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Abstract

Two different conformal field theories can be joined together along a defect line.
We study such defects for the case where the conformal field theories on either side are
single free bosons compactified on a circle. We concentrate on topological defects for
which the left- and right-moving Virasoro algebras are separately preserved, but not
necessarily any additional symmetries. For the case where both radii are rational mul-
tiples of the self-dual radius we classify these topological defects. We also show that the
isomorphism between two T-dual free boson conformal field theories can be described
by the action of a topological defect, and hence that T-duality can be understood as a
special type of order-disorder duality.
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1 Introduction

In this paper we investigate how one can join two free boson conformal field theories along a
line in a conformally invariant manner. More specifically, we are interested in interfaces which
preserve the left- and right-moving conformal symmetries separately. Such interfaces are
special types of conformal defects that appear naturally in conformal field theory; conformal
defects have recently attracted some attention, see e.g. [1l, 2, 3 14, 5] 6, [7, 8 @ [10] 111 12].
As we shall review momentarily, the special (topological) defects we consider in this paper
have a number of interesting and useful properties.

Let us consider the case that the world sheet is the complex plane and the interface runs
along the real axis. We take the conformal field theory on the upper half plane to be the
compactified free boson of radius R; and the theory on the lower half plane to be the free
boson theory at radius R,. Denoting the left- and right-moving stress tensors of the two
theories by T and T, i=1,2, respectively, general conformal defects are interfaces that
obey

T (2) — T (z) = T*(x) — T?(x) for all xeR. (1.1)

Via the folding trick [13], solutions to correspond to conformal boundary conditions
for the product theory consisting of two free bosons compactified to R and R,, respectively.
(From a target space perspective we are thus looking for the conformal D-branes of the theory
on a rectangular torus with radii Ry and Rs.) This method to investigate the conformal
interfaces was used in [5].

While all conformal boundary conditions for the theory of a single free boson on a circle
are known [14] [15] [16, [17], the classification of all conformal boundaries of the ¢ = 2 theory in
question is presently out of reach. Thus we cannot hope to find all interfaces obeying .
There is, however, an interesting subclass of conformal interfaces for which a classification
can be achieved. These are the interfaces for which the condition (1.1)) is strengthened to

T'(x) =T*z) and T'(x)=T?*(x) for all zeR. (1.2)

In other words, we require that the stress tensor is continuous across the interface. In this
case the interface commutes with the generators of local conformal transformations, and the
interface line can be continuously deformed without affecting the value of correlators as long
it does not cross any field insertion points. These interfaces are therefore called topological
defects [10] (or sometimes also totally transmissive defects). They have, at least, two nice
properties:

e Topological defects can be fused together (by letting the interfaces merge), and thus carry
a multiplicative structure [1], 2, [3| 4], 11]. They therefore possess more structure than the
corresponding boundary conditions.

e Topological defects contain information about symmetries of the conformal field theory
(in the present case the free boson), as well as about order-disorder dualities [9, [11]. For
the the free boson we identify a topological defect of the latter type, which generates the
T-duality symmetry.

In this paper we shall describe a large class of such topological defects for the compactified
free boson, and give a classification for specific values of the radii. We should stress that



even if the two radii are different, R; # R, many topological defects exist — this will become
clear in section [} the precise form of the defects then depends on the arithmetic properties
of Ry and Ry. Furthermore, via the folding trick, these topological defects correspond to
new conformal boundary conditions in the product of two free boson CFTs.

It is difficult to verify that a given collection of topological defects is consistent. In
principle one has to specify all correlators involving such defect lines and verify the relevant
sewing conditions. (A complete list of sewing constraints for correlators involving defects
has not been written down; it will be an extension of the constraints for correlators involving
boundaries given in [I8, 19]). In this paper we take two approaches to this problem. The
first is to use the TFT-formulation for constructing CFT correlators [7, [I1], 20], which does
give all collections of correlators (involving boundaries and topological defect lines) that
are consistent with sewing. However, this approach only applies to rational conformal field
theories and to the defects which preserve a rational symmetry. This approach thus gives a
collection of defects that are guaranteed to be consistent, but these will not be all. We can,
however, give a criterion for a deformation of topological defects by a defect field to be exactly
marginal, and in this way we will also gain some information about the neighbourhood of
these ‘rational” topological defects.

The second approach is to select some of the necessary consistency conditions which are
relatively easy to analyse (at least for the free boson) and to try to classify all of their
solutions. One example is the analogue of the Cardy constraint for boundary conditions
[21]; it arises from analysing torus partition functions with insertions of defect lines [I].
We will also use an additional condition which is obtained by deforming defect lines in the
presence of bulk fields. This gives an upper bound on the complete list of consistent defects.
By comparing the results from the two approaches we can thus propose a fairly convincing
picture of what all the consistent defects between free boson theories at ¢=1 are.

The paper is organised as follows. In section [2| we give a brief introduction to topological
defects; section 3 contains our conventions for the free boson theory, and in section 4 we give
a non-technical summary of our results. The details of the first approach are presented in
section [} and those of the second approach in section [6] Some technical calculations have
been collected in several appendices.

2 Topological defect lines

A defect is a one-dimensional interface separating two conformal field theories CFT; and
CFT,. The defect is called conformal iff the stress-energy tensors of the two theories are
related as in (1.1]). In the following we shall concentrate on topological defects for which the
stronger condition 7' =72 and T'=T? holds — see . In other words, we shall require
that the two independent components of the stress-energy tensor are continuous across the
defect line.

Suppose D is a topological defect joining the two conformal field theories CFT; and
CFT,, and denote by H; and Hs, the corresponding spaces of bulk states. The topological
defect D then gives rise to a linear operator D: Hy — Hs which is obtained by taking D to



wind around the field insertion with the appropriate orientation.E] The defect D with the
opposite orientation then defines a map D: Hy — H;. Pictorially,

As will be discussed in section below, these operators do not specify the defect uniquely.
They do, however, contain important information about the defect. For example, just like
boundary conditions, defects also possess excitations that are localised on the defect; these
are called defect fields. The spectrum of defect fields can be determined by considering

the trace of DD in H;. Furthermore, defect operators determine the correlators of two
bulk fields on a sphere which are separated by the defect loop. These correlators play an
analogous role for topological defects as the one-point correlators of bulk fields on the disk
do for conformal boundary conditions. Defect operators finally provide the point of view
from which topological defects were first studied in [1].

