Batchelor’'s Theorem

David Lindemann

May 26, 2011

Remark Let X be an m-dimensional (smooth) manifold, let E — X be a vector bundle of rank n.
Then we have that (X,Og) is a supermanifold of dimension m|n, where O is the sheaf of smooth
sections of A*E — X.

Furthermore, C(U) := C*°(U; A’E) = C*°(U) is a function factor, the related sheaf morphism Sy is
given by
Bu : Op(U) = C®(U): Y f-6°— fo_ 0,

where ¢ is a multiindex with value in {0,1}" and 6% = 65" - - - 65".

Remark The C*°(U)-algebra

O'(U) :=ker By = C™(U, P A*E)

k>1

is the set of all nilpotent elements of Og(U). Hence, we can see Sy as the projection onto C*(U).

Lemma

Let X be a (smooth) manifold and let (U,)aer be an open covering of X. Let gog € C°(Uy N
Ug; GL(n,R)), such that for all o, 3,7 € I on U, NUg N U,:

Jap © 948y = oy

this is called the cocycle condition. Then there exist a up to isomorphism unique vector bundle £ — X
which can be trivialized on each U, with smooth sections eq 1, ..., €q,n, such that (eq1,....,€q.n) is a
frame field and for all o, B € I, x € U, N Ug the following holds true:

D gas(@)ijes (2) = eai(w).
j=1

Proof See lecture notes ”Nichtkommutative Geometrie”, C. Béar, page 29.

Theorem (Bachelor, 1980)

Let (X, Ox) be a supermanifold of dimension m|n and let C(X) C Ox(X) be a function factor. Then
there exists a vector bundle £ — X of rank n, such that (X, Ox) is isomorphic to (X, Og). The vector
bundle E is unique up to isomorphism and does not depend on the choice of C(X). Furthermore, the
isomorphism from (X, Ox) to (X,0g) maps C(X) to C*®°(X;AE).



Proof Roughly speaking, the proof works like this:
(i) We construct a C>°(U)-module on OY(U)/(OY(U) - OL(U)),
(ii

we show that, under certain circumstances, it is free and find a basis.
(iii) Using this and the previous lemma we construct the vector bundle £ — X,

)
)
(iv) construct our (first just local) sheaf isomorphism ® : Op — Ox and
(v) show that it is a (global) sheaf isomorphism and finally

)

(vi) we show that E is unique up to isomorphy.

(i) Let C(X) C Ox be a function factor. We have shown before that for any open U C X there exist
a unique function factor C(U) C Ox(U), such that

P (C(X) € CU).
Let O?(U) denote the ideal in Ox generated by O'(U) - O'(U). Since O*(U) C O}(U), we can define
£(U) as the quotient of O™ (U)-algebras
E(U) =0 U)/0*(U).
The C*°(U)-module structure on £(U) is defined as
[ 1elewy = lou(f) - Plewys

where f € C®(U), [¢lew) € E(U) and oy := (ﬁU|C(U))71 : C°(U) — C(U) C Ox(U). Since
OY(U) and O?(U) are ideals in Ox(U), the multiplication with f is well defined. Hence £(U) is a
C*>(U)-module.

(ii) f U c U’ is in a superchart domain, then £(U) is a free C°°(U)-module of rank n. For a
superchart

(@7 \I’) : (U,7 0X|U/) - (V/a Om|n|V’)
we have that 3
0; := [\Ilvgi]S(U); V= ¢(U) cVv’

is a C°°(U)-basis of E£(U), where 04, ..., 0,, are generators of A*R.

Proof It suffices to do the calculations in O,,|,,(V'). After doing so, applying the superchart (¢, ¥)
shows that £(U) has the desired properties.

We see that
Ohmn(V) =143 f6° ¢,
le|>1
02 (V) =8> fb°
le|>2
and

le[=1

Hence, E(U) is a free C*°(V)-module of rank n (since A'R™ has exactly n generators) and the module
structure is defined as follows

felleqy = [fdleq) Vf € CO(V), 4 € O,

It remains to check that this module structure is consistent with (i). Since Sy o,(f) = f we have

ov(f)=f+w(f)



where vy (f) € (’)m‘n( ). Hence

I [Wlew)
D ov(£) - e,
= [f - Yleevy + v (f) - Ylevy
——

€0?

m|n

—

)

=[f-Ylev)
= feo[Ylevy.

