
Chern-Simons and stringG Lie-3-algebras

Schreiber∗

December 14, 2006

Abstract

We show that the Chern-Simons Lie-3-algebra cs(g), for any Lie alge-
bra g, sits inside the Lie-3-algebra of inner derivations of the strict Lie
2-algebra (Ω̂kg → Pg):

cs(g) ⊂ inn(stringg) .

1 Introduction

For any Lie algebra g and fixed Killing form k〈·, ·〉 (for 〈·, ·〉 some fixed normaliza-
tion of the Killing form and k ∈ R the level) there is a semistrict Lie-3-algebra
cs(g) such that 3-connections

dtra : Lie(P1 (X)) → cs(g)

(i.e. algebroid morphisms from the pair algebroid of X to the 3-algebroid cs(g))
are given by a g-valued 1-form A, its curvature 2-form and its Chern-Simons
3-form

CS(A) = 〈A ∧ dA〉+
1
3
〈A ∧ [A ∧A]〉

on X.
Another Lie 3-algebra canonically associated to (g, k〈·, ·〉) is obtained as

follows: The semistrict Baez-Crans Lie 2-algebra gk is equivalent to the strict
Lie 2-algebra

stringg := (Ω̂kg → Pg) .

For any strict Lie 2-algebra (r δ→ s), the Lie-3-algebra inn(r δ→ s) of its inner
derivations is characterized by the fact that 3-connections

dtra : Lie(P1 (X)) → inn(r → s)

are given by an s-valued 1-form A, an r-valued 2-form B such that with

β := FA + δ(B)
∗E-mail: urs.schreiber at math.uni-hamburg.de

1



and
H = dAB

we have
dAβ = δ(H)

and
dAH + β ∧B = 0 .

Had we in addition required that β = 0, then this would characterize (r → s)
itself. For r = Ω̂kg and s = Pg we write

stringg := (Ω̂kg → Pg) .

It is known that
stringg ' gk .

Here we are after a generalization of this equivalence when passing from
stringg to inn(stringg).

We fall short of actually proving an equivalence. Instead we construct a
morphism

cs(g) → inn(stringg)

and a morphism
inn(stringg) → cs(g)

such that
cs(g) → inn(stringg) → cs(g)

is the identity on cs(g).
We will work throughout in terms of the Koszul dual description of semistrict

Lie-n-algebras. Ever Lie-n-algebra is encoded in a free differential graded al-
gebra, and morphisms of Lie-n-algebras are given by maps between FDAs that
are at the same time chain maps and algebra homomorphisms.

2 The details

Definition 1 (the Lie 3-algebra inn(Ω̂kg → Pg))

The FDA of the Lie-3-algebra of inn(Ω̂kg → Pg) is spanned in degree 1 by
the basis {ta(σ)} spanning (Pg)∗, in degree 2 by {qa(σ)} also spanning a (Pg)∗

as well as by {(s, sa)}, spanning (Ω̂kg)∗. In degree 3 we have a basis {(h, ha(σ))}
spanning again a (Ω̂kg)∗.

The graded differential d is defined on this basis by the following equations.

dta(σ) +
1
2
Ca

bct
b(σ)tc(σ) + sa(σ) + qa(σ) = 0

dsa(σ) + Ca
bct

b(σ)sc(σ)− ha(σ) = 0
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ds + 2k

∫ 2π

0

kabt
a(σ)

d

dσ
sb(σ) dσ − h = 0

dqa(σ) + Ca
bct

b(σ)qc(σ) + ha(σ) = 0

dha(σ) + Ca
bct

b(σ)hc(σ) + Ca
bcq

b(σ)sc(σ) = 0 .

dh + 2k

∫ 2π

0

kabt
a(σ)

d

dσ
hb(σ) dσ + 2k

∫ 2π

0

kabq
a(σ)

d

dσ
sb(σ) dσ = 0 .

Here Ca
bc are the structure constants of g in the chosen basis and kab are the

components of 〈·, ·〉 in that basis.