Since a topological defect D is transparent to 7' and 7T, the corresponding operator
commutes with the Virasoro modes, i.e.

and L2 D=DIL! (2.2)

where L and L! act on the state space H;. A similar statement also holds for D. However,
not every map D satisfying arises as the operator of a topological defect. This is analo-
gous to the case of boundary conditions: corresponds to the conformal gluing condition,
but not every solution of the conformal gluing condition defines a consistent boundary state
— for example, the boundary states must in addition satisfy the Cardy condition, etc.

Topological defects can be fused. We denote the fusion of two defects D; and D, by
Dy x Dy. In terms of the associated operators D, fusion just corresponds to the composition
Dy o D,. Note that in general the fusion of defects is not commutative. Let D be a defect
between two copies of the same conformal field theory, i.e. CFT{=CFT,. Then we call
D group-like iff fusing it with the defect of opposite orientation yields the trivial defect,
D+ D=1. (The trivial defect between two identical conformal field theories corresponds
simply to the identity map.) The group-like defects form a group. It can be shown that this
group describes internal symmetries for CFT correlators on world sheets of arbitrary genus
[11].

We can also form superpositions of topological defects, which corresponds to adding the
associated operators. We call a defect operator D fundamental iff it is nonzero and it cannot
be written as a sum of two other nonzero defect operators. Finally, a topological defect
D is called a duality defect iff Dx D decomposes into a superposition of only group-like
defects (thus group-like defects are a special case of duality defects). Duality defects relate
correlators of the theories CF'T; and CFT5 and describe order-disorder, or Kramers-Wannier
type, dualities [9], [11].

As we will see, T-duality is generated by a special kind of duality defect. In general,
duality defects give rise to identities that relate correlators of bulk fields to correlators of

! Here, as in the following, we shall identify bulk fields ¢(z) with the corresponding states ¢ in H.



disorder fields. (Disorder fields are those defect fields that appear at the end points of defect
lines.) In the case of T-duality, the resulting disorder fields are in fact again local bulk fields.
Thus T-duality can be understood as a special type of order-disorder duality, an observation
also made in [22] 23] on the basis of lattice discretisations.

3 The compactified free boson

Before discussing topological defects in detail, let us fix our conventions for the free boson
compactified on a circle of radius R. The chiral symmetry of the free boson ¢(z) is a u(1)

current algebra generated by J(z) =iy/2<L¢(z) with operator product expansion
J(2) J(0) =272 + reg. (3.1)

Its irreducible highest weight representations H, are uniquely characterised by the eigenvalue
of the zero mode Jy on the highest weight state |q), Jo|q) =q|q). The stress-energy tensor is
T(z)=3:J(2)J(2):, so that the conformal weight of |q) is h =3 ¢*.
For the boson of radius R, the bulk spectrum can be written as a direct sum
H(R) = B Hopwtr) © Hapu) (3.2)
m,wEZ

of representations of the left- and right-moving current algebras, where

1 Vo R Iy R
E(?””ﬁw)’ E(Tm_\/aw)'
The integer w is the winding number, and m is related to the total momentum p via
p=(2/)"Y*(qynw + Gmw) =m/R. The charges (g, ) that appear in the decomposition ({3.2)
of H(R) form the charge lattice A(R). It is generated by the two vectors

Vol R
3R (1,1) and NG

which describe a pure momentum and pure winding state, respectively.

Qm,w(R) = ‘jm,w(R> =

(3.3)

(1,-1) (3.4)

The chiral vertex operator corresponding to the highest weight state |¢) is given by the

normal ordered exponential :0lV2/0'48(2);  The bulk field corresponding to the highest weight
state in the sector (¢, q) € A(R) is obtained from the product of two such normal ordered
exponentials; it will be denoted by ¢(,4). The bulk fields can be normalised in such a way
that the operator products take the form

Far)(2) Bz ) (W) = (=1)™" (2=w) " (2" =w)"® (b4, 445,y 120 () + O(|z—w])) . (3.5)
The factor (—1)"™"? is needed for locality; in particular, one cannot set all OPE coefficients
to 1.7

2 Consider, for example, two fields ¢; and ¢ with (mq,w;)=(1,0) and (msg,ws) = (0,1). The operator
products ¢1(z) ¢p2(w) and ¢2(z) ¢1(w) must be related by analytic continuation. Since in both cases the
leading singularity is (z—w)% (z*—w*)’%, the sign arising in the analytic continuation must be compensated
by the OPE coefficient. Note also that in the convention some two-point functions are negative.
This can be avoided at chg cost of introducing imaginary OPE coefficients. Namely, in terms of the basis
(b'(q@ =i""¢(4,q) =eim(a"—a )/4¢>(q’q) the OPE coefficients are i"1%2~"2%1,
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The conformal field theory of a free boson compactified at radius R as described above
will be denoted by Bos(R). It is not difficult to see that the bulk spectrum (3.2)) is invariant
under the substitution R+ «'/R; this is the usual T-duality relation for the compactified
free boson.

If applied to the perturbative expansion of the string free energy F'(R, g,), one must take
into account that T-duality also acts on the dilaton field (see e.g. [24]). As a result, at
the same time as changing the radius one must also modify the string coupling constant,

F(R,gs)=F (R, g.) with
/ /
=, g= fgs. (3.6)

We will recover this change in g, when analysing the description of T-duality in terms of
topological defects in section [5.4] below.

R =

In the following we shall set the value of the parameter o/ to

o =1 (3.7)

With this choice, the radius T-dual to R is R'=1/(2R), and the self-dual radius is
Req =1/V2. (3.8)

To restore the o/-dependence in the expressions below, one simply has to substitute all
appearances of R by R/v/2a/.

4 Topological defects for the free boson

Before going through details of the calculations, let us explain and summarise the results
found in section |5 I and @ We will explicitly give operators D of the various topological
defects and compute their compositions.

4.1 Topological defects preserving the u(1)-symmetry

The simplest topological defects are those that actually preserve more symmetry than just
the two Virasoro symmetries (2.2). In particular, we can demand that the topological defect
also intertwines the u(1)-symmetries up to automorphisms,

J2D=eDJ}, and J2D=¢eDJ}, for e,ec{£1}. (4.1)

This condition implies 1} From the action of the zero modes J& 2 and j& 2 we see that D
has to map the highest weight state (¢, ) € A(£21) to the highest weight state (eq, €7) € A(Ry).
Thus D can only be nonzero in sectors for which (g, q) lies in the intersection A of the two
lattices,

A = A(Ry) N A(Ry), where A““(R) = {(eq,€9) | (¢,9) € A(R)}. (4.2)

To describe this lattice more explicitly, we observe that

] A ) Roif e
A“(R) = A(R), where R:= { 1 1 ‘= (4.3)
3R if e=—¢€,



as follows directly from ([3.4). Thus the intersection A consists of all points such that

/
2 (oo (3) -2 () v (2) e e o

In particular, this means that m = (Ry/Ry)m’ and w = (Ry/Ry)w'. We will treat separately
the cases that Ry/R; is rational or irrational.

