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in representation-theoretic problems, in particular in mathematical physics

Modular tensor category

Data.
Abelian, semi-simple, -linear tensor category

Braiding

Twist

AXioms:

Existence of compatible

many isomorphism classes of ;
Set of representatives

Tensor IS

Braiding is “maximally non-degenerate”. the matrix

IS invertible.
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Representation categories of certain

(Weak)

Conformal nets of von on the real line

are modular
Axiomatization of chiral data of two-dimensional conformal eld theory

Some results

a connected weak Hopf algebra
unitary modular category (Nikshych, Turaev, Vainerman)

Net of nite index, split property and Haag duality
Representation category is modular category (Kawahigashi, Longo et al.)

Vertex algebras: relation to CO- niteness condition

Modular tensor category  Topological eld theory (TFT) in 3 dimensions
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3D TFT

1) 2D manifold vector space

L.

2) Cobordism linear map
+ = ribbon graph

m Extended surface:
Closed two-dimensional manifold
with Lagrangian subspace of
Finitely many embedded

m Cobordism
3-manifold with boundary and
Boundaries are extended surfaces
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Modularfunctor

1) Extended surface vector space

2) Cobordism linear map
m Conformal blocks for an extended surface

Finite-dimensional complex vector spaces

To associate linear map

Space of for TFT-path integral

Precorrelators of local CFT

m Transition amplitude for a cobordism

Linear maps

In particular:

allows to specify vectors in
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Axioms:
= Naturality:

= Multiplicativity:

m Normalization: cylinder identity on
m Functoriality (glueing): glue two cobordisms with
Consequences:

1) Projective representations of all mapping class groups
2) Gluing of two arcs  Factorization

)

— )

\Q/ \O’/

_




Conformalblocks

Conformal vertex algebra  Conformal blocks:
of conformal blocks over
of complex curves with marked points

Virasoro algebra  (projectively) at connection on



Conformalblocks

Conformal vertex algebra  Conformal blocks:
of conformal blocks over
of complex curves with marked points

Virasoro algebra  (projectively) at connection on

Rational vertex algebra Representation category is modular
Structure from on



Conformalblocks

Conformal vertex algebra  Conformal blocks:
of conformal blocks over
of complex curves with marked points

Virasoro algebra  (projectively) at connection on

Rational vertex algebra Representation category is modular
Structure from on

Conjecture for rational vertex algebras:

Monodromies of the vector bundles Representations of mapping class groups
from modular category
Needs understanding of factorization



Conformalblocks

Conformal vertex algebra  Conformal blocks:
of conformal blocks over
of complex curves with marked points

Virasoro algebra  (projectively) at connection on

Rational vertex algebra Representation category is modular
Structure from on

Conjecture for rational vertex algebras:

Monodromies of the vector bundles Representations of mapping class groups
from modular category
Needs understanding of factorization

More precisely:



Conformalblocks

Conformal vertex algebra  Conformal blocks:
of conformal blocks over
of complex curves with marked points

Virasoro algebra  (projectively) at connection on

Rational vertex algebra Representation category is modular
Structure from on

Conjecture for rational vertex algebras:

Monodromies of the vector bundles Representations of mapping class groups
from modular category
Needs understanding of factorization

More precisely:

Problem: _ _ _
How to relate (multivalued) sections in  to correlators?
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Somegeometryfor local CFT

Local CFT on : possibly boundary, (un-)oriented
First step: complex double
Disc Sphere

N

Holomorphic factorization:

on are specic in

1) Invariance under action of on
2) Factorization

d_ Bd

Look for three-manifold with boundary and ribbon graph such that
gives the
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Lattice TFTs for Frobenius algebra
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Central idea: combine

Topological eld theoryin 3D

Non-commutative algebra (in a tensor category)

Frobenius algebra

Algebra: associative, unital
Coalgebra: coassociative, counital

is morphism of bimodules

U1 LY

Special Symmetric
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Algebra of open string states / boundary operators

Is special symmetric Frobenius algebra in modular tensor category
Two ingredients:

1) Operator product

IS associative:

Multiplication

2) Non-degeneracy of two-point function on the disc ~ Non-degenerate bilinear form:
Not necessarily (braided-)commutative

Boundary condition not necessarily elementary
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Summarizing
(with J. Fuchs and I. Runkel)

For given chiral data , a full local CFT can
be constructed from a Frobenius algebra in
This algebra is the algebra of open string
states for a single boundary condition

(= D-brane or brane con gur ation)

Other boundary conditions

OPE

Map

Boundary conditions =

-modules
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Representatiotheory

De nition just as for vector spaces

such that and

Category -mod of (left-) -modules

Theorems:
= Induced modules
m Every irrep appears in the decomposition of an induced module

= Reciprocity theorems
= Module category is abelian and semi-simple

Physical interpretation
Boundary conditions -modules
Irreducible -module Elementary boundary condition
Direct sum Chan-Paton multiplicities
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Comments

1) Just one non-linear condition to solve: associativity

2) Theorems

Factorization
Modular invariance at arbitrary genus

Partition function integral and non-negative
NIMreps of fusion rules

Classifying algebra

3) Unifying formalism for exceptional and simple current modular invariants

4) boundary conditions algebras, but Morita equivalence (D-brane
democracy)

5) equivalence techniques

6) of tensionless lines

7) Extension to unoriented worldsheets  orientifolds
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Physical concept

Algebraic structure

Boundary condition -module

Boundary eld

Defect line -bimodule
Fusion Tensor product

Bulk eld

Disorder elds

Theory on
unoriented surfaces

Jandl algebra

Manche meinen
lechts und rinks
kann man nicht velwechsern

werch ein illtum
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» Formulae for
Number of -modules:

Number of -bimodules:
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General construction:

Elements of = Classes of invertible objects,
braided  Picard group abelian
Direct sums  Subcategory i of of

Categori cation :
Group category

: : with
Abelian group braided category
Categori cations of resp.
Facts:
m on with values in
= Twist on Quadratic form on

monodromy charges

Chiral data of braided Picard category accessible

, 1.e. simple fusion

Associated bilinear form:
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5 ; classify
For braided tensor category, generalize to Kreuzer-Schellekens-bihnomomorphism (KSB):
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Defectlines

and algebra in Category of - -bimodules
Tensor category with tensor unit
In general

Interpretation:
Tensionless defect lines, fusion of defects

= Picard group of = of the theory

on
Boundary conditions
Boundary elds

Bulk elds

E.g. critical 3-state Potts model

m Kramers-Wannier-like from defect lines
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Conclusions

= Algebraization
Rigorous proofs Powerful algorithms

m OPE coef cients:
Invariants of knots and links in 3-manifolds

= Old physical problems  Standard problems in algebra and representation theory

Physical problem Algebraic problem
Classi cation of CFTs Morita classes of algebras
based on

(Large classes of examples
from Picard group of )

Classi cation of

gz;enc(::ry condltlons} Representation theory
Internal symmetries Picard group of
Dualities
Deformation of CFTs Deformation of algebras

(and categories)
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