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1 Poincare symmetry and spinors

The d-dimensional real vector space with metric
G = diag(1,—1,...,—-1)
—_———
d—1
is called Minkowski space. A Lorentz transformation
at — = A (1)
is an automorphism of Minkowski space which leaves the metric tensor invariant.

Lorentz transformation in 4-dimensions has six generators: three rotations J; and three boosts K; with
following commutation relations:

[Ji, J5] = i€sjp Ty
(K, K| = —teijnJi (2)
[Ji, K] = i€ K
Let us define new generators as:
TE = T i) (3)

Note that these generators are the non-Hermitian. The commutation relations then become

+ 7+ . +
[J ,J- ] = Zéiijk

i J
[JE, Tl =0

We see that J* and J~ each generate a group SU(2), and these two groups commute. One can easily
show that the Lorentz group is then essentially SU(2) x SU(2) = SL(2,C) group.

The Poincare group contains Lorentz transformations and translations:
at — ' = Ala¥ + o (4)
The translations do not commute with the Lorentz transformations.

One rewrites Lorentz generators as My; = K; and M;; = €;;,J;,. Then the Poincare algebra becomes:

[PAM Pl/] =0
[M;wa Mpa] = igupMpa - iguvao - iguaMp,p + Z.g/urj\mzp
(Myw, Py| = —igpu Py + igpu Py (5)

The elements M € SL(2,C) are automorphisms of spinor space. Let 1), be an arbitrary element (called
spinor) of the spinor space. Consider SL(2,C)—transformation of ¢):

Yo — V) = Mg (6)



It is a fundamental representation of SL(2,C'). The conjugate representation is
Yo = P = M 5. (7

We now want to enlarge the Poincare algebra by generators that transform either as undotted spinors
QY or as dotted spinors Q¥ under Lorentz transformations and that commute with translations:

[PM’ Qg] =0

[le QaN] =0

(M, Q3] = i(0, )BQ;;

(M Q8] = i(54 QN (8)

The only possibility that algebra does not require extra generators is found to be the algebra:

{inéé} = 2(Umu)a,BPH51J
{in Qg} = GQBZIJ
(QL.Q1} = eap(2™)" (9)
Z' = — 771 commute with all generators of SUSY algebra and called central charges. In N=1 SUSY
there are no central charges.
The generators are described by the following representations of the Poincare algebra:
P, —(1/2,1/2) M, — (1,0) + (0,1)
Qa — (1/270) Qd — (07 1/2)

2 Some properties

Since the full SUSY algebra contains the Poincare algebra as a subalgebra, any representation of the
full SUSY algebra also gives a representation of the Poincare algebra. Each irreducible representation
of the Poincare algebra corresponds to a particle. An irreducible representation of the SUSY algebra in
general corresponds to several particles, in other words each superparticle, when viewed as irreducible
representation of the SUSY algebra, is the direct sum of a collection of ordinary particles, called a
multiplet.

Note that in systems where particles are created and annihilated the unitary representation of the Poincare
algebra is not irreducible and for this reason there are some problems in Quantum Field Theory, which
have been solved only partially, by procedures like renormalization.

There are some basic properties in SUSY:

1. All particles belonging to an irreducible representation of SUSY, i.e. within one supermultiplet, have
the same mass.

2. The energy P, is always positive in SUSY.

3. A supermultiplet always contains an equal number of bosonic and fermionic degrees of freedom, i.e.
the number n; of bosons equals the number ny of fermions.

Consider fermion number operator (—)V defined as

(=)™ |b)= |b)
(DM 1f)=~11)- (10)



(—)NF anticommutes with Q:
(DMQIf )= (=) [b) = b >= QIf )= ~Q(-)"*|f)
Therefore
{(=)¥.Qr=o0. (11)
Using the cyclicity of the trace one has
0=Tr (-Q()"Q+ Q)" Q) =Tr (-Q(-)""Q + ()" QQ)

=Tr ((—)NF {Q.Q}) =Tr ((—)NF2U“PH) =20"p,Tr ((—)NF) , (12)

where P, is replaced by its eigenvalues p,, for the specific state. As result we get that

0=Tr((9") = > @) + > I =D @b — Y (fIH =m—n.

bosons fermions bosons fermions

(13)

3 Superspace and Superfields

A very convenient way to obtain supermultiplets is the superfield technique. Superfield is a function on
the superspace. Since the supercoordinates 6 and 6 cannot be multiplied one by another more than some
fixed number of times the Taylor expansion of a superfield over supercoordinates is finite.