4.1.1 Rg/Rl rational

Let us write R, /Ry =M/N, where M and N are coprime positive integers. It then follows
from the discussion above that the lattice A is spanned by the vectors N/(2R;) - (1,1) and
MR, - (1,—1). Because of (4.1)) the defect operator is fixed on each sector H, ® Hy of H(R;)
once we know its action on the primary bulk fields ¢, ) chosen in section |3 I One finds that
the possible defect operators are parametrised by two complex numbers x and y, and that
they act on the primary bulk fields as

2_ 1

2 €,€ / 12-1 i(x
D(x7y)R2,R1¢(q7Q) = VM N (e€)2® 24 *o2milea- yQ)ﬁb(eq,ai) (4.5)

if (¢,q) € A and as zero otherwise. Note that the exponent of the sign €€ is an integer, since
it is the difference h — h of the left and right conformal weights of the u(1)-primary field
with charge (¢, ). The complete defect operator can be written as

- €,€ 12132 ori(zq—yq) pEq.eq
D(x,y)5 5 = VMN ) ()27 2T ?milea—va) prti (4.6)
(g,:9)€A
where P;ffj’gq: H(R1) — H(Rs) is the twisted intertwiner uniquely determined by

Peqﬂ% (¢,7) q, q’5q q ¢(eq €q)
and J Pl — ePEq’Equ J Peq’eq 7P€q’€qu

m = q,q

(4.7)

As will be explained in section [6.2] the specific scalar coefficients that multiply the maps
Pqeffj’gq for each sector in A can be determined by requiring consistency with the bulk OPE
. One can also verify that the defects give consistent torus amplitudes, i.e. integer
multiplicities in the channel in which the defects run parallel to the euclidean time direction.
Furthermore, when R; and R, square to rational numbers, some of the defects can be
analysed from the point of view of the extended chiral symmetry. This is done in section
[} it demonstrates that at least these defects are consistent with all other sewing conditions
as well. This leads us to believe that in fact all the operators come from consistent
defects.

In x and y are a priori arbitrary compler constants. However, unless =,y € R the
spectrum of defect changing fields may contain complex conformal weights. (This is similar
to the situation in [I5].) Furthermore, not all values of z and y lead to distinct defect
operators; in fact it follows directly from that

D(x, y);’f;ﬂl = D(z',y )R2 R Mt e=é, =€, (z—a,y—y)eA, (4.8)



where A* is the lattice dual to A, consisting of all points (x,y) € R? such that zq — ygeZ
for all (¢, q) € A.

It is also straightforward to read off the composition rules by rewriting the composition
of two defect operators as a sum over operators of the form (4.6). One finds, for example,

ﬁ(az,y)i{R o D(u, V)RR = D(va+u, VY+u)rr
D(O7 0);’2;1%1 © D(x7y)J}%71,+R1 = D(.T, y);;,Rl = D(EI, Ey)E;TRz o ‘D<O7 O)(;%E;,Rl ) (4 9)
M—-1N-1
- €, = €, o - m R m R\t
D(Ovo)Rl,Rg © D(()?O)Rg,Rl = Z Z D(QMR1+%7 2MR1_%)R1,R1 :
m=0 w=0

The equalities in the second and third lines imply that a defect with operator ﬁ(n y)jfR is
group-like if and only if M = N =1. This is the case either if e =€ and R is arbitrary (in this
case our results have also been confirmed using a geometric realisation of the defect lines
[25]), or if e=—€ and R is the self-dual radius. The group Q}fz(l) of u(1)-preserving group-like
defect operators for Bos(R) is thus

g}u%(l) - {(@2//\(3)) X (Zg x Zs) if R= \%, (4.10)

1 (C2/A(R)) x Z, else,

where we use that A(R)*=A(R), and abbreviate Z/(aZ) by Z,. The multiplication rule in
the two cases is given by

(x,y,€,€) - (u,v,v,0) = (va+u, vy+v, ev, ev) if R= \%, (411)
(z,y,€) - (u,v,v) = (ve+tu,vy+v,ev) else,

so that the Zy’s are realised multiplicatively as {£1}. Note that the group is non-
abelian in all cases.

Furthermore we see from that all U(1)-preserving defects are duality defects. The
duality defect implementing T-duality should take J .J to —J J and be an isomorphism. From
one sees that this can only happen if é=—e and A" ¢(Ry) = A(Ry), i.e. if Ro=2/R;.
Also, up to the action of group-like defects (cf. the second line in ), there is a exactly
one T-duality defect operator.

4.1.2 ]%/Rl irrational

If Ry/R1 ¢ Q then A={(0,0)}, so that up to a multiplicative constant the defect operators
can only consist of the projection P& ’00 to the vacuum sector. Such an operator corresponds to

a defect D with a continuous spectrum of defect fields. Furthermore, Do D will decompose
into an integral of u(1)-preserving fundamental defect operators of Bos(R;). Defects of this
type probably exist, but it is difficult to check their consistency in detail.



4.2 General topological defects

So far we have considered topological defects that actually preserve the full u(1)-symmetry.
If we only require that the defect intertwines the Virasoro algebra, i.e. only impose ,
but not , then there are also other defects. In order to understand how they arise, we
need to decompose the various u(1)-representations H, into representations of the Virasoro
algebra. The result depends in a crucial manner on the value of ¢: if ¢ is not an integer
multiple of \/AE’ then 'H, is irreducible with respect to the Virasoro action. On the other

hand, if ¢ is an integral multiple of \/iﬁ we have the decomposition

o0

Vir
Hyms = @Hh:iosmk)? : (4.12)

k=0

where H)™ denotes the irreducible Virasoro representation of highest weight h (at central
charge 1), see e.g. [26]. Whether or not the bulk state space H(R) contains reducible rep-
resentations other than (0,0) depends on the arithmetic properties of R. There are three
cases to be distinguished:

Case 1: The equation z/(2R) + yR =1/+/2 has no solution for z,y € Q. (For example, this
is the case for R=1.) Then there are no integer solutions to m/(2R) £ wR=s/v/2 for any
nonzero s. Thus the only Virasoro degenerate representations come from the vacuum sector
{(0,0)} = A(R).

