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1 Brief recapof lie algebras

K at least of should be projective K module

Def lie algebra goof of

antisymely Jaioli

Ey 1 Mu Kl A B AB BA

2 Vect IM M smoothmfd

Def Module M g of End MI

Tategory g mod

Ex M in a Vest M module

Two functors

Invariant 19 g mad bectk

M I MI

M m I x m o sag

Tonivariante flog g nod weak
M T My

My
M

g M




























































































2
Universal enveloping algebra

AssAlga
forget takecommtator

U t
Forget

lie Agu

Ug Tus
y ey yox ix y

filtered associative algebra

Hopf algebra E Vlog k augmentation

Home y Forget End MI E Homme Vg End IMI

g mod Vay mod

Hence g und hasenoughprogitives

K hinal g module k 0 ey hak

K Ug bimodule K 191 here

Monoidal Vlog g Vlog Vlog

Mag K
QuayM coinvariant rightexact

MY Homug K M leftexact




























































































Def lie algebra homologyof ME g mod 3

Hy y MI Torft K M

Lie algebra cohomologyof M E g mod

H y MI Ext
y

K M

Fact H y M classifies devotion mod inner derivations

Df An extension ofof a lie algebraof is a lie algebra

that fits in an exact sequenceof lie algebras

M of g 0

where M in on abelian lie algebra

Rink
Pick primage x ̅ eof of toy Then x ̅ m is

independent on choice of x ̅ and turns M into a of module

H y M classifies extensionofogby M an hi algebra

Def A central extrusion of of in an extrusion sit

M is in the centerof of i e 7 0 c g

Classifiedby H y H y Mm




























































































2 Standard cochain complexes 4

Key Efficient freeresolutionof trial Ulgt module K

C y Mag Vlog freeright Ulylmodule

The situation becomes subtle concerning thetensor products

if of is not finte dimensional
We assume that of in

a nuclear vector space w nuclear tensor

product

Cartan Eilenburg differential

Y In Xml

Ein 411 1g ryan syn lynn m

Egan
1 yi gu ryn Gg In ayn

tun

Frei resolution of K of Weibel chapter 7 7




























































































Tus 5

K Lg M Ng M gym M

RHoming
K M M of M Ng M

Ruh of abelian M mir differentialvanishes






























































































6
Special case trivial module K

log y K countatur dg algebra
function on Boy

da an b a b continue an differential

legt
i

lag K so sonntative dg coalgebra
distribution on Boy

Generalization to

Df Adg lie algebra over a commutativering R is a

Z graded R module of with

1 A differential

a J of Toy
lag d is a dg R module

Generalization L algebras with higher brackets




























































































Example 7

Differential forms

fieldtheory

CE complex fordg lie algebras via double complexes
d day die d dg da

Them Symehi monoidal fucker

CE dg hi Chr

Def
of a dg lie algebra k 2 k shifted central extrusionofof

Eth of g
with 57 0

17ᵗʰ oft clarifies exteriorswhereof is an to algebra




























































































8

Example Complexmanifolds

complexmfd T X T

TX T X holomorphic tangent bundle

da O n 1 1 1 2 1 1

splits dar 2 5

Dolbeaut resolution of 0 TX holomorphe vectorfields

R XIX 9 Xix In R Tx

dg lie algebra L R XIX
byextending lie bracketof holomorphicvectorfilch

3 Way as a prefactorization algebra on IR

Coproducts













































































g

Ex for precosheaf say mal valued

E UI compactly supportidfunition on U

For UC V extend s E v1 to

ext
war

n by wo on Viel

Def RE 4 ey dar utopian 9

Cosheaf of cochain complexes
Precosheafof dg hi algebras soproductof dg lie algebras
is not direct sum of Agore 0905 2613








































































Proposition Costello Guillian Prop 3.4.1 10

lohomology prifactorisation algebra

HLU y ul

CE complex

is locally constant The corresponding associative algebra is
i somorphin to universal enveloping algebra Ug
The construction generalizes fromIR to any

smoothmanifold M

of any dimension



Sketch of proof 11

ICJ inclusionof intervals gis

2 Flog 11710g

Ag H IR H G RICK y
is associative algebra by general theorem

dg lie R 0g Es HE
R 0g JE
1

concentrated in degree concentratedin
91 degrees

aufproduct is zero abelian

R R g CE GE Symof
abelian

Ag Symoy as a vectorspace

Fix bump function E EH I GE 1

R

I of Ag
I X E

Claim this is a morphismof lie algebras



Pick f C 8,8 with f dx 1 12

f x f x tl e E S S

Cochainrepn for I with say is

ft dx forany ER

Take 8 0 so small that S S and 1 5,1 81 are

disjoint
Product X 4 for X Yay in represented by

fo dx X feat E Sym Blog
n

FUR g

Countator is represented by

fodx X f dot fodx Y f x

Slf f n 0 hac R sit

dar h f dx f.de

h takes value non 8,81



13

Consider fo dx h X E E REIN g

d fo dx 1h

f dx dh Tl f h dx X Y

fo dx X f feldx Y

fo h dx X Y

Sina h 1 on 1 S S we have froh for

4 The factorizationenvelope

Goal Kac Moodyvertexalgebra and theVirasoro algebra
as a twistedfactorization envelope

