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0 Preliminairies: Categories

A nice introduction to categories can be found in [Ric10].

Definition 1. A category C is a class of objects Ob(C) together with for each two objects A,B ∈ Ob(C) a
set of morphisms HomC(A,B) and for each triple A,B,C ∈ Ob(C) a composition map ◦ : HomC(B,C)×
HomC(A,B)→ HomC(A,C) satisfying the following:

• For f ∈ HomC(A,B), g ∈ HomC(B,C): g ◦ f ∈ HomC(A,C). (composition of morphisms)

• For each A ∈ Ob(C) there is an identity morphism idA ∈ HomC(A,A) such that for f ∈ HomC(A,B):
idB ◦ f = f ◦ idA = f .

• The composition of morphisms is associative: f ◦ (g ◦ h) = (f ◦ g) ◦ h.

Example 1. Sets: Sets and maps between sets, Gr: Groups with group homomorphisms, k-Vect: k-
vector spaces and k-linear maps. (for a field k), k-SVect: k-super vector spaces and even k-linear maps,
k-VectZ2 : Z2-graded vector spaces with graded k-linear maps.

Example 2. Let X be a topological space, TX its topology. TX is a category with inclusions of sets as
morphisms.

1 Sheaves: Basic definitions

From now on I basically follow [Bä05].

Definition 2. Let X be a topological space with topology TX as in example 2. Let C be a category. A
presheaf with values in C is a contravariant functor G : TX → C:

• G assigns to each open set U ∈ TX an object G(U) in C.

• G assigns to each pair of open sets U ⊂ V a ”restriction” morphism ρGU,V ∈ HomC(G(V ),G(U)).

• G preserves identities and composition:

ρU,U = idU ,

ρU,V ◦ ρV,W = ρU,W

for all U, V,W ∈ TX .

Definition 3. A sheaf is a presheaf that is complete in the following sense: For each family (Uα)α∈I of
open sets with ∪α∈IUα = U ∈ TX we have:
Given a family (fα)α∈I , fα ∈ G(Uα) such that for all α, β ∈ I

ρUα∩Uβ ,Uα(fα) = ρUα∩Uβ ,Uβ (fβ), (1)

there exists a unique f ∈ G(U) with fα = ρUα,U (f) for all α ∈ I.

Definition 4. Let G be a sheaf on X, p ∈ X. Define the stalk of G over p as:

Gp :=

 ◦⋃
U∈TX
p∈U

G(U)

/
∼ (2)

Here the equivalence relation for f ∈ G(U1), g ∈ G(U2) is given as

f ∼ g :⇔ ∃ U1 ∩ U2 ⊃ U3 ∈ TX , p ∈ U3 : ρU3,U1
(f) = ρU3,U2

(g). (3)

The classes [f ]p ∈ Gp are called the germs of f at p.
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Remark 1. The stalks inherit the structure of the sheaf, i.e. Gp ∈ Ob(C).

Example 3. • Let X be a topological manifold. Then C0
X is a sheaf of rings over X: C0

X(U) = C0(U)
and for f ∈ C0(V ), ρU,V : C0(V )→ C0(U) is given by ρU,V : f 7→ f |U .

• Let X be a smooth manifold and Ω•X = ⊕nk=0ΩnX be the smooth differential forms on X. This is
a sheaf of unital R-algebras.

2 Morphisms of sheaves

Definition 5. Let F ,G be sheaves over a space X. A sheaf homomorphism ψ : F → G is a natural
transformation of functors F ⇒ G, i.e., a family of morphisms (ψU )U∈TX , ψU : F(U)→ G(U) such that

F(V )
ρFU,V //

ψV

��

F(U)

ψU

��
G(V )

ρGU,V

// G(U)

(4)

commutes for all V ⊂ U .

Remark 2. For every p ∈ X this induces a morphism on stalks ψp : Fp → Gp, ψp([f ]p) := [ψU (f)]p.

Definition 6. Let X,Y be topological spaces, ϕ : X → Y continuous, F a sheaf over X, G a sheaf over
Y . ϕ induces a functor ϕ−1 : TY → TX and therefore an image sheaf ϕ∗F = F ◦ ϕ−1.
A sheaf morphism (ϕ,ψ) : (X,F) → (Y,G) is a continuous map ϕ : X → Y together with a sheaf
homomorphism ψ : G → ϕ∗F .

3 Ringed spaces

Definition 7. A k-ringed space (k a field) (X,G, v) is a topological space X together with a sheaf G of
k-algebras on X and a family (vp)p∈X of k-algebra morphisms (evaluation maps)

vp : Gp → k.

G is then called the structure sheaf of (X,G, v).

Definition 8. A k-ringed space (X,G, v) is called local, if for all p ∈ X ker vp is the unique maximal
ideal of Gp.

Remark 3. For local k-ringed spaces the evaluation map v is unique.

Example 4. (X,C0
X , ev) with evp(f) = f(p) is a locally R-ringed space.

Definition 9. A morphism of k-ringed spaces (X,F , v), (Y,G, w) is a morphism (ϕ,ψ) : (X,F)→ (Y,G)
of sheaves such that

Gϕ(p)
ψp //

wϕ(p)

!!CC
CC

CC
CC

Fp

vp
����

��
��

��

k

(5)

commutes for all p ∈ X.

Lemma 1. Let (ϕ,ψ) : (X,F , v)→ (Y,G, w) be a morphism of k-ringed spaces, p ∈ X. Then

kerwϕ(p) = ψ−1p (ker vp). (6)

In particular if (X,F , v), (Y,G, w) are locally ringed spaces then

ψp : Gϕ(p) → Fp

is a morphism of local rings, i.e: ψp(kerwϕ(p)) ⊂ ker vp.
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