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Definition A.4.2 The Chevalley—Eilenberg complex for Lie algebra homology
of the g-module M is

Ci(g. M) = (Symg (g[1]) ®x M. d)

where the differential d encodes the bracket of g on itself and on M. Explicitly,
we have

dXgp A+ AX, @m) = Z (YL il Axp AT B AX @m
1<j<k<n

n
+ ) (=D Txp AT Ay @ [xm].
Runls : v O&)LQJLM) M [,Wv;,j;fl = JAW.\X Vol .
We often call this complex the Chevalley—Eilenberg chains.

The Chevalley—Eilenberg complex for Lie algebra cohomology of the g-
module M is

C*(g, M) = (Symg (g”[~1]) ®x M, d)

where the differential d encodes the linear dual to the bracket of g on itself and
on M. Fixing a linear basis {e;} for g and hence a dual basis {eF} for gV, we
have

df ® m) = — Z ek([ei, ej])ei A @m+ Zek Anel® [e;, m]
i<j !
and we extend d to the rest of the complex as a derivation of cohomological

degree 1 (i.e., use the Leibniz rule repeatedly to reduce to the preceding text).
We often call this complex the Chevalley—Eilenberg cochains.
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(2) There is a bilinear bracket [—, —] : g ®g g — g such that

e [x,v] = —(—)PPI[y, x] (graded antisymmetry)
e d[x,y] = [dx,y] + (—=1)[x, dy] (graded Leibniz rule)
o [x,[y,2]] = [[x,v]. 2] + (= DMy, [x, z]] (graded Jacobi rule),

where |x| denotes the cohomological degree of x € g.

2o o L od ws i Q«A Leadhcty
W s Kﬂﬂw »«L«;
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(a) We construct the dg analog of gl,. Let (V,dy) be a cochain complex
over K. Let End(V) = &, Hom"(V, V) denote the graded vector space
where Hom"” consists of the linear maps that shift degree by n, equipped
with the differential

dgnav = [dv,—1:f > dy of — (—=D)VIf o ay.

The commutator bracket makes End(V) a dg Lie algebra over K. fDLW""""L’“'Q &ﬁ"“’)
(b) For M a smooth manifold and g an ordinary Lie algebra (such as su(2)),

the tensor product Q*(M) ®r g is a dg Lie algebra where the differential

is simply the exterior derivative and the bracket is

[a@x. Byl =a A B [x.y]

We can view this dg Lie algebra as living over K or over the commuta-
tive dg algebra Q*(M). This example appears naturally in the context of

gangetheory. Juld Maeong .
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Definition A.5.3 A precosheaf of vector spaces on a space X is a functor G :
Opensy — Vect. A cosheaf is a precosheaf such that for every open U and
every cover U = {V;},e; of U, we have Co()vvolmdf g

colim ( ) 3 g,

[Jovinvp=T1]6wvn

ijel iel

where the map into G(U) is the coproduct of the extension maps from the V; to
U and where, in the colimit diagram, the top arrow is extension from V; N'V;
to V; and the bottom arrow is extension from V; N V; to V;.
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A prefactorization algebra F on M with values in €?® is an assignment of an object F(U) of € for each open
U C M together with the following data:

e For U C V, amorphism F(U) — F(V).
e For any finite collection {U;} of pairwise disjoint opens in an open V C M a morphism

®i9'(ui) — .rf(V).

e Coherences between the above two sets of data.
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A prefactorization algebra F on M with values in C® is an assignment of an object F(U) of € for each open
U C M together with the following data:

e For U C V, amorphism F(U) — F(V).
e For any finite collection {U;} of pairwise disjoint opens in an open V C M a morphism

®,’9‘~(u,') — ff(V).

e Coherences between the above two sets of data.
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Definition 2.1. A Grothendieck topology on a category C is a set T of families of maps {¢,: U; - U};_; (known as
coverings) such that

e for any isomorphism ¢ we have {¢} € T;
o if {U; » U} € Tand {V; ; = U;} € T foreach i, then {V; ; > U} € T; (cartrs "“{/"'*" )
e if {U; > U} € T and V — U is a morphism, then U; X; V exist and {U; Xy V = V} € T.