(iiif) We want to construct the vector bundle E — X. Therefore, let

(Ya: Ya) 1 (Uas Oxv.) = (Vo Ominlve,)

be a superchart covering of X. For 0; € C’)m‘n(Va) choose the standard basis of R, i.e. the generators
of A*R™ and let

Oai = [Ya,v.bilew,) € EU).
Vo € U, NUg we have the following:

Z 9ap ()i 95 (),

this is in fact the basis transformation of the basis of £(U, NUg) C £(Up) to the basis in £(Ug), the
coefficients gop(-)i; are in C*° (U, NUB). We can see the matrices g, as smooth maps

gap 1 Ua NUz — GL(n,R)

since gop € GL(n,C>(U, NUPB)). To use the previous lemma we have to check the cozycle property
Jay = Gap - 93~- We have
0s, = Zgﬁv(x)ikemk(x)
k

and

:Zgaﬁ( 1]9,3] Zgaﬁ )ij9p+(2); gv,k(x)-
J

This is effectively a change of a basis in every z € Ua NUg NU,. Thus, linear algebra yields that
Z gaﬁ 1] g/J"y Z goz'y )

So we choose £ — X to be the vector bundle defined by g.s as in the previous lemma.

(iv) We construct the sheaf isomorphism ® : Op — Ox first just for open U C X, such that U is
contained in a superchart domain. For V' C R™ we know that

n

Om\n(v) = @ ( m|n( )/Oﬁj‘_i( )) )

k=0
where
Opn(V) =3 > fo6°
le|>k

To see this isomorphism, we see that for any k € {0, ...,n}:

O (VORI (V) 2 ¢ Y fo6°| fo € CF(V)

lel=k



Let U C U, for some superchart (¢o, Vo) : (Ua, Ox|v.) = (Va, Opjnlv,) of (X,0x) and let V :=
¢a(U) C V,. We constructed E — X with the previous lemma and hence E|y, — U, is trivial and
admits the local frame field (eq 1, ..., €q,n). We define

Dp 0 : CO(U,AYE) — O%(U) /O (U)

F= feeiy e, |Wav | D (feopa o505
el=k el=r O% () /0% (V)
One can show that for U C U, NUpg
Dp U0 = Prus-
Hence we get for each U that is contained in a superchart domain an isomorphism

(IJI,U = Z(I)k’U : OE( ) Coo U ANE —> @ OX Ok—H , (I)LU = Z(I)k’U'
k=0 _

Each superchart (¢, V) : (U, Ox|y) — (V, Opnlv) yields an isomorphism

n n

DO% )05 2 DO, (V)/ Oy (V) 2 O (V) = Ox (U).

k=0 k=0

But this isomorphism depends on the choice of the superchart. With the help of a covering of X with
supercharts and an associated smooth partition of unity we can construct for each U that is contained
in a superchart an isomorphism

ORI EBOX U)/O%) = 0x(U)

k=0

that is compatible with the restriction map p©x of Ox. Hence we have at least for each U that is
contained in a superchart domain the desired sheaf homomorphism

D : OE — Ox, @U = (1)27(] o @17[].

(v) Now we want to have a sheaf isomorphism ® : Op — Ox not just for special U’s. To get such an
isomorphism, we use the gluing axiom of sheaves.

Let U C X be an arbitrary open set, let (U,) be a basis of the topology of X that consist of all
superchart domains (this actually is a basis of the topology of X) and write U = U,U,,. For f € Og(U)
let

9o = P, (p0% 1 (£))-
With f, = png(f) and fg = ngiU we have for all a, 3

p((?:ng,Ua(ga) = QUQOU;; (pgfﬁUﬁ,Ua (fa))
= <I)UCmU;; (Plcjf)fmUﬁ,U(f))
= Sy, (00 0, 0, (15))
= P((?fmUﬁ,Uﬁ (98)-

Hence, there is a unique g € Ox (U), such that pgj’U(g) = go. So we just have to set y(f) := g and
thus have our desired isomorphism of sheaves.

(vi) To show the uniqueness of F — X we remark that O defines A*E up to algebra bundle
isomorphism. Hence, F is unique up to vector bundle isomorphisms, since

@AkE / @A’“E
E>1 E>2

@ AFE is the ideal of nilpotent elements, @ A*E = @ A*E -p-x @ A*E.
k>1 k>2 k>1 k>1