Case 2: The equation #/(2R) +yR = 1/4/2 has a solution with z,y € Q, and R and 1/R are
linearly independent over Q. (For example, this is the case for R= (1 + v/2) which is solved
by x = }l, Y= %) It then follows that the solution x,y is unique. Let L be the least common
multiple of the denominators of 2 and y. Then all integer solutions to m/(2R) +wR =s5/v/2

are of the form (m,w,s) € (xL,yL, L)Z. Consider the two one-dimensional sub-lattices A;
and A, of A(R) given by

A= L(x/@l]é;/? yR) Z and A, = L(‘”/(Qljjz/g yR) z. (4.13)

The above calculation shows that all sectors H, ®_7'_(q of H(R) for which H, is degenerate
are given by (¢, q) € A, and all sectors for which H; is degenerate are given by (g, q) € A,.
Note that Ay A, ={(0,0)}.

Case 3: The equation x/(2R) + yR=1/v/2 has a solution with =,y €Q, and R and 1/R
are linearly dependent over Q, i.e. there are nonzero u,v € Q such that uR +v/R=0. Then
R*=—v/u, and hence R? is rational. We can then write R*= P/(2Q) for some coprime
P,Q € Z~,. Substituting this into z/(2R) +yR = 1/+/2 we conclude that = +yP/Q = R/\/2,
from which it follows that R is a rational multiple of the self-dual radius Rsq =1/ V2,

E

R=—R, 4.14

Y R (414
for some coprime non-negative integers E and F. (In particular, we have P= E? and
Q= F2) It is now casy to check that (m,w) is an integer solution to m/(2R) + wR €2 2Z
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if and only if mF? +wE? € EFZ. Evaluating the latter condition modulo E and modulo F,
and using that £ and F' are coprime, shows that (m,w) € (FZ) x (FZ) provides all solutions
to m/(2R) + wR € 2727Z. The same set also provides all solutions to m/(2R) — wR € 22 Z.
It follows that in a sector H, ® H; of H(R) either both H, and H, are degenerate, or neither
of them is, and that the Virasoro-degenerate representations occur precisely for (g, q) € A

with
A=AR)NA(Rsq) = {k—\/]; (1) + l_\/l; (_11) ‘ k‘,lEZ} . (4.15)

In this paper we shall only analyse case 3. From the results in case 3 one would suspect
that any additional defects arising for cases 1 and 2 have a continuous spectrum of defect
fields, and that their fusion can lead to a continuum of defects, rather than just a discrete
superposition, similar to the situation in section [4.1.2] We note in passing that in case 3 the
theory is always rational, while case 2 can never arise for rational theories. (The free boson
theory is rational iff R? is a rational multiple of R2; =1.) On the other hand, case 1 may
or may not be rational.

4.3 Virasoro-preserving defects at the self-dual radius

It is instructive to consider first the simplest example of case 3 which arises when R= Ry 4.
The free boson theory is then equivalent to the su(2) WZW model at level 1.|§] The in-
tegrable su(2);-representations can be decomposed into u(1)-representations (see e.g. [27,
sect. 15.6.2]), all of which are in turn reducible with respect to the Virasoro algebra, and
thus decompose as in (4.12). The resulting decomposition is most easily understood in
terms of the zero modes of the affine Lie algebra which commute with the Virasoro gener-
ators. This allows us to decompose the space of states simultaneously with respect to the
two Virasoro algebras (generated by L,, and L,,) and the two commuting su(2) algebras
(generated by J¢ and Jg), leading to (see for example [I5], sect. 2])

H(Rea) = €P His.  where Mg =Vip® Vip @ HYJ, @ HYY,. (4.16)
5,5=0
s+S5 even

Here H)™ denotes the irreducible Virasoro representation of highest weight h (at central
charge 1), while Vj} is the irreducible su(2)-representation of spin j. The spaces denoted by
a barred symbol give the representation of the anti-holomorphic modes.

Because of the condition , a topological defect has to act as a multiple of the identity

on each sector H;Qi;4®7-_(;§;4. However, since these spaces now appear with multiplicity

dim (V2 ® Vi /2), one can have a non-trivial action on these multiplicity spaces. In fact one
finds, in close analogy to the result for conformal boundary conditions [15], that the action
of the defect operator on the multiplicity spaces V/, ® ‘_/g/Q is described by a pair of group
elements g, h € SL(2, C), where g acts on each V5, and h on each Vg/Q. Since the action of

and [J3,J3]=1mé, _,. In particular, the

3 Note that the su(2); modes satisfy [J3,, J¥]=+J= =3

m—+n

u(1)-current J(z) is related to J3(z) via J(2) =2 J3(2).
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SL(2,C) on these spaces is described in terms of J¢ and Jg, respectively, we can write the
defect operator compactly as

D(g, h) = exp(aaJ¢ + B JY) where g = exp(a,J®), h=exp(B,J%). (4.17)
More explicitly, on the summand H, 5 in (4.16)) the action is

D(g, 1)y, = Ps2(9) @ psja(h) @ i @ iy (4.18)

52/4

where p, /5 is the representation of SL(2, C) on V9, and similarly for ps/,. It is then easy to
see that ﬁ(g, h) :ﬁ(g’, R') if and only if (g, h) = (¢',h’) or (g,h)=(—g',—h’), and that the
composition of two such defect operators is given by

D(g, h) o D(g’, h') = ﬁ(gg', hh'). (4.19)

Thus, all fundamental Virasoro-preserving defect operators of Bos(Rs4.) are group-like and
the corresponding group is

Gr* = (SL(2,€) x SL(2,C)) /{£1} . (4.20)

Except for the quotient by the center Z, of the diagonally embedded SL(2, C), which is a di-
rect consequence of the restriction to s + 5 € 2Z in the sum (4.16)), we thus find just a doubling
of the result found for conformal boundary states [15], which are parametrised by SL(2, C).
In contradistinction to the case of the boundary conditions, the multiplicative structure of
SL(2, C) now has a meaning in terms of the fusion of the defects; similarly, the action of a
defect operator on a boundary state is given by the adjoint action D(g1, g2)|h) = g1 h g5 ).
Using the description in terms of D-branes of the product theory one can prove, using the
same methods as in [I5], that these are the only fundamental defect operators in this case.
We shall give an alternative proof directly in terms of defects in section [6.3]

4.4 Virasoro-preserving defects at rational multiples of R4

In the previous section we have constructed all fundamental defect operators of the self-dual
theory. Together with the u(1)-preserving defect operators that we found in section m,
we can now immediately obtain a class of defect operators between two theories whose radii
are rational multiples of the self-dual radius R4, i.e.
Eq Es
R, =—"—"R Ry=—R.q. . 4.21
1 Fl s.d. » 2 F2 d. ( )
In fact, we can simply compose two U(1)-preserving radius-changing defects with a general
Virasoro-preserving defect at the self-dual radius, which for the corresponding operators
yields ) ) ) )
D(0,0)5:"% o D(g,h) o D(0,0);" p =: D(g,h)py.p, - (4.22)

We could also use the u(1)-preserving defects with (e, €) # (+, +) or with (x,y) # (0,0), but
as shall become clear below, they do not generate any additional defect operators. In fact,
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since the Virasoro-degenerate representations in H(R;) are precisely those representations
that H(R;) has in common with H(Rsq.), it is reasonable to assume that does produce
all new defect operators that appear when imposing , but not . In section we
present an argument that this is indeed the case.