( covtv Pl bad )
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Definition 5.1. A universal holomorphic prefactorization algebra (valued in the category dgN uc®)

metric monoidal functor

is a sym-

Holj — dgNuc®.

A universal holomorphic factorization algebra is a universal holomorphic prefactorization algebra satisfying
descent for Weiss covers.

M wSRhm b 2x I or L 2ok 2
4 9 Yo o oolad wmm%mgm o €

Definition 3.6.3 Let £ be a sheaf of dg Lie algebras on M. A k-shifted central
extension of L. is a precosheaf of dg Lie algebras L. fitting into an exact
sequence

0— Clk] = Lo — Lo — 0

of precosheaves, where C[k] is the constant presheaf that assigns the one-
dimensional vector space C[k] in degree —k to every open. + Laca»ﬂaa comds Way
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Definition 3.6.4 In this situation, the twisted factorization envelope is the pref-
actorization algebra UL that sends an open set U to C*(ZC(U)). (In the case
that £ is a local dg Lie algebra, we use the completed tensor product as above.)
The chain complex C, (ZC(U )) is a module over chains on the Abelian Lie
algebra C[k] for every k. Thus, we will view the twisted factorization envelope
as a prefactorization algebra in modules for C[c¢] where ¢ has degree —k — 1.

(14)

Example\/]{et g be a Lie algebra and cons1der the local Lie algebra Qp ® g on
the real line R, which we will denote g®. Given a skew-symmetric, 1nvariant
bilinear form @ on g, there is a natural shifted extension of g where

[a®X,,B®Y]w:a/\,B®[X,Y]—I—/aA,Bw(X,Y)C,
R

where we use ¢ to denote the generator in degree 1 of the central extension. Let
U, g® denote the twisted factorization envelope for this central extension. By
mimicking the proof of Proposition 3.4.1, one can see that the cohomology of
this twisted factorization envelope recovers the enveloping algebra Ug of the
central extension of g given by w. O

%)(Ow\/\()(.& (?_ok> \/(&c_— V\ovba XaoLzN{‘Zo&im aﬂna,ﬂ,(\
/M(A(Mmfz&xﬂ <> vuma &m
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Define the complex manifold ( JA’&M Q,\J?owwr(,{(_ dives o, @LZ )
Discs(ry, ..., 1) :={z1,...,2 € C| D(z1,1r1) U--- U D(z, 1) disjoint} C ck.

The collection of these spaces form a R -colored operad in the category of complex manifolds, which we
denote Discs. Applying the functor Q%* we get a R-g-colored cooperad Q%*(Discs) in the category of
differentiable vector spaces. The main technical fact that we use to read off the structure of a vertex algebra
is

Proposition 4.2 ([CG16a]). Let F be a holomorphically translation-invariant factorization algebra on C. Then, F
defines an algebra over the R g-colored cooperad Q%* (Discs).

TFhis-means-that at the level of cohomology as we let p € Discs(r1, ..., ;) vary the factorization maps
- m(p] : H*F(D(0,r1)) x --- x H*F(D(0,7,)) = H*F(C)
- lift toamap
pt ok H*F(D(zq,71)) X - - X H*F(D(z, 7)) — Hol (Discs(ry, ..., rx), H*F(C)).

~ Translation invariance allows us to replace F(D(z;,1;)) ~ F(D(0,r;)) which we denote by F(r;), so we can
write this map as

— pz 7k F(r1) x -+« X F(rx) — Hol (Discs(ry, . .., ry), H*F(C)).

l ¢7JL\A/:/- % Cx AK-"’VVU}( s
U

®k
Mz, (lim H* (3"(1’))) — lim Hol (Discsi (1), H*(F(r))) = Hol (Confy(C), H*F(C))

r—0 r—0
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Theorem 4.3 (Theorem 5.2.2.1 [CG16al). Let F be a Sl—equivariant holomorphically translation invariant factor-
ization algebra on C. Suppose

The action of S on F(r) extends smoothly to an action of the algebra of distributions on S'.