Remark. I take loops to be parameterized by [0, 2π]. So in particular ha(2π) =
0 and sa(2π) = 0 (but ta(2π) and qa(2π) are nonvanishing).

Definition 2 (the Lie 3-algebra cs(g))

The FDA of cs(g) is spanned in degree 1 by a basis {ta} of g∗ and in degree
2 by a basis {ra}, also spanning g∗, as well as by an element {b} spanning R∗.
Another element {c} is in degree 3 and spans another R∗.

The differential d in this basis is defined by the following equations.

dta +
1
2
Ca

bct
btc + ra = 0

dra + Ca
bct

brc = 0

db− k

(
1
6
Cabct

atbtc + kabt
arb

)
− c = 0

dc− k(kabr
arb) = 0 .

Definition 3 (the morphism cs(g) → inn(Ω̂kg → Pg)))

For any smooth function

f : [0, 2π] → R

such that f(2π) = 1 define an FDA algebra homomorphism cs(g) → inn(Ω̂kg →
Pg)) on our basis elements as follows.

ta(σ) 7→ f(σ)ta

qa(σ) 7→ f(σ)ra

sa(σ) 7→ (f − f2)(σ)
1
2
Ca

bct
btc

s 7→ b

ha(σ) 7→ (f − f2)(σ)Ca
bct

brc

h 7→ k(kabt
arb) + c
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Remark. Notice that the condition f(2π) = 1 ensures that for instance (f −
f2)(σ)Ca

bct
brc indeed vanishes for σ = 2π.

Proposition 1 The above morphism is indeed a chain map.

Proof. We check on all basis elements that the morphism commutes with the
differential.

dta(σ) = −1
2
Ca

bct
b(σ)tc(σ)− sa(σ)− qa(σ)

7→ −f2(σ)
1
2
Ca

bct
btc − (f − f2)(σ)

1
2
Ca

bct
btc − f(σ)ra

dta(σ) 7→ f(σ)dta

= −f(σ)
1
2
Ca

bct
btc − f(σ)ra

dsa(σ) = −1
2
Ca

bct
b(σ)sc(σ) + ha(σ)

7→ f(f − f2)(σ)
1
2
Ca

bct
bCc

det
dte + (f − f2)(σ)Ca

bct
brc

dsa(σ) 7→ (f − f2)(σ)d
1
2
Ca

bct
btc

= (f − f2)(σ)Ca
bct

brc

ds = −2k

∫ 2π

0

kabt
a(σ)

d

dσ
sb(σ) dσ + h

7→ −k

∫ 2π

0

f(σ)
d

dσ
(f − f2) dσ kabt

aCb
det

dte + k(kabt
arb) + c

= k
1
6
Cabct

atbtc + k(kabt
arb) + c

ds 7→ db

= k

(
1
6
Cabct

atbtc + kabt
arb

)
+ c

dqa(σ) = −Ca
bct

b(σ)qc(σ)− ha(σ)
7→ −f2(σ)Ca

bct
brc − (f − f2)(σ)Ca

bct
brc

dqa(σ) 7→ f(σ)dra

= −f(σ)Ca
bct

brc
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dha(σ) = −Ca
bct

b(σ)hc(σ)− Ca
bcq

b(σ)sc(σ)

7→ −f(f − f2)(σ)Ca
bct

bCc
det

brc − f(f − f2)(σ)
1
2
Ca

bcr
bCc

det
dte(σ)

= −f(f − f2)(σ)dCa
bct

brc = 0

dha(σ) 7→ (f − f2)(σ)dCa
bct

brc

= 0

dh = −2k

∫ 2π

0

kabt
a(σ)

d

dσ
hb(σ) dσ − 2k

∫ 2π

0

kabq
a(σ)

d

dσ
sb(σ) dσ

7→ −2k

∫ 2π

0

f(σ)
d

dσ
(f − f2)(σ) dσ kabt

aCb
det

dre − k

∫ 2π

0

f(σ)
d

dσ
(f − f2)(σ) dσ kabr

aCb
det

btc

= k
1
3
Cabct

atbrc + k
1
6
Cabcr

atbtc

= k
1
2
Cabct

atbrc

dh 7→ d k(kabt
arb) + dc

= −k

2
kabC

a
det

dterb − k(kabr
arb) + k(kabt

aCb
det

dre) + k(kabr
arb)