It turns out that the operators (4.22)) are not all distinct. To describe the identification
rule, it is helpful to introduce, following [16], the matrices

e7ri/L 0
Iy ;:( . e_m/L) € SU(2). (4.23)

One then finds (see section for details) that the operators (4.22)) are parametrised by
elements of the double coset

T, x 2\ (SL(2, ©) x SL(2, C) {£1}) /7, 7, (4.24)

where the quotient by {41} is as in (4.20)), the right action of an element (k,[) € Zg, X Zp, is
as (g,h) > (gTE Tk, Tz T} ) and the left action of an element (k,[) € Zg, X Zp, is given
We also observe that the 1(1)-preserving defect operators at Ry 4. are just special cases

of (4.20)), for example

R . e7ri 2z 0 e—ﬁi\/iy 0
D(z,y)i" g, = D(g,h) for gz( 0 o M), h=< 0 eﬂiﬁy>, (4.25)

see section ﬁ below for more details. In particular, D(I',,I'/) = D(ﬁ , —ﬁ);t Ry

The composition law for these defect operators can then be easily obtained by combining

([@.9), (4:25) and (4.19). One finds

Eo—1 Fy—1
D(g,h)Ryis © D(g' W) porey = Y > D(GTTg WL " T ) iy iy - (4.26)
m=0 w=0
Using this result we can verify for which (g, h) the defect operator ﬁ(g, h)Ry.R, is funda-
mental. To this end we need to check whether the trivial defect appears exactly once in
the product D(g~', h™") g, .z, © D(g, k) .5, as is required for fundamental defect operators.
To do so, we count for how many pairs (m,w) the elements g 'I'Z ' g and A~ 'T ;"' h
are equal to (e, e) modulo the identification . This in particular requires gilfggl’};"b g
(say) to be diagonal, which in turn is possible only if (m,w)=(0,0) or if g is itself either
diagonal or anti-diagonal. The same holds for h. Thus if g and h are neither diagonal nor
anti-diagonal, then D(g, h) g, g, is fandamental. On the other hand, if g and h are diagonal
or anti-diagonal, then whether ﬁ(g, h) R, R, is fundamental or not depends on the divisibility
properties of Ry and R,. For example, if g and h are both diagonal and if E;, Fy are coprime
and Fy, Fy are coprime, then D(g, h) Ry, 18 fundamental. On the other hand, if g and h are
as in and Ry = R, implies that
A Fi-1Ei-1
D(g,h)pm = Y > D(tttr, 2 py) (4.27)

m=0 w=0

~

Thus it follows that for Ry # Rsa.,, D(g,h)r, r, is not fundamental if ¢ and h are both
diagonal.
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4.5 Completeness of the set of defect operators

Before proceeding to the detailed calculations, let us discuss whether the results listed in
sections [£.1]-[4.4] provide all topological defects for the free boson. There are in fact three
related, but distinct, questions one can pose. The first and most obvious one is

Q1: What are all topological defects that join the theories Bos(R;) and Bos(Ry)?

Just as in the rational case treated in section [5 the collection of all topological defects is
probably best described as a suitable category, rather than as a set. To address Q1 one must
then decide when two defects should be regarded as ‘isomorphic’, i.e. when they give rise to
the same correlators involving in particular defect fields, but also bulk fields, boundaries, etc.
While this will in general be difficult, one can restrict oneself to considering defect operators
and ask the more concrete question

Q2: What are all operators L: H(R;) — H(Rs) that arise as defect operator for some topo-
logical defect joining Bos(R;) and Bos(Rs)?

The questions Q1 and Q2 are indeed different: In general a defect is not determined uniquely
by its associated defect operator. For example, while the operator does determine the spec-
trum of defect fields, it is not always possible to deduce their OPE, or even the representation
of the Virasoro algebra on the space of defect fields. This aspect can be stressed by asking
instead

Q2’: Given an operator L: H(Rl)—>7—l(}?2), what are all topological defects D joining
Bos(R;) and Bos(Ry) such that L= D?

As an illustration, we construct in appendix [A] a one-parameter family of mutually distinct

defects which all have the same defect operator. This family is obtained by perturbing

a superposition of two defects by a marginal defect-changing field. In this example the

perturbing field is not self-adjoint, and the resulting defects are ‘logarithmic’ in the sense

that the perturbed Hamiltonian is no longer diagonalisable. One can then ask whether
restricting oneself to defects for which the Hamiltonian generating translations along the
cylinder is self-adjoint on all state spaces (for disorder-, defect-, or defect-changing fields)
makes the assignment (defect) — (defect operator) injective. We think that this is indeed
true for the free boson, but we do not have a proof.

For the Virasoro-preserving defects, in this paper we will consider the following variant
of Q2:

Q3: What are all operators L: H(R;) — H(Rs) that arise as defect operator for some topo-
logical defect D, for which the spectrum of defect fields (calculated from the torus with
insertion of D * D) contains a unique (up to normalisation) state of lowest conformal
weight h =h =0, separated by a gap from the rest of the spectrum with h+h >0 ?

Uniqueness of the lowest weight state implies that the defect operator D is fundamental.
For, suppose that D= D1 + D2 Then the trace contains terms coming from D; * D; and
Dy % Dy, both of which lead to a field with conformal weight h=h =0 in the spectrum.

In section (as summarised in section |4.3) we answer Q3 for Bos(Rs4.) by showing that
there cannot be more defect operators than those listed in (4.18)) and that they in fact are all
realised as perturbations of the trivial defect. Furthermore, we argue that the answer to Q3
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for Bos(R), with R a rational multiple of R4, is given by combining the defect operators
(4.6) (with Ry = Ry =R) and (4.22)). We lack a proof that these are all possible operators
(see, however, the short remark at the end of section .

Finally we would like to stress that the same issues we discussed above for topological
defects also arise in the classification of conformal boundary conditions. Indeed, it is in
general not true that the boundary state determines the boundary condition uniquely. Again
an example can be constructed by perturbing a superposition of boundary conditions by a
(non-selfadjoint) boundary changing field.

