1 Actions of bicategories

Let B be a bicategory. There is a weak 2-monad 7 on a comma 2-category Cat | By
naturally induced by B as following. It is a weak 2-functor 7 : Cat | By — Cat | By, whose
image for each object A: C — By of Cat | By, is defined by 7 (A) :=C xp, Bi.

Definition 1.1. A right action of a bicategory B on a category C is given by by the following
data:

e a functor A: C — By from the category C to the discrete category of objects By of the
weak 2-category B, called the momentum functor,

o a functor ®: C xp, B — C, called the action functor, and we usually write ®(p, f) =
p < f, for any object (p, f) in C xp, B1, and ®(a,¢) = a < ¢ for any morphism
(a,8): (b, f) — (a,9) in C xp, Bi,

e a natural isomorphism
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whose component for any object (p, f,g) in C xp, B1 xp, B1 is written as
Fp.fg: (P9f) g —=p<(fog),

e a natural isomorphism
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where we write for each object p in C

Lp1p<liA(p) — P

such that following axioms are satisfied:



e cquivariance of the action
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which means that for any object (p, f) in C xp, B1, we have A(p< f) = Di(f), and
for any morphism (a,¢): (p, f) — (q,9) in C xp, Bi, we have A(a<¢) = Di(¢),

o for any object (p, f,g,h) in C xp, B1 xp, B1 x5, Bi the following diagram

(paf)<g)ah
(p<(fog))<h (p<f)a(goh)
Kp,fog,h Kp,f,goh

pa((fog)oh)g=pa(folgoh)
commutes,

o for any object (p, f) in C xp, B1 following diagrams
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commaute.



Remark 1.1. Note the fact that ®: C xp, B — C is a functor, immediately implies an
interchange law

(batp)(a<¢) = (ba) < (o)

Definition 1.2. Let (C,A, ®,a, 1) and (D, V,Q, 3, k) be two B-categories. A B-equivariant
functor from (C, A, ®,a,¢) to (D, ¥,Q, ,k) is a pair (F,0) consisting of

e a functor F: C — D

e a natural transformation 0: F o ¥ — ® o (F x Idg,)
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e the diagram of natural transformations filling the faces of the cube
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commutes, which means that two natural transformations
(00 (Ide x H))(¥o (0 x Idg,))(Bo (F X Id,xps,5,))

and
(Wo(0xIdg))(fo(PxIdp))a

obtained by pasting, are equal.

o the diagram of natural transformations, which fill the faces
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commutes, meaning that we have an equation

(Usxidp) - (0% ®)-(k*xF)=idp*t

where L: C — D xpg, By is a functor given by the equality of functors (F x Idp,) o
(Ide x IN) = IQ o F, which, in turn follows from the equality QF = A.

Definition 1.3. A B-equivariant natural transformation between B-covariant functors
(F,0),(G,(): (C,A,®,,1) — (D,V,0Q,5,K) is a natural transformation 7: F — G such
that following equality

FXIdBl GXIdBl
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of natural transformations is satisfied.



The above construction gives rise to the 2-category in an obvious way, so we have a
following theorem.

Theorem 1.1. The class of B-categories, B equivariant functors and their natural trans-
formations form a 2-category.

Proof. The vertical and horizontal composition in a 2-category is induced from the com-
position in Cat. O



2 Bigroupoid principal 2-bundles

Definition 2.1. A right action of a bigroupoid B on a groupoid P is given by the action
of the underlying bicategory B on a category P given as previously by (P,B, A, ®,a,¢).

Definition 2.2. Let B be an internal bigroupoid in £, and w: P — X a bundle of groupoids
over X in € on which B acts from the right. We say that (P,m, A, A, X) is a right B-
principal 2-bundle (or a right B-torsor) over X if the following conditions are satisfied:

e two canonical terminal morphisms my: Py — X and w1: Pi — X are epimorphisms,
e two canonical action morphisms \g: Py — By and A\1: P, — By are epimorphisms,

e the induced internal functor

(Prl,q)):’PXBOBlﬁ’P XXp

is a (strong) equivalence of internal groupoids over P (where both groupoids are seen
as objects over P by the first projection functor).

Example 2.1. (The unit principal 2-bundle) The unit B-bundle is given by the triple
(B1,T,S, H, By) where the momentum is given by the source functor S: By — By, and the
action is given by the horizontal composition H: By xp, B1 — B.

Example 2.2. (The pullback principal 2-bundle) For any principal B-bundle (P, 7, A, ®, X)
over X, and any morphism f: M — By, we have a pullback B-principal bundle over M,
defined as the quadruple (f*(P), Pri, Ao Pry, f*(®), M).