For r < r' the map
gD () = 5O

is a quasi-isomorphism.

The cohomology H* (F(!) (1)) vanishes for 1 > 0.

For each | and r > 0 we require that H*(F)(r)) is isomorphic to a countable sequential colimit of finite
dimensional vector spaces.

Then Vert(F) := @H*(F")(r)) (which is independent of r by assumption) has the structure of a vertex algebra.
L
, )
FM/\/\. c‘a&r L \\/LC’E : \‘T‘(—émci‘, C — \[@L‘t,x Aea

Tl
Tl czt:\rv) Ko - M%AAA omd | \lve sovo aserbex aQaanA
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The first line follows from the fact that the only non trivial Lie bracket involving the elements ay, ..., a, is
between a1 and 4; for j # 1. The second line follows from the fact that the cocycle w is cohomologically
degree one.

Since the term on the left hand side is exact in the cochain complex Vir*(X) we have at the level of
cohomology

n n

oo = (D [ o alar Gy ca | + Y (Dw@ o) gy Gca] . (5)
j=2 j=2

QLO(«/\CU\—\ Lo\ g

In particular, we see that |a] = 0 for any a.
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Using the explicit form of the operator 5_1 on CP! we find

1
zZ—Xq

7 (ay,(2,2)) = 9.

For a; = ay,, the recursive equation for the n-point function Equation (5) becomes

|, - -~ ax, | i( 1);H 1 az,axj(z,f)]ﬂxz'“aj‘“”an
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=1
|ax,0x,| = cw (8 axl,axz> .

By definition of the cocycle w, the right-hand side is equal to

1 1 e
c. ELZ_xlaz(fo(z,z))dzdz.

[terative application of integration by parts together with the fact that [ ¢(z) fx,(z,Z)dzdZ = ¢(x2) yields

lax,a J_c 1
17 _Z(X]—xz)4.

& 3 ()M MOJ\M»

We can compute |ay,ax,ax, | in a similar way. Since |ay, | = 0 the recursive formula implies

| A2,y s | = H 1 az,axZ(z,Z)] -ax3J — H 1 0-, axs(z,f)] -asz )

Z—X1 zZ—X1

Consider the first term above. We compute the Lie bracket

1 1 o 1 — =
[—XIBZ, ax?_] = Z -1 E)z(fo(z,z))dzaz + mfxz(z,z)dzaz.

Applying 3_1 to this expression yields the vector field

1 2
(_ (z —x2)2(x2 — x1) - (z—x2)(xp — xl)z) -

This calculation, combined with the fact that [a-b| = cw (9 1(1, b) yields

HZ —1x1 0z, axz(z,f)] : ax3J = —cw ((Z — xQ)zl(xz _ x1)az,ﬂx3 (z, Z)) + 2cw <(z - xz)(lxz _ xl)zaz, s (z,E))

c 1 _ _ . C 1 - -
= _Eé(z—xz)z(XZ—xl)ag(fx3(2’2))d2dz+gA(Z_xZ)(xZ_xl)zag(fx3(z’2))d2dz

B c (_ 2 N 1 )
(x3—x2)4(xp —x1) \ ¥3—Xp Xp—1x1

The second term in (6) is obtained by sending x, ¢+ x3 in the above formula. In total, the sum is thus

c X3 — Xp X3 — X1 Xy —X1q Xy — Xq
(x3—=x2)%(xp —x —1)(x3 —x1) X3—Xp Xp—X1  Xz—Xp X3—X]
This simplifies to the following expression for the 3-point correlator

C
X1 —x2)%(x1 — x3)2(xp —x3)%

Laxlaxzast = (
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For general 1, the recursive formula implies that can write the n-point function as

! 1 1
ax "'axn = ax‘l‘— ax "‘axn
I 1 C e [
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