

commutes.
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The little k-disk operad or little k-cubes operad (to distinguish from the framed little n-disk operad) is the topological

operad/(e0,1)-operad E; whose n-ary operations are parameterized by rectilinear disjoint embeddings of n k-dimensional
cubes into another k-dimensional cube.

When regarded as a topological operad, the topology on the space of all such embedding is such that a continuous path is
given by continuously moving the images of these little cubes in the big cube around.

Therefore the algebras over the Ej operad are “k-fold monoidal” objects. For instance k-tuply monoidal (n r)-categories.
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Finally, an algebra over a colored operad M with values in A is simply a

functor of multicategories F : M — N. When we view O as a multicategory
and use the underlying multicategory Vecty ., then F' : O — Vectyereduces to
an algebra over the operad O as in the preceding subsection.
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Definition 3.1.1 Let Disj,, denote the following multicategory associated to M.

e The objects consist of all connected open subsets of M.

e For every (possibly empty) finite collection of open sets {Uy}qca and open
set V, there 1s a set of maps Disj;;({Uqy}aea | V). If the U, are pairwise
disjoint and all are contained in V, then the set of maps is a single point.
Otherwise, the set of maps is empty.

e The composition of maps is defined in the obvious way.

A prefactorization algebra just is an algebra over this colored operad Disjy,.

Definition 3.1.2 Let C be a multicategory. A prefactorization algebra on M
taking values in C is a functor (of multicategories) from Disj,, to C.
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Theorem 5.1.3 Let F be a holomorphically translation invariant prefactor-
ization algebra on C. Let F be equivariant under the action of S' on C by rota-
tion, and let F* denote the weight k eigenspace of the S' action on the complex
F,. Assume that for every r < s, the extension map F* — F¥ associated to — Conerche W‘\MC—&M

- MOJ«A

- OV cuxeWhd

the inclusion D(0,r) C D(0,s) is a quasi-isomorphism. Finally, we need to
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assume that the S' action on each F, satisfies a certain technical “tameness” w %N ' a
condition.
+

Then the vector space

Vr = P H FH
keZ

° O(,(,\'&AA' W\deoJ. Ca\ty

has the structure of a vertex algebra. The vertex algebra structure map
Yr:Vr®Vr— Vrllzz '] wa m& .
is the Laurent expansion of operator product map
H*u : H*(.Ffl‘) ® H*(.Ffzz) — Hol(Discs(ry.r2 | ), H*(Fs)).

On the right-hand side, Hol denotes the space of holomorphic maps.
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Proposition 1.4. Let X be a simplicial set.
(i) There is an isomorphism X = N(C), C € Cat, if and only if every inner horn
Ay — X.0 < k < n, can be uniquely extended to an n-simpler A" — X.

(ii) There is an isomorphism X =2 N(G),9 € Grpd, if and only if every horn
A} — X,0 <k <n, can be uniquely extended to an n-simplex A™ — X.

Definition 1.5. A simplicial set X is a Kan complex if every horn A} — X for
0 < k < n can be extended to an n-simplex A" — X.
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Definition 1.7. A simplicial set C is an oco-category if every inner horn A} — C,
0 < k& < n, can be extended to an n-simplex A™ — C.
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Proposition 1.15. Let C be an co-category. There is an ordinary category Ho(C),
the homotopy category of C, with the same objects as C and morphisms the
homotopy classes of morphisms in €. Composition and identities are given by

lg] o [f] :=[g o f] and idy = lid:] = [spz]

where g o f 1s an arbitrary candidate composition of g and f.
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Definition 1.20. An oo-category is an oco-groupoid if the homotopy category is
a groupoid.
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Corollary 1.22. An oco-category is an oo-groupoid if and only if it 1s a Kan com-
plex.
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Lemma 2.2. For categories A, B there is a natural isomorphism of simplicial sets

N(Fun(A, B)) = Fun(NA, NB).

W \‘Q-V\MO\.‘-/(U} g,u»r Ux\rwbwa co&::-an)»c«l wolh v Yo o0 - Cot,\—uaow'm :

[P1 ] The concepts are extensions of the ordinary concepts in that everything is compatible
with the fully faithful nerve functor N: Cat — sSet.

[P2 ] The notions are coherent variants of the classical notions, i.e., co-category theory realizes

a homotopy coherent category theory.
e of
[P3 ] The extensionsVare often defined for arbitrary simplicial sets, and when applied to oo-

categories we want these extensions to again give rise to oo-categories.

[P4 ] All concepts are invariant concepts, i.e., an application of these constructions to equiv-
alent input oo-categories yields equivalent output oc-categories.
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LL'-""‘L) \"0 A‘&V‘"h"\- . Definition 2.0.0.7. A symmetric monoidal co-category is a coCartesian fibration of simplicial sets
p: C® — N(Jin,) with the following property:

%) For each n > 0, the maps {p’ : (n) = (1)}i<i<n induce functors pi : C®, — €% which

== - (n) (1)

determine an equivalence G‘?;L) ~ (@‘a))”.
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Construction 2.1.1.7. Let O be a colored operad. We define a category O% as follows:
(1) The objects of O® are finite sequences of colors X1,...,X,, € O.

(2) Given two sequences of objects
KNofnaran Xy E10 Yo seg X5 E0;

a morphism from {X;}1<i<m to {Y;}1<j<n is given by a map a : (m) — (n) in Fin, together
with a collection of morphisms

{#; € Mulo({Xi}ica-1453> ¥i) h<i<n
in O.

(3) Composition of morphisms in O% is determined by the composition laws on Fin, and on the
colored operad O.
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.- X, €0 ~ X eo

Definition 2.1.1.10. An oco-operad is a functor p : O® — N(JFin,) between oo-categories which
satisfies the following conditions: ¢ « e



