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0 Preliminairies: Categories

A nice introduction to categories can be found in [Ric10].

Definition 1. A category C is a class of objects Ob(C) together with for each two objects A, B € Ob(C) a
set of morphisms Home (A, B) and for each triple A, B,C' € Ob(C) a composition map o : Hom¢ (B, C) x

Home (A, B) — Home (A, C) satisfying the following:

e For f € Home(A, B), g € Home(B,C): go f € Home(A, C). (composition of morphisms)

e For each A € Ob(C) there is an identity morphism id4 € Hom¢ (A, A) such that for f € Home (A, B):

idBOf:fOidA:f.

e The composition of morphisms is associative: fo(goh) = (fog)oh.

Example 1. Sets: Sets and maps between sets, Gr: Groups with group homomorphisms, k-Vect: k-
vector spaces and k-linear maps. (for a field k), k-SVect: k-super vector spaces and even k-linear maps,

k-Vect?2: Z,-graded vector spaces with graded k-linear maps.

Example 2. Let X be a topological space, Tx its topology. Tx is a category with inclusions of sets as

morphisms.

1 Sheaves: Basic definitions

From now on I basically follow [Ba05].

Definition 2. Let X be a topological space with topology Tx as in example [2] Let C be a category. A

presheaf with values in C is a contravariant functor G : Tx — C:

e G assigns to ecach open set U € Tx an object G(U) in C.

e G assigns to each pair of open sets U C V a ”restriction” morphism p, ,, € Home(G(V),G(U)).

e § preserves identities and composition:

pu,u = idy,
pU,V © PV,W = PUW

for all U, V,W € Tx.

Definition 3. A sheaf is a presheaf that is complete in the following sense: For each family (U, )qer of

open sets with UyerU, = U € Tx we have:
Given a family (fo)acr, fa € G(Uy) such that for all o, 8 € T

PULNUG,Uq (foé) = PU.NUs,Ug (fﬂ)?
there exists a unique f € G(U) with f, = py,,.v(f) for all a € I.
Definition 4. Let G be a sheaf on X, p € X. Define the stalk of G over p as:

g=| U oo |/~
UeTx
peU

Here the equivalence relation for f € G(Uy),g € G(Us) is given as

f ~ g JU:NU; D U3 € Tx,p cUs: pU37U1(f) = pUg,U2(9)~

The classes [f], € G, are called the germs of f at Py

(1)



Remark 1. The stalks inherit the structure of the sheaf, i.e. G, € Ob(C).

Example 3. e Let X be a topological manifold. Then C% is a sheaf of rings over X: C%(U) = C°(U)
and for f € CO(V), pyy : CO(V) — CO(U) is given by py.v : f — flu.

e Let X be a smooth manifold and 2°X = @®}_,2" X be the smooth differential forms on X. This is
a sheaf of unital R-algebras.

2 Morphisms of sheaves

Definition 5. Let F,G be sheaves over a space X. A sheaf homomorphism v : F — G is a natural
transformation of functors F = G, i.e., a family of morphisms (¢y)very, Yu : F(U) — G(U) such that

F
p u,v

F(V) 2= F) (4)

) |+

G(vV) ——6(U)

PuU,v
commutes for all V' C U.
Remark 2. For every p € X this induces a morphism on stalks ¢, : F, = Gp, ¥, ([f]p) == [Yu (f)]p-

Definition 6. Let X,Y be topological spaces, ¢ : X — Y continuous, F a sheaf over X, G a sheaf over
Y. ¢ induces a functor ¢! : Ty — Tx and therefore an image sheaf @, F = F o ¢~ L.

A sheaf morphism (p,v) : (X, F) — (Y,G) is a continuous map ¢ : X — Y together with a sheaf
homomorphism ¢ : G — @, F.

3 Ringed spaces

Definition 7. A k-ringed space (k a field) (X, G,v) is a topological space X together with a sheaf G of
k-algebras on X and a family (v,)pex of k-algebra morphisms (evaluation maps)

vy Gp — k.
G is then called the structure sheaf of (X,G,v).

Definition 8. A k-ringed space (X, G,v) is called local, if for all p € X kerv, is the unique maximal
ideal of G,.

Remark 3. For local k-ringed spaces the evaluation map v is unique.
Example 4. (X,C%,ev) with ev,(f) = f(p) is a locally R-ringed space.
Definition 9. A morphism of k-ringed spaces (X, F,v), (Y,G,w) is a morphism (¢, ) : (X, F) — (Y, G)

of sheaves such that
Yp
Gop) ————=Fp
u@%\ %
k

Lemma 1. Let (¢,9) : (X, F,v) = (Y,G,w) be a morphism of k-ringed spaces, p € X. Then
ker wy(p) = @bgl(ker Up). (6)
In particular if (X, F,v), (Y,G,w) are locally ringed spaces then
Up : Gow) = Fp

is a morphism of local rings, i.e: ¥, (ker wy(,)) C ker vy,

(5)

commutes for all p € X.
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