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Abstract. In two-dimensional lattice spin systems in which the spins take values in a
finite group G we find a non-Abelian “parafermion” field of the form order x disorder
that carries an action of the Hopf algebra &/(G), the double of G. This field
leads to a “quantization” of the Cuntz algebra and allows one to define amplifying
homomorphisms on the &7(G)-invariant subalgebra that create the Z/(G)-charges
and generalize the endomorphisms in the Doplicher-Haag-Roberts program. The
so-obtained category of representations of the observable algebra is shown to be
equivalent to the representation category of & ((G). The representation of the braid
group generated by the statistics operator and the corresponding statistics parameter
are calculated in each sector.

1. Introduction

Let G be a finite group. Consider G-valued spin configurations on the 2-dimensional
square lattice, that is maps o:Z? — G. The energy or Euclidean action fucntional of

o is
S(@) =Y fo;'a,), (1.1)

(z,y)

where the summation runs over nearest neighbour pairs of points in Z? and f:G — R
is a function of the positive type. This kind of classical statistical systems or the
corresponding quantum field theories will be called G-spin models.

Our first motivation for studying such models is that they provide the simplest
examples of lattice field theories exhibiting quantum symmetry, that is a symmetry
that cannot be described by a group. If G = Z(IN), G-spin models reduce to the
well known Ising and Z (V) spin models. Z(IN) models, or in general G-spin models
with an Abelian group G, are known to have a symmetry group G x G, where G
denotes the Pontryagin dual of G (the group of characters of GG). The factor G is the
symmetry related to the order parameters and is realized — if the temperature is not
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too low — on the Hilbert space by unitary operators (g), g € G defined formally as
follows. Let {|o) | 0:Z — G} be the field diagonal basis then

Qo) =1...,90,,90, 1, ...). (1.2)

The factor G is the disorder symmetry and is related to the existence of solitons or
kinks. If the temperature is not too high the solitons are stable therefore the Hilbert
space decomposes into inequivalent sectors labelled by the (left) twist aooa:cl,o in the
boundary conditions. Let P(h) denote the projection

P(h)|o) =6, ho_, lo)- (1.3)
Utilizing the Abelianness of G we can build up from the P-s the unitary operators
Q@) =Y _@hPMh), (1.4)
heG

where § € G and (;):G x G — U(1) is the canonical pairing. In this way
(9,8) — Q(9)Q(§) becomes a unitary representation of the order-disorder symmetry
group G x G.

If the group G is non-Abelian the Pontryagin dual loses its meaning, so does the
Q, but the algebra generated by Q(g) and P(h) is still a symmetry algebra of the
model. The relations

Q(g1)Q(gz) = Q(9192) s P(h))P(h,) = 5},,1,;12 'P(hz) 5
Q(9) P(h) = P(ghg™ " Q(g),

that can be obtained directly from (1.2-1.3), define the algebra Z(G), the double
of G. The same algebra occurs in an apparently quite different context, in orbifold
constructions of conformal field theories [DVVV,B1]. In our context Z(G) is the
generalization of G x G to non-Abelian groups and can be interpreted as the order-
disorder symmetry of G-spin models.

Z(G) is a quiasitriangular Hopf algebra and its basic properties were discussed
in [DPR, B1]. In one respect Z(G) differs from all quasitriangular Hopf algebras
obtained as deformations of Lie algebras or Lie groups [Dr]. This is the existence
of a *-operation on Z(G), which makes it a Hopf *-algebra: the coproduct A and
the counit ¢ are *-algebra maps and the antipode S also commutes with *. For the

coproduct this means that if A(a) = aV®a?, then A(a*) = a®” ®a@” . Furthermore
Y(G) possesses an integral and is semisimple.

Once an action of a Hopf algebra H on a Hilbert space .7 is given one can
define the “adjoint” action y of H on the algebra .%# of operators F': # — F by
the formula [M]

(1.5)

Y, (F) =U@)FU(Sa®), a€2@G). (1.6)
This action satisfies the following important properties:
T ) = Yy FD Va0 (), Ya(F)* = 7,(FY), 1.7

where @ = Sa*. The first property is known under different names: the coalgebra
2D (G) “measures” the algebra % [S] or as the module algebra property [M]. For us the

importance of this relation is that if {F*} is a D, -multiplet, i.e. v,(F) = Fi D¥i(a)