Motivations

in 2d CFT

in Hd

Morphium Fact envelope Fact algebrafor QFT

expressessymehin
anomalien us central extusins
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Def A total dg lie algebra on a mfd M are the data

graded vectorbundle L on M sheafof smoothsections

differentialoperator d L L ofdegree one and

square zero

L L antisymelin

sheafof Lo abgeben

4 1 Idea

f sheafof dg hi algebras on M
L cosheaf ofcompactlysupportedsectionsof L

ofchain complexes notofdg lie algebras

Lc prefachnizationalgebra

Recall
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L 4 WU V

for U finte collectionofdisjoint opens in V

Recall CE dg lie Chu in monoidal

Def Grin L sheafofdg lie algebras on M factorization

envelope U2 V L VI

Ehc Vi G L lu I

IV

CG Thm 6.5.3 wen factorization algebra i e satisfies co descent

Example

RE of locally instant factorization algebra
En envelopingalgebraofof here HAI

Recall descent forsheaves
U CM open M Ui open over of U then

5 U ECU 1 Ig Virus
in an equalizer diagram
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Cosheaf dualize coegualize

FU.nu FIU I ECU

Impose this for

DI An open cover U U of a top space is a

Weiss cover if forany finte collection ofpts in M
there is U E M S t n Yu

C Ui

Example
1 M 50,23 U 0,23 14 i EIN

2 M Riemannianmfd Opens that are disjoint unions

of balls of radin E 0

JEÄI over for a Grothendieck topology on thepostof
gen subset of M
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loversrefine

coverspull back I

Example

Holy objects are one dimensional complex manifolds

morphisms holomorphic embeddings

Wein can define a Grothendieck topology on Holy

My question to what extent does this capturefactorization

5 Twisted factorization envelopes

Locality condition
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Example 121 Kac Moody factorizationalgebra

of simple lie algebra Joy Killing form

Σ Riemann surface

R g J Dolbeault analogue

Cocycle alt β α IP



for α β 29 U g 2 19 27
19

zero unless deg α digβ 1 1 shiftcocycle

Vw R ey Kai Moody factorization algebra

Locally recover Kac Moodyvertex algebra

Example

apxmfd dim X n R x closed

w β Sex JPY 1

see 2308 0441 for interesting
generalizedhandythen

Example Virasoro for Riemann surface Σ

LE U TU

sheafofdg lie algebras in fact localdg lie algebra

Cocycle

an da β Bo β da



20

Niro 14 2C

Dir Um L

6 Equivariant profatorization algebras and vertex algebras

M top space G discretegroup
no smoothness anidered

M Ö G

A prifactorization algebra with values in a multicategory N is a

Disjm I
N

g EG provides endofenatorof Disjn act by presorposition

9A U Algu
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Def Studienof G Equivariantprefactorizationalgebra mA

isomorphisms Gg A g A

S t

A HA

disjointholomorphicdiscs in a I

Taking a limit
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Fun for Wert Prefact VertexAg

Thm

This gives Kac Moody and Virasoro vertexalgebras

an construct a universal Virusoro algebra on the

site of complex curves

Waning the Virasoro cocycle is not independent on choice

of coordinate Schwarzion derivative enten

Fix reduce to projective liar structuregroup or work

will projective connection



7 Factorization homology and conformal blocks

Factorizationhomology of Wir global section

Wir H Wir E

dg nuclear vector space

We compute this for the sphere 9 0

General observation

The dg lie algebra R Σ I I is formal

12 gis

HI 12 EE

Vir El H Sym HIETE CC da

For genus g
0

H E Tg se e

Z Jz



Thus

Vir HÄ Ist a c GEy.CI

deg y 3 dig C 0

Now towards Virusoro conformal blocks

Riemannsurface Σ

Un Um opens bikolomorphi to Dr 10 C I

Consider

1 Ey un
Wir 4 Dir Un Vi E

Wir is holomophically traust invariant fact algebra

algebra over cooperad 1 Disc

I i a holomorphic fundin on

Disc r Cafu E

Compute these function

Fix complement to hamoni function 1 forms and

an inverse to J on His subspace



Needs auxiliarystructure e g metric Green's function

IG Weg 11,11 formon E E

Take a E R Σ TE I closed
assume a in orth complement

Compute

a hol

Recursion relation

We have now to make special choices for a
Take x Caf EP

Eso sit D Xi E pairwise disjoint

Idea smear out

f Ir bump functions on DIX E



0,11 for fx ZZ dä E 2 D _E

holomorphic vector field valued forms

ax fx Ez DEZ 1 DIY E TAP

n

Wir Dlxi.at

Compute
tax ax Ho f Dir C I

Om point blocks

a 0



2 point blocks

3 point block



General recursion relation exhibiting Virusoro OPE


