
1 Actions of bicategories

Let B be a bicategory. There is a weak 2-monad T on a comma 2-category Cat ↓ B0

naturally induced by B as following. It is a weak 2-functor T : Cat ↓ B0 → Cat ↓ B0, whose
image for each object Λ: C → B0 of Cat ↓ B0, is defined by T (Λ) := C ×B0 B1.

Definition 1.1. A right action of a bicategory B on a category C is given by by the following
data:

• a functor Λ: C → B0 from the category C to the discrete category of objects B0 of the
weak 2-category B, called the momentum functor,

• a functor Φ: C×B0 B1 → C, called the action functor, and we usually write Φ(p, f) :=
p / f , for any object (p, f) in C ×B0 B1, and Φ(a, φ) := a / φ for any morphism
(a, φ) : (p, f) → (q, g) in C ×B0 B1,

• a natural isomorphism

C ×B0 B1 ×B0 B1

IdC×H

��

Φ×IdB1//

����{� κ

C ×B0 B1

Φ

��
C ×B0 B1

Φ
// C

whose component for any object (p, f, g) in C ×B0 B1 ×B0 B1 is written as

κp,f,g : (p / f) / g → p / (f ◦ g),

• a natural isomorphism

C ×B0 B0
IdC×I //

����{� ι

C ×B0 B1

Φ

��
C

(IdC ,Λ)

OO

C

where we write for each object p in C

ιp : p / iΛ(p) → p

such that following axioms are satisfied:
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• equivariance of the action

C ×B0 B1
Φ //

Pr1

��

C

Λ

��
B1 D1

// B0

which means that for any object (p, f) in C ×B0 B1, we have Λ(p / f) = D1(f), and
for any morphism (a, φ) : (p, f) → (q, g) in C ×B0 B1, we have Λ(a / φ) = D1(φ),

• for any object (p, f, g, h) in C ×B0 B1 ×B0 B1 ×B0 B1 the following diagram

((p / f) / g) / h
κp,f,g/h

wwoooooooooooooo
κp/f,g,h

''OOOOOOOOOOOOOO

(p / (f ◦ g)) / h

κp,f◦g,h

��/
//

//
//

//
//

//
//

//
/

(p / f) / (g ◦ h)

κp,f,g◦h

����
��
��
��
��
��
��
��
��

p / ((f ◦ g) ◦ h))p/αf,g,h

// p / (f ◦ (g ◦ h))

commutes,

• for any object (p, f) in C ×B0 B1 following diagrams

(p / iΛ(p)) / f

Φ/f

��/
//

//
//

//
//

//
//

//
/

κp,iΛ(p),f
// p / (iΛ(p) ◦ f)

p/λf

����
��
��
��
��
��
��
��
��

p / f

(p / f) / iS(p)

Φ/iS(p)

��/
//

//
//

//
//

//
//

//
/

κp,f,iS(f)// p / (f ◦ iS(p))

p/ρf

����
��
��
��
��
��
��
��
��

p / f

commute.
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Remark 1.1. Note the fact that Φ: C ×B0 B1 → C is a functor, immediately implies an
interchange law

(b / ψ)(a / φ) = (ba) / (ψφ)

Definition 1.2. Let (C,Λ,Φ, α, ι) and (D,Ψ,Ω, β, κ) be two B-categories. A B-equivariant
functor from (C,Λ,Φ, α, ι) to (D,Ψ,Ω, β, κ) is a pair (F, θ) consisting of

• a functor F : C → D

• a natural transformation θ : F ◦Ψ → Φ ◦ (F × IdB1)

C ×B0 B1

F×IdB1 //

Φ

��

D ×B0 B1

Ψ

��

θ{� ��
��

��
�

��
��

��
�

C
F

// D

such that following conditions are satisfied

• Ω ◦ F = Λ
C

Λ ��@
@@

@@
@@

@
F // D

Ω~~}}
}}

}}
}

B0

• the diagram of natural transformations filling the faces of the cube

C ×B0 B1 ×B0 B1

IdC×H

vvmmmmmmmmmmmm

Φ×IdB1 //

F×IdB1×B0
B1

��

C ×B0 B1

Φ

zzvvvvvvvvvv

F×IdB1

��

C ×B0 B1
Φ //

F×IdB1

��

C

F

��

D ×B0 B1 ×B0 B1

IdC×H

vvmmmmmmmmmmmm

Ψ×IdB1 // D ×B0 B1

Ψ
zzvvv

vv
vv

vv
v

D ×B0 B1
Ψ // D
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commutes, which means that two natural transformations

(θ ◦ (IdC ×H))(Ψ ◦ (θ × IdB1))(β ◦ (F × IdB1×B0
B1))

and
(Ψ ◦ (θ × IdB1))(θ ◦ (Φ× IdB1))α

obtained by pasting, are equal.