5 Free boson with extended chiral symmetry

In this section we investigate topological defects for the compactified free boson using the
methods developed in [7, 28] [IT]. These apply to rational conformal field theories.

5.1 Chiral symmetry

For any N €Z-o the u(1l) current algebra can be extended by the two vertex operators

WE(2) = :e¥2V2N6(): of u(1)-charge +£v/2N and conformal weight N. The resulting chi-
ral algebra, denoted by u(1),, is in fact rational. (1), has 2NV inequivalent irreducible

highest weight representations, labelled Uy, Uy, ..., Usn_1, which decompose into irreducible
representations of the u(1) (vertex) subalgebra as
Uy = @H(me)/m- (5-1)
meZ

We denote by Uy the category formed by the representations of 1(1),. Un is a modular
tensor category; thus it is balanced braided rigid monoidal, which means, roughly speaking,
that given two objects U,V of Uy one can take the tensor product U ® V' (monoidal), that
there are two distinct ways to go from U®V to V®U (braided), that each object has
a two-sided dual, namely its contragredient representation (rigid) and a balancing twist,
namely its exponentiated conformal weight (balanced); and finally the braiding is maximally
non-degenerate (modular). See e.g. [29, app. A.1] for details and references.

5.2 Rational compactified free boson

In the TFT approach to rational CFT [7] one finds that the algebra of boundary fields for a
given single boundary condition determines the entire CF'T, including in particular the bulk
spectrum, other boundary conditions, and also topological defects. The boundary conditions
and topological defects one finds in this way are precisely those which preserve the rational
chiral algebra.

In terms of the representation category, the algebra of boundary fields of the rational
free boson theory is a symmetric special Frobenius algebra A in the category Uy. If one
requires that there is a unique boundary vacuum state, i.e. a unique primary boundary field
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of conformal weight zero, then, as shown in [28, sect. 3.3], every such algebra is of the form
A, = @ Usknyr where r € Z+q, r divides NV, (5.2)

and for each of them the multiplication is unique up to isomorphism. In other words, together
with , A, gives the space of boundary fields, and the boundary OPE is unique up to
field redefinition.

All other quantities of the full CFT can be computed starting from the algebra A,.
") Which determines the bulk partition function via

Consider for example the matrix Z;;
7 = ijjv - Z(T Xi(7) X, (—=7%). Here yx(7) = try, ™ (Lo=21) is the Virasoro character of Uy.

For A, one ﬁnds [7 sect. 5.6.1][f

2N/r] ¢[2r]
5’L[+j6 5[,] ’ (53)
where 6! is the periodic Kronecker symbol, i.e. (51[{’; =1 if i=jmodp and 5%} =0 else. Com-

parison with (3.2) and (5.1]) shows that the compactification radius R is related to r and N

- R=r/V2N. (5.4)

Conversely, the free boson compactified at a radius of the form R=+/P/(2Q) with P,Q
coprime positive integers contains in its subset of holomorphic bulk fields the chiral algebra
ﬁ(l)HQPQ, for any choice of n € Z~y. The relevant algebra in U,,2pq is then A, with r=nP.

The simplest choice is just to set n =1. However, recall that in the TFT approach one can
only describe boundary conditions and topological defects that preserve the rational chiral
algebra one selects as a starting point. If we keep n as a parameter, this chiral algebra is
u(l), . po- Taking n large allows us to obtain more boundary conditions and defects. In fact,
the W(1) algebra and its extension (1), start to differ only from Lo-eigenvalue n?PQ
onwards, and the explicit calculation shows that in the n — oo limit we obtain all boundary
conditions and defects that preserve only the u(1) current algebra.

5.3 Rational topological defects as bimodules

Let us fix a chiral algebra 1(1),. We want to compute the topological defects that inter-
polate between the free boson CFTs described by two algebras A, and Ay in Uy, i.e. those
topological defects that are transparent to the fields of (1), and link a free boson compact-
ified at radius R, =7/v2N to a free boson compactified at Ry =s/v/2N. Note that in this
description we automatically have R;/Rs € Q.

In the TFT approach the task of finding all topological defects preserving (1), is reduced
to finding all A,-As-bimodules in the category Uy. We will solve the latter problem in two
steps. First we describe all A,-modules and A,-bimodules, and afterwards also the A,-A,-
bimodules for r # s.

4 The notation A, used in [7] corresponds to A ~/r in the present convention, e.g. here Ay = Uy, while in
[7] one has Asn =Up.
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5.3.1 Modules and bimodules of the algebra A,

Since the objects U; appearing in the decomposition of A, are all simple currents [30],
the modules and bimodules of A, can be obtained using the methods of [28] [T1].

As for the left A,-modules, one finds that every simple module is isomorphic to an induced
module A, ® Uy, and that the induced modules A, ® U, and A, ® U; are isomorphic if and
only if k=l mod 2N/r. Thus there are 2N/r distinct simple (left) A,-modules, which we

denote by Mé’"), re{0,1,..., %—1}. The one-point function of a bulk field on a disk with

boundary condition labelled by M is zero for a pure momentum state, so that in string
theory these boundary conditions correspond to D1-branes with equally spaced Wilson line
parameter.

At this point it is useful to think of the radius as being given and of the form R=+/P/(2Q)
(with P and () coprime), and to describe this CFT via the algebra A,p in U,2pq, i.e.
we set r=nP and N =n?P(Q. Then the label x of the simple modules takes values in
{0,1,...,2nQ—1}, and the corresponding D1-branes have values for their Wilson lines that
are equally spaced.