=
k

2
kabC

a
det

dterb

�

Definition 4 (the morphism inn(Ω̂kg → Pg)) → cs(g))

Define an FDA algebra homomorphism inn(Ω̂kg → Pg)) → cs(g) on our
basis by the following assignments.

ta 7→ ta(2π)

ra 7→ qa(2π)

b 7→ s + k
1
2

∫
kabt

a(σ)
d

dσ
tb(σ) dσ − k

1
2

∫
kabt

b(σ)
d

dσ
ta(σ) dσ

c 7→ h− 2k

∫ 2π

0

kabq
a(σ)

d

dσ
tb(σ) dσ

Proposition 2 The above morphism is indeed a chain map.

5



Proof. We check on all basis elements that the morphism commutes with the
differential.

dta = −1
2
Ca

bct
btc − ra

7→ −1
2
Ca

bct
b(2π)tc(2π)− qa(2π)

dta 7→ dta(2π)

= −1
2
Ca

bct
b(2π)tc(2π)− qa(2π)

dra = −Ca
bct

brc

7→ −Ca
bct

b(2π)qc(2π)

dra 7→ dqa(2π)
= −Ca

bct
b(2π)qc(2π)

db = k

(
1
6
Cabct

atbtc + kabt
arb

)
+ c

7→ k

(
1
6
Cabct

a(2π)tb(2π)tc(2π) + kabt
a(2π)qb(2π)

)
+ h− 2k

∫ 2π

0

kabq
a(σ)

d

dσ
tb(σ) dσ

db 7→ ds + d
1
2
k

∫
kabt

a(σ)
d

dσ
tb(σ) dσ − d

1
2
k

∫
kab(

d

dσ
ta(σ))tb(σ) dσ

= −2k

∫ 2π

0

kabt
a(σ)

d

dσ
sb(σ) dσ + h

+k
1
6
Cabct

a(2π)tb(2π)tc(2π) + 2k

∫ 2π

0

kabt
a(σ)

d

dσ
sb(σ) dσ − 2k

∫ 2π

0

kabq
a(σ)

d

dσ
tb(σ) dσ

+k kabt
a(2π)qb(2π)

= h + k
1
6
Cabct

a(2π)tb(2π)tc(2π)− 2k

∫ 2π

0

kabq
a(σ)

d

dσ
tb(σ) dσ

+k kabt
a(2π)qb(2π)
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dc = k
(
kabr

arb
)

7→ k
(
kabq

a(2π)qb(2π)
)

dc 7→ dh− 2k d

∫ 2π

0

kabq
a(σ)

d

dσ
tb(σ) dσ

= −2k

∫ 2π

0

kabt
a(σ)

d

dσ
hb(σ) dσ − 2k

∫ 2π

0

kabq
a(σ)

d

dσ
sb(σ) dσ

+2k

∫ 2π

0

kabC
a

det
d(σ)qe(σ)

d

dσ
tb(σ) dσ + 2k

∫ 2π

0

kabh
a(σ)

d

dσ
tb(σ) dσ

k

∫ 2π

0

kabq
a(σ)

d

dσ
Cb

det
d(σ)te(σ) dσ

+2k

∫ 2π

0

kabq
a(σ)

d

dσ
qb(σ) dσ + 2k

∫ 2π

0

kabq
a(σ)

d

dσ
sb(σ) dσ

= k
(
kabq

a(2π)qb(2π)
)

�

Proposition 3 The composition

cs(g) → inn(stringg) → cs(g)

is strictly the identity morphism on cs(g).

Proof. This is immediate. �
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