• the diagram of natural transformations, which fill the faces

C ×B0 B1

Φ

����
��

��
��

��
��

��
��

F×IdB1 // D ×B0 B1

Ψ

����
��

��
��

��
��

��
��

C

IdC×IΛ
ddIIIIIIIIII

F //

jjjjjjjjjjjjjjjjjjjjj

jjjjjjjjjjjjjjjjjjjjj D

IdC×IΩ
ddIIIIIIIIII

jjjjjjjjjjjjjjjjjjjjj

jjjjjjjjjjjjjjjjjjjjj

C F // D

commutes, meaning that we have an equation

(Ψ ∗ idL) · (θ ∗ Φ) · (κ ∗ F ) = idF ∗ ι

where L : C → D ×B0 B1 is a functor given by the equality of functors (F × IdB1) ◦
(IdC × IΛ) = IΩ ◦ F , which, in turn follows from the equality ΩF = Λ.

Definition 1.3. A B-equivariant natural transformation between B-covariant functors
(F, θ), (G, ζ) : (C,Λ,Φ, α, ι) → (D,Ψ,Ω, β, κ) is a natural transformation τ : F → G such
that following equality

C ×B0 B1
�� ��
��τ×B1

G×IdB1

;;

F×IdB1

##

Φ

��

D ×B0 B1

Ψ

��

�� ��
�� θ

C

G

<< D

=

C ×B0 B1

�� ��
�� ζ

G×IdB1

##

Φ

��

D ×B0 B1

Ψ

��
C

F

""�� ��
�� τ

G

<< D

of natural transformations is satisfied.
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The above construction gives rise to the 2-category in an obvious way, so we have a
following theorem.

Theorem 1.1. The class of B-categories, B equivariant functors and their natural trans-
formations form a 2-category.

Proof. The vertical and horizontal composition in a 2-category is induced from the com-
position in Cat.
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2 Bigroupoid principal 2-bundles

Definition 2.1. A right action of a bigroupoid B on a groupoid P is given by the action
of the underlying bicategory B on a category P given as previously by (P,B,Λ,Φ, α, ι).

Definition 2.2. Let B be an internal bigroupoid in E, and π : P → X a bundle of groupoids
over X in E on which B acts from the right. We say that (P, π,Λ,A, X) is a right B-
principal 2-bundle (or a right B-torsor) over X if the following conditions are satisfied:

• two canonical terminal morphisms π0 : P0 → X and π1 : P1 → X are epimorphisms,

• two canonical action morphisms λ0 : P0 → B0 and λ1 : P1 → B0 are epimorphisms,

• the induced internal functor

(Pr1,Φ): P ×B0 B1
// P ×X P

is a (strong) equivalence of internal groupoids over P (where both groupoids are seen
as objects over P by the first projection functor).

Example 2.1. (The unit principal 2-bundle) The unit B-bundle is given by the triple
(B1, T, S,H, B0) where the momentum is given by the source functor S : B1 → B0, and the
action is given by the horizontal composition H : B1 ×B0 B1 → B1.

Example 2.2. (The pullback principal 2-bundle) For any principal B-bundle (P, π,Λ,Φ, X)
over X, and any morphism f : M → B0, we have a pullback B-principal bundle over M ,
defined as the quadruple (f∗(P), P r1,Λ ◦ Pr2, f∗(Φ),M).
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3 Cocyclic description of principal 2-bundles

Since we assumed that the functor (Pr1,Φ): P ×B0 B1 → P ×X P is an equivalence, we
choose its weak inverse

(Pr1,D) : P ×X P // P ×B0 B1,

together with natural isomorphisms

(Pr1, µ) : IdP×B0
B1

+3 (Pr1,D) ◦ (Pr1,Φ), (Pr1, ν) : (Pr1,Φ) ◦ (Pr1,D) +3 IdP×XP ,

The second component of the above weak inverse is a functor D : P ×X P // B1 ,
which we we call a division functor, for reasons that we will soon explain. The com-
ponent of the natural isomorphism ν : (Pr1,Φ) ◦ (Pr1,D) +3 IdP×XP , indexed by the
object (p, q) ∈ P ×X P, is an isomorphism νp,q : p / p∗q → q, where we use an abbrevia-
tion p∗q := D(p, q) : λ0(q) → λ0(p), for the 1-morphism in B1. The natural isomorphism
µ : IdP×B0

B1
+3 (Pr1,D) ◦ (Pr1,Φ), is indexed by the object (p, f) ∈ P ×B0 B1, by an

isomorphism µp,f : p→ p∗(p / f).
Let’s now give a cocyclic description of the principal G-bundle P. Since the map

π : P0 → M is a surjective submersion, we can find an open cover M =
⋃
Ui of the base

manifold M together with local sections σi : Ui → P0 of the map π. The corresponding
statement in the topos E is that epimorphism π : P0 → M in E locally splits, since the
diagonal morphism ∆: P0 → P0 ×M P0 is a splitting in E/P0 of the pullback bundle
π∗(π) : P0 ×M P0 → P0 which is given by pr1 : P0 ×M P0 → P0.

