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Abstract

We show that the Chern-Simons Lie-3-algebra cs(g), for any Lie alge-
bra g, sits inside the Lie-3-algebra of inner derivations of the strict Lie
2-algebra (Qxg — Pg):

cs(g) C inn(string,) .

1 Introduction

For any Lie algebra g and fixed Killing form (-, -) (for (-, -) some fixed normaliza-
tion of the Killing form and k € R the level) there is a semistrict Lie-3-algebra
cs(g) such that 3-connections

dtra : Lie(Py (X)) — cs(g)

(i.e. algebroid morphisms from the pair algebroid of X to the 3-algebroid cs(g))
are given by a g-valued 1-form A, its curvature 2-form and its Chern-Simons
3-form

CS(A) = (ANdA) + - (ANT[ANA])

1
3
on X.

Another Lie 3-algebra canonically associated to (g,k(-,-)) is obtained as
follows: The semistrict Baez-Crans Lie 2-algebra g is equivalent to the strict
Lie 2-algebra

string, 1= (ng — Pg).

For any strict Lie 2-algebra (r 3 s), the Lie-3-algebra inn(r 3 s) of its inner
derivations is characterized by the fact that 3-connections

dtra : Lie(P1 (X)) — inn(r — s)
are given by an s-valued 1-form A, an r-valued 2-form B such that with

3= F4+0(B)
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and
H=dsB

we have
daB=46(H)

and
daH+BNB=0.

Had we in addition required that 3 = 0, then this would characterize (r — s)
itself. For r = Qg and s = Pg we write

string, 1= (Qrg — Pg).

It is known that
string, =~ g, .

Here we are after a generalization of this equivalence when passing from
string,, to inn(string,).
We fall short of actually proving an equivalence. Instead we construct a
morphism
cs(g) — inn(string,)

and a morphism
inn(string,;) — cs(g)

such that
cs(g) — inn(string,) — cs(g)

is the identity on cs(g).

We will work throughout in terms of the Koszul dual description of semistrict
Lie-n-algebras. Ever Lie-n-algebra is encoded in a free differential graded al-
gebra, and morphisms of Lie-n-algebras are given by maps between FDAs that
are at the same time chain maps and algebra homomorphisms.

2 The details
Definition 1 (the Lie 3-algebra inn({,g — Pg))

The FDA of the Lie-3-algebra of inn(ng — Pyg) is spanned in degree 1 by
the basis {t*(0)} spanning (Pg)*, in degree 2 by {¢*(o)} also spanning a (Pg)*
as well as by {(s, s®)}, spanning (€.9)*. In degree 3 we have a basis {(h, h*(7))}

spanning again a (2xg)*.
The graded differential d is defined on this basis by the following equations.

dt*(o) + %C“bctb(a)tc(a) +s%0)+¢*(c) =0

ds®(0) + C%t’(0)s(0) — h%(o) = 0



27
d
ds + 2k/ kapt®(0)—5"(0) do —h =0
0 do

dq® (o) + C%t°(0)q¢ (o) + h%(a) =0
dh® (o) + C%t*(a)h(o) + C%eq"(0)s%(a) = 0.

27

2
dh + 2k/0 kapt® (0)%hb(o) do + 2/{/0 kapg® (J)%sb(a) do=0.

Here C%y. are the structure constants of g in the chosen basis and k,; are the
components of (-,-) in that basis.

Remark. Itake loops to be parameterized by [0, 27]. So in particular h*(27) =
0 and s%(27) =0 (but t*(27) and ¢%(27) are nonvanishing).

Definition 2 (the Lie 3-algebra cs(g))

The FDA of cs(g) is spanned in degree 1 by a basis {t*} of g* and in degree
2 by a basis {r®}, also spanning ¢g*, as well as by an element {b} spanning R*.
Another element {c} is in degree 3 and spans another R*.

The differential d in this basis is defined by the following equations.

dt* + %C“bctbtc +7%=0
dr® + C%t'r¢ =0
db—k (éCath“tbtc + kabt“rb) —c=0
de — k(kqgprer) = 0.
Definition 3 (the morphism cs(g) — inn(Q,g — Pg)))
For any smooth function
f:[0,27r] = R

such that f(27) = 1 define an FDA algebra homomorphism cs(g) — inn({,g —
Pg)) on our basis elements as follows.

(o) = f(o)t*
4*(0) = flo)r"
$(0) = (F = F)(0) g Oet’tc
s—b
h(0) = (= £)(0) et
h = k(kqpt®r®) + ¢



Remark. Notice that the condition f(27) = 1 ensures that for instance (f —
?)(0)C%t’r¢ indeed vanishes for o = 27.