The simple A,-bimodules can be obtained by the methods of [I1] sect.5]; we defer the
details to appendix . The result is that the (isomorphism classes of) simple A,-bimodules
are in one-to-one correspondence to elements of the abelian group

Gupg = Znp X Lng x L) [ {(1,1,-2)), (5.5)

where ((1,1, —2)) denotes the subgroup generated by the element (1,1, —2) of Z,,p X Zpng X Z.
Note that since every element of G,, pg can be written either as (a, b, 0) or (a, b, 1) for suitable
a and b, G,, po has 2n* PQQ = 2N elements (and thus is in particular finite). We denote these
simple A,-bimodules by B((;?w) for (a,b, p) € Gy, po-

The fusion of two topological defects is obtained by computing the tensor product over A,
for the corresponding bimodules. The calculation is done in appendix [B.3] The result is that
the tensor product is just addition in G,, pg, i.e. for any two elements (a, b, p), (¢,d,0) € G, po
one has

)
Babp)

In particular, all topological defects preserving the extended chiral symmetry u(1), are
group-like. Similarly, the fusion of a topological defect to a conformal boundary condition is
obtained by the tensor product over A,. One finds

(r)  ~ p)
®Ar B(c,d,o) - B(a+c,b+d,p+a) :

(5.6)

Béa?b,p
Thus the topological defect labelled by B(q4,,) shifts the Wilson line of the D1-branes by 20+p
units. As shown by below, the parameter a amounts to a similar shift in the position
of the DO-branes. Of course, DO-branes, for which in the present convention J(z)= —J(x)
on the boundary x € R of the upper half plane, do not appear in the present description, as
they do not preserve the 1(1),. But we can still deduce the effect of a by computing the
action of topological defects on bulk fields.
Let ¢, 4 be a bulk field corresponding to a state in the sector H, ® H, of the space

of bulk states. The action of the topological defect D((Z)b ») corresponding to the bimodule

)@y, M = M) (5.7)

K K+2b+p *
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B((Z)b ) amounts simply to the multiplication by a phase (see appendix B.3):

~ (r . ra+p/2 L\ b+p/2 1

D((a?b,ﬂ) ¢<17l? = exp{—27r1 ( nP R (q + q) + nQ 2R ( )) } ¢Q@' (58)
We see that the parameter a gives a phase shift depending only on the total momentum
q+ q of ¢4, while b gives a phase shift depending on the winding number ¢ — g. Also, in the
limit of large n we find that the phase shifts are parametrised by two continuous parameters
taking values in R/Z. This agrees with the result stated in section ; specifically,

DY, = D(—(a+b+p)/V2N, (a—b)/V2N); '} (5.9)

R,R’

where R=r/v/2N. This also shows that at least for these values of the parameters, the
operators D(z, y)E’E are indeed defect operators for a consistent defect.

5.3.2 A,-As;-bimodules and radius-changing defects

Consider two algebras A, and A, in Uy. As shown in appendix [B.4] all simple A,-Ag-bi-
modules can be obtained as follows. The algebra Ajcy () is the smallest algebra that has
both A, and A, as a subalgebra. By embedding A, and A, into A one defines the
structure of an A,-A,-bimodule on Ajcy(rs); We denote this bimodule by As) . Every simple
A,-As-bimodule B®) can then be written as

B(TS) ~ B((;)bp ®AT- A(?“s) [ A(TS) ®As B((i)dva_) , (510)
for B(a b.p) and B o) appropriate A,- and A,-bimodules, respectively. The total number of

inequivalent snnple AT—AS—bimodules is given by tr(Z("WZ®) =2ged(r, s) ged(X, &), where
Z®) is the matrix (5.3)), see [T, remark 5.19)].

Let us refer to a defect as being elementary iff it corresponds to a simple bimodule.
The result above can then be rephrased as the statement that there are 2 ged(r, s)ged (2, &)
distinct elementary topological defects (transparent to fields in the chiral algebra u(1),) that
join the free boson compactified at radii r/ V2N and s / V2N. All of these can be written

as the fusion Dgg)b ¥ D) or D) DEj) o) where D) is the defect corresponding to the
bimodule A"®) . In particular, all such radius-changing topological defects lie on a single
orbit with respect to the action of the group-like defects of the free boson on either side of
the radius-changing defect.

As we did for the defects DEZ)I; o) let us also give the defect operator for the topological de-

fect D). One finds that, up to an overall constant, D) projects onto fields with left /right
u(1)-charges in the intersection of the charge lattices of the two theories Concretely, if we

fix a primary bulk field ¢§;T7)J in each sector U, ® U of H(R= ) as in appendix [B.4], we
have lem(r. 5)
(rs cmr, s 2N/ged(r,s) lem(r,s
Dol Ty — , 53[c+y% ]52 ]Qf)xy (5.11)

5 Note that here the symbol ‘®’ does not stand for the tensor product of the category C, but rather U QV
is an object of the product category (see [31]) CXC.
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The relation to the operator given in isﬁ D) = /s/r D(0, O)R2 ry» Where Ry = s/v2N
and Ry =71/v2N.

As opposed to the general non-rational case (compare the discussion in section , for
defects that preserve the rational chiral algebra one can show that the defect operator deter-
mines the defect uniquely, in the sense that it fixes the corresponding bimodule up to isomor-

phism [IT, prop. 2.8]. For example, using (5.11)) together with D) x D7) = DXEZS)(@ A 1t
As
is straightforward to check that
N/T‘_l 7_1
AT @, ALY DY) ith /=1 Ny =1 . (512
®q, @ @ (R, X0 wi em (X, 2 cm(r, s) (5.12)

m=0 n=0

Acting with the defect D) on a boundary condition of the free boson at radius s/ V2N
results in a boundary condition of the free boson at radius r/ V2N. Tt is easy to compute
the corresponding tensor product A7) ®, My () o A(rs) ®y, As @ Uy >~ A9 @ U,. Compar-
ing the respective decompositions into Slmple objects of Uy '~ one finds that

L/T

Al @ ) o @ Dy with g=ged(¥, ¥) (5.13)

as A,-modules.
From 1-} it is easy to see that D) cannot give an equivalence of theories unless r = s,
in which case D®) is the identity. For r #s, D) will map some of the bulk fields to zero.

5.4 T-duality

On the CFT level, T-duality amounts to the statement that the free boson CFTs at radius
R and R'=o//R=1/(2R) are isomorphic; the isomorphism inverts the sign of .J .J. To find
a defect which implements this isomorphism, it is thus not sufficient to look only among the
defects transparent to the u(1) currents, as was done in section [5.3] Instead, we work with
the chiral algebra u(1)/Z,, which consists of fields invariant under J+— —J, and its rational
extension (1) /Z, by a field of conformal weight N. Denote the category of representations
of ﬁ(]_)N/ZQ by DN.