3 Cocyclic description of principal 2-bundles

Since we assumed that the functor (Pry,®): P xp, Bi — P xx P is an equivalence, we
choose its weak inverse

(Prl,D): P XX'P4>’P X By Bl,
together with natural isomorphisms

(Pri,p): Idpx g B, == (Pr1,D) o (Pr1,®),  (Pr1,v): (Pr1,®)o (Pr1,D) == Idpxyp,

The second component of the above weak inverse is a functor D: P xx P ——= By,
which we we call a division functor, for reasons that we will soon explain. The com-
ponent of the natural isomorphism v: (Pri,®) o (Pr1,D) —= Idpxp, indexed by the
object (p,q) € P xx P, is an isomorphism v, 4: p < p*q — ¢, where we use an abbrevia-
tion p*q := D(p,q): Ao(q) — Mo(p), for the 1-morphism in B;. The natural isomorphism
e IdPxBO& == (Pr1,D) o (Pr1,®), is indexed by the object (p, f) € P xp, Bi, by an
isomorphism p, ¢: p — p*(p< f).

Let’s now give a cocyclic description of the principal G-bundle P. Since the map
7w: Py — M is a surjective submersion, we can find an open cover M = | JU; of the base
manifold M together with local sections o;: U; — Py of the map w. The corresponding
statement in the topos & is that epimorphism 7: Py — M in £ locally splits, since the
diagonal morphism A: Py — Py x Py is a splitting in £/Py of the pullback bundle
7*(m): Py X Py — Py which is given by pri: Py Xy Py — P.

We use the division functor to define g;; = D(0;,0;): U;; — Bi, and a local sections
i‘;: UZ-O; — P of ms = mt over some covering U% of U;; such that

fij: 05 — 0§ <gij.

The following diagram

Ok Tt 05 <gjk
fij<9;k
Fir (07 < 9i5) < gjk
Kijk
i < ik i 099 © 95¢)



defines a morphism in ¥ € Hompyx p (0 < ik, 05 < (gi5 © gj)) by the composition

firt Fik fi599;5k Kijk
0;dGiky —= O ——> 05 1Gjk —> (O‘i<lgij) qgjk*)(fiq(gij Ogjk)

and since the set Hompy p(0; < gik, 0 < (945 © gjk)) is an image of the induced functor
(Prq, ®) which defines a bijective correspondence with the set Hompyx s 8, ((0i, gik), (0i, gij©
gjk)) the inverse image of ¢ defines sections ;i : gir — 9ijog;i in Ba, such that the diagram
becomes the identity

(05 < Bijie) fir = ik (fij A gjk) Fik
Theorem 3.1. Any B-2-torsor m: P — X gives rise to the class H*(X, B).
Proof. Consider the following cube
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in which all faces except the bottom and right faces are diagrams which define nonabelian
cocycles. The right face consists of one such diagram acted by g;, two are instances of
naturality of the action, and one is coherence for action. Since these five faces of the cube



in which all arrows are invertible commute, it follows that the sixth (bottom) face

0i 49l 70 i <4 (gik © gri)
03 (Bijkogkt)
i9Bij1 i < ((9i5 © gjk) © grt)
0405, ik, ol
01 9(9ij © gjt) o= 0i < (935 © (g5t © 9u1))

also commutes. Since the functor (Pry, ®): P xp,B1 — P xx P is fully faithful, the inverse
image of the diagonal 2-morphism from ¢;<g; to 0;<(gij 0 (gjr © gr)) in the above diagram,
consists of the single 2-morphism between g; and (g;; o (g;r © gr)) which gives the identity

(945 © Birt) Biji = ikt (Bijk © i) Bik

for the nonabelian 2-cocycle (g;;, Bi;1) with values in the bigroupoid B. O

Theorem 3.2. The above correspondence gives a biequivalence
2Tors(X, B) ~y; H2(X, B)
Theorem 3.3. There exist a biequivalence
2T ors(X, B) ~p; Bun(B)

Proof. Let’s again choose local sections o;: U; — Py of a surjective submersion 7w: Py — M,
and we consider the morphism 7: U — By, defined by 7 = (7;);es, where U = [[,.; U; and
T; := Aoo;: U; — By. Than the induced morphism

¢: 7 (B1) —=Plu

defined by ¢(x;,9) = oi(x;)g is an equivalence since it is an equivariant morphism of
B-2-torsors, and the 2-category 2Tors(X, B) is a bigroupoid. O