Let us consider N=1 SUSY. An arbitrary scalar superfield can always be expended as:

F(2,0,0) = f(x) + 0(x) + 0&(x) +m(x)00 +n(z)00 + 00" v, (z) + 000X (z) + 000p(z) + d(z)0000 (14)
where 0 = (0,, 9“")T and 60, are Grassman.

We now want to realize the SUSY generators @, and its hermitian conjugate Q4 = (Q4)! as differential
operators on superspace. We want that ¢*(Q, generates a translation in % by a constant infinitesimal
spinor €® plus some translation in x*:

(1+ieQ)F(z,0,0) = F(x + 0z, +¢,0) (15)
By the ansatz we find that
Qo = —z% +als 0°0, (16)
Then the hermitian conjugate is
_ ) ,
Qa —2874—95 ok, 0, (17)
We define SUSY variation as -
Oc e = (ieQ + i€Q) F. (18)

Let us find covariant derivatives Dy, and_DéY that commute with the SUSY generators @ and Q. Then
dee(DoF) = Do (0 F) and the same for Dg. One finds

and an anti-chiral superfield F by



4 Supersymmetry in dimension 2 + 1
Let us consider SUSY in the three-dimensional Minkowski space.
Consider scalar superfield F(x,8,0):
F(x,0) = A(x) + 10 + ©00, (22)

where A(x) and @ are scalar fields of the boson type and ¢ and 1) are Majorana spinor fields of the
fermionic type. Let us show that A6 is invariant under the Lorentz transformations. We know that 6
transforms under the Lorentz transformation as:

0 =0+ %w,tyjﬂve (23)

here J = —%[o*, o¥]. Now we can write transformations of 6! and 6?:
0 =6, + %(w0191 + w20, +w0,) (24)
0y = 0z + %(—w0192 — w0, +w?0) (25)

After some math one can easily show that:
0,0} = 0,05 (26)

Since A0 = 260,05, 00 is a Lorentz invariant. It is obvious that 6 and ¢ are also invariants under the
Lorentz transformations.

Under acting of the operator d.; fields A(z), () and ®(z) transform through each other:

) = A(z) + 2¢e(2);
Y (x) = (z) — oted, A — 2% (27)
@' ()

= ®(x) + 9, (x)o e
The superfield F(z,6,0) transforms as:
SeeF(2,0) = (00"€)9, A(x) + 2¢(x)e + (0,9 ()0t €)00 + 28 (x)0e. (28)

We see that the operator d.z from the odd part of the superalgebra mixes fields which transform in
different ways under acting of the Poincare group. It mixes fermions and bosons.

Let us construct the simplest Lagrangian for the scalar superfield F(z,6,6). We require that as equations
of motion we obtain second-order differential equations. So the derivatives in the Lagrangian should
occur no more than quadratically. We shal also require the Lagrangian would be invariant under Poincare
transformations.

As far as our superspace is parametrised by usual coordinates z* and grassmanian coordinates 6, 6, one
should integrate over all these coordinates to obtain translational invariant action. The action which
would give us a Lorentz-invariant theory of free scalar and spinor fields has the following form:
S = / d*xdfde (DFDF + MF?) = / d*zL. (29)
Covariant derivation has the form:
1, 00
D® = —50 00, A— X+ 5 O — 0. (30)

One can show that the Lagrangian density is (terms with coefficent 66):

L= (—;(auAf — Dot + 2<I>2> + M(2A4 — ). (31)



Let us find equation of motion for the field ®:
20 = —AM. (32)

This field has no dynamics, but interaction of the fields A and A with it gives rise to the mass terms.
This can be easily seen if one put to the action :

L= —% (0, A) + M2A%) — § (00, + M) . (33)

We see that fermion and boson fields in the scalar multiplet have the same mass.
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