Proposition 1 The above morphism is indeed a chain map.

Proof. We check on all basis elements that the morphism commutes with the
differential.

dt*(o) = —%C“bctb(a)tc(o) — 5% o) — q%(0)
o P0)5Ct e~ (f — (o) 5Ot — f(o)r

dt*(o) — f(o)dt®
= - f(o)%C“bctbtc — flo)r®

ds*(o) = —%C“bctb(o)sc(a)+h‘l(a)

o S = P0)5C A C it + () ()

ds*(o) — (f— fz)(a)d%C’“bctbtc
= (f= ) (0)C%ct"re

27
ds = —Zk/o kabt“(a)%sb(o) do+h
27 d
—  —k f(a)d—( f— %) do kapt®C 4ot + k(kapt®r®) + ¢
0 ag
1
— kg(]abct“tbtc + k(kapt®r?) + ¢
ds +— db
1
= k (60abct“tbtc + kabtarb) +c

dg*(0) = —C%t"(0)q°(0) — h*(0)
= = f2(0)Cet — (f = ) (0)Cet"r

dq*(o) —  flo)dr
= —f(0)C%tr¢



dh®(o0) = —C%t"(0)h(0) — C%eq"(0)s(0)
1

= = f(F = P(O)Cet et — F(f = [2)(0) 5 C%er"Cact't(0)
= —f(f = )(@)dC%t"r¢ =0
dh®(o) = (f = f*)(0)dC%t"r°
= 0
21 " d X 2T . d ,
dh = =2k kot (a)d—h (o) do — 2k kabq (a)d—s (o) do
0 g 0 g

27 27
o 2k f(a)di( = 2)(0) do kaptCat?r® — k f(o—)di( = 2)(0) do kapr®CP gutt®
0 g a

0

1 1
= kgcabct“tbrc + kgCabCr“tbtc

1
= k=Clupet®tre
g abet BT

dh —  d k(kapt®r®) + de
k
— —§kab0“detdt6 b k(kapr®®) + k(kapt CP 4otr®) + k(kapr®r?)

k
= §kabcadetdt67‘b

Definition 4 (the morphism inn({.g — Pg)) — cs(g))

Define an FDA algebra homomorphism inn({2,g — Pg)) — cs(g) on our
basis by the following assignments.

t* — t*(2m)
= q*(2m)
1 d 1 d
br— s+ k§ / kabta(a)%tb(cr) do — k§ /kabtb(a)%t“(a) do
27 d
c— h— Qk/o kabq“(a)%tb(a) do

Proposition 2 The above morphism is indeed a chain map.



Proof. We check on all basis elements that the morphism commutes with the
differential.

1
e = ficabctbtc -t
1
— —icabctb(%r)tc(%r) —q*(2m)

dt* — dta(Qﬂ')
1
- —iC“thb(Qﬂ)tc(Qﬂ) —q"(2m)

drt = —C%tor¢
—  —C%t°(2m)q%(2m)

dr® —  dq*(27)

= —C%t"(2m)q"(27)
1
b = k <6Cabct“tbt°' + kabt“rb> +c
1 2 d
— k <6Cabct“(27r)tb(27r)tc(27r) + kabt“(27r)qb(27r)> +h—- 2k:/ kabq“(a)d—tb(a) do
0 a
db — ds+d= k/kabt“ —tb o—d= k/kab—t“ Nt (o) do

2m
= —Qk/o kabt“(a)%sb(a) do+h

2m 27
-Hchabct“(27r)tb(277)tc(27r) + Qk/ kabt“(a)isb(a) do — Qk/ k‘abq“(a)itb(a) do
6 0 do 0 do
+k kapt®(27m)q" (27)
1 a b c o a d b
= h+ kECabct (2m)t’(2m)t¢(2m) — 2k kabq (U)d—t (o) do
0 g
+k kapt®(2m) g (2)



de = k(kabrarb)
— k:(kabq“(27r)qb(27r))

2
de +— dh—2kd / kapq®(0)—t"(0) do
0 dU

2m 2m d

= -2k | kabta(a)%hb(a) do — 2k ; kabq“(a)%sb(a) do

2 d 2m d
a d e b a " 4b
—|—2k/0 kapC®aet®(0)q (o) dat (o) d0+2k/0 kaph® (o) dat (o) do
2m d
k kabqa(a)icbdetd(a)t(i (U) do
0 dU

27 27
d d
iy /0 Fasd"(0) " (o) do + 2K /0 Fasd"(0) 150 do

= k (k‘abq“(27r)qb(27r))

O
Proposition 3 The composition
cs(g) — inn(string,) — cs(g)
is strictly the identity morphism on cs(g).
Proof. This is immediate. O