We use the division functor to define gij = D(σi, σj) : Uij → B1, and a local sections
fα

ij : Uα
ij → P1 of πs = πt over some covering Uα

ij of Uij such that

fij : σj → σi / gij .

The following diagram

σk

fik

��

fjk // σj / gjk

fij/gjk

��
(σi / gij) / gjk

κijk

��
σi / gik

σi/βijk

// σi / (gij ◦ gjk)
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defines a morphism in ψ ∈ HomP×XP(σi / gik, σi / (gij ◦ gjk)) by the composition

σi / gik
f−1

ik // σk
fjk // σj / gjk

fij/gjk// (σi / gij) / gjk
κijk // σi / (gij ◦ gjk)

and since the set HomP×XP(σi / gik, σi / (gij ◦ gjk)) is an image of the induced functor
(Pr1,Φ) which defines a bijective correspondence with the setHomP×B0

B1((σi, gik), (σi, gij◦
gjk)) the inverse image of ψ defines sections βijk : gik → gij◦gjk in B2, such that the diagram
becomes the identity

(σi / βijk)fik = κijk(fij / gjk)fjk

Theorem 3.1. Any B-2-torsor π : P → X gives rise to the class H2(X,B).

Proof. Consider the following cube

σl
fkl //

fil

���
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

fjl

wwooooooooooooooooooooooooooooooooo σk / gkl

fjk/gkl

wwoooooooooooo

fik/gkl

��

(σj / gjk) / gkl

(fij/gjk)/gkl

��

κj,jk,kl

wwooooooooooo

σj / gjl
σj/βjkl //

fij/gjk

��

σj / (gjk ◦ gkl)

fij/(gjk◦gkl)

��

((σi / gij) / gjk) / gkl

κi,ijk,kl/gkl

��

(fij/gjk)/gklwwooooooooooo

(σi / gij) / (gjk ◦ gkl)

κi,ij,jkl

��

(σi / gik) / gkl
(σi/βikl)/gkl

wwoooooooooooo
κi,ik,kl

��
σi / gil

σi/βikl _______

σi/βijl

wwo o o o o o o o o o o o o o o o
(σi / (gij ◦ gjk)) / gkl−

κi,ij,kl

��

σi / (gik / gkl)

σi/(βikl◦gkl)
wwoooooooooooo

σi / ((gij ◦ gjk) ◦ gkl)

σi/αij,jk,klwwooooooooooo

σi / (gij / gjl)
σi/(gij◦βijk)

// σi / (gij ◦ (gjk ◦ gkl))

in which all faces except the bottom and right faces are diagrams which define nonabelian
cocycles. The right face consists of one such diagram acted by gkl, two are instances of
naturality of the action, and one is coherence for action. Since these five faces of the cube
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in which all arrows are invertible commute, it follows that the sixth (bottom) face

σi / gil

σi/βijl

��

σi/βikl // σi / (gik ◦ gkl)

σi/(βijk◦gkl)

��
σi / ((gij ◦ gjk) ◦ gkl)

σi/αij,jk,kl

��
σi / (gij ◦ gjl)

σi/(gij◦βijk)
// σi / (gij ◦ (gjk ◦ gkl))

also commutes. Since the functor (Pr1,Φ): P×B0B1 → P×XP is fully faithful, the inverse
image of the diagonal 2-morphism from σi /gil to σi /(gij ◦(gjk ◦gkl)) in the above diagram,
consists of the single 2-morphism between gil and (gij ◦ (gjk ◦ gkl)) which gives the identity

(gij ◦ βjkl)βijl = αij,jk,kl(βijk ◦ gkl)βikl

for the nonabelian 2-cocycle (gij , βijk) with values in the bigroupoid B.

Theorem 3.2. The above correspondence gives a biequivalence

2Tors(X,B) ∼bi H2(X,B)

Theorem 3.3. There exist a biequivalence

2Tors(X,B) ∼bi Bun(B)

Proof. Let’s again choose local sections σi : Ui → P0 of a surjective submersion π : P0 →M ,
and we consider the morphism τ : U → B0, defined by τ = (τi)i∈I , where U =

∐
i∈I Ui and

τi := λ0σi : Ui → B0. Than the induced morphism

φ : τ∗(B1) // P|U

defined by φ(xi, g) = σi(xi)g is an equivalence since it is an equivariant morphism of
B-2-torsors, and the 2-category 2Tors(X,B) is a bigroupoid.
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