Let us treat the case R=1/v2N and R'=./N/2 as an example. The details for how
to arrive at the statements below can be found in appendix [C} Dy contains two algebras
A, and Ay which describe the compactifications to R and R’, respectively. The algebras A1
and Ay are in fact Morita equivalent, i.e. there exist an A;-An-bimodule X and an Ax-A;-
bimodule X', both coming from the twisted sector of the orbifold (see (C.g)), such that one
has isomorphisms

X@; X' = A and X @ X = Ay (5.14)

6 The additional factor arises from different normalisation conventions for the zero-point functions on
the sphere. The expression (4.6) is computed for (1(72))/(1(F1)) =1 whereas the TFT approach selects
(1(F2)y /(1(F)) = 5 /r. The analogue of (4.6) with unfixed normalisations is given in (6.20) below.
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of bimodules. The corresponding defects Dx and Dy interpolating between these two T-

dual CFTs obey o R )
Dy D¢ = Dxg; x¢ =Dz ¢=9¢ (5.15)

for any bulk field ¢ of the fll—theory, and vice versa, so that Dy indeed provides an isomor-
phism between the bulk state spaces of the two CFTs.
To relate the correlators of the two compactifications we can use the result [11] sect. 3.3]
that
Corg, (X) =7 X Corz, (¥) with v = dim(Ay)/dim(X) = VN, (5.16)

Here ¥ denotes a world sheet decorated with data for the CFT described by Aj, i.e. the
free boson theory at radius R=1/ V2N. This world sheet may have a boundary, as well as
insertions of bulk and boundary fields. The world sheet Y is equal to X as a surface, but it
is decorated with data for the free boson compactified at radius R’, and the field insertions,
boundary conditions and defect lines of ¥ are replaced by the ones obtained via the action
of the interpolating defect X’. By Corj and Corj we then mean the correlators for the
respective world sheets. In the prefactor yX*) y(X) is the Euler character of X, while v is
the quotient of quantum dimensions for Dy as stated in the formula.

Since in the perturbative expansion of the string free energy, the CFT correlator Corz (X)

appears with the prefactor gs X(E), we see that on the right hand side of the equality 1)
the combination (g,v) ) appears. In the present example we have y=+/N =1/(v/2R), so
that we obtain precisely the expected identity . Note that the derivation of the change
in g; in terms of defects can be carried out entirely on the level of the world sheet CF'T,
without explicitly mentioning the dilaton field.

5.5 Truly marginal deformations

One limitation when working within rational CFT is the absence of continuous moduli.
That is, there are no continuous families of CFTs with a fixed rational chiral algebra, and
no continuous families of boundary conditions or topological defects preserving this chiral
algebra [28] sect. 3.1]. However, one can deduce the existence of moduli by looking for truly
marginal fields.

For a boundary field ¢ there is a simple sufficient criterion to ensure that it leads to a
truly marginal perturbation: 1 needs to have conformal weight one and be self-local [32], i.e.,
exchanging the position of two adjacent boundary fields ¥ (z)1(y) by analytic continuation
in x and y does not modify the value of a correlator. Via the folding trick [13], which relates
conformal defects of one CFT to conformal boundary conditions of the product theory, this
results in a corresponding condition for defect fields. One obtains in this way a sufficient
criterion for a conformal defect to stay conformal under a perturbation. We are more specif-
ically interested in a condition for a topological defect to stay topological. This leads to the
following definition.

Let D be a topological defect and let H%’O) and Hg’l) be the spaces of all defect fields
living on the defect D of left /right conformal weight (1,0) and (0, 1), respectively. A subspace
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L of HS’O) @Hg’l) is called self-local iff for all defect fields 6,6" € £ we have

= @ @ — 5.17
: p (5.17)

inside every correlator. In other words, exchanging the order of 6 and 6" along the defect
D is equivalent to analytic continuation (in any correlator) of 6 past . Note that the
vertically reflected version of holds as well, as can be seen by simultaneously moving
the insertion points of 6 and 6" on both sides of the equality such that the defect on the left
hand side becomes a straight line.

Using the same regularisation procedure as in [32] one can check that a perturbation of
D by a defect field 6 € £ is again a topological defect.

Let us now consider the free boson compactified at radius R=+/P/(2Q) in terms of the
algebra A,p in Uy, N=n2PQ. We will also assume n >1 (this avoids the special cases
N =1,2 which require a separate treatment). The three representations of 1(1),2p, that
contain states of weight one are Uy, Us, and Us(n—q) With a=n/PQ. Since P and Q are
coprime, a can only be an integer if P = E? and Q = F? for some coprime E, F € Z.

Suppose the space of defect fields living on a topological defect D contains a field 6 in
the sector Us, ® Uy, and suppose that 6 has weight (1,0). Then the subspace €@ is always
self-local (see appendix . The same holds for fields of overall weight one in UO ®UO,
Usn—a) ® Up, Uy @ U, and Uy ® UQ(N a)- In other words, every field in HD 0)@7‘[ ) with
well-defined u(1)-charge gives rise to a truly marginal perturbation that leaves D topological.

However, if we perturb a defect D by a field of definite non-zero u(1)-charge, the resulting
theory is no longer unitary. To see this consider a cylinder S! x R with the defect D inserted
on the line {a} x R for some € S'. The perturbation by a defect field § amounts to an
insertion of exp (A[”_6(c, ) dz) for some A € R. The Hamiltonian generating translations
along the cylinder is H(\) = Hy+ A 0(a, 0), where Hj is the unperturbed Hamiltonian. Since
we start from a unitary theory, we have Hg = Hy. For the perturbed Hamiltonian H(\) to
be self-adjoint we need the perturbing operator 6(a,0) to be self-adjoint. However, if 6 has
left /right u(1)-charge (v/2,0), say, then 87 has charge (—v/2,0). Thus we need to perturb by
appropriate linear combinations of defect fields of charges (v/2,0) and (—v/2,0).

Incidentally, perturbing a topological defect (or a conformal boundary condition) by a
marginal field of left and right u(1)-charges (v/2,0), say, leads to a logarithmic theory, i.e.
the perturbed Hamiltonian is no longer diagonalisable. For example, in [33], the operator
In(a,b) = exp(3 f JH( ) was considered for the su(2); WZW model. This operator can
be understood as a topologlcal defect running from a to b, obtained by a perturbation of the
trivial defect by the field J*(z). Correlators of I(a,b) are found to contain logarithms.

The same will happen e.g. for conformal boundary conditions of the free boson at the self-
dual radius. As shown in [I5], these are parametrised by elements of SL(2, C). Correlators
involving boundary changing fields that join boundary conditions belonging to different
SU(2) cosets in SL(2, C) may contain logarithms. Another example of a non-logarithmic
bulk theory which allows for boundary fields with logarithmic correlators was given in [34].

To obtain unitary defect perturbations we thus need to find a self-local subspace that is
pointwise fixed with respect to charge conjugation. Rather than trying to classify all such
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cases, we will consider as a particular example the decomposition of lA)(g7 h) for g=h=e as
obtained from (4.27)). Let D be the defect given by the superposition

E-1F-1

D=Y"3"Dyn - (5.18)

k=0 1=0

Note that ka = 0 mod nP is equivalent to knEF =0modnFE?, i.e. k=0mod E, as F and F
are coprime. For the same reason, la =0 mod n() is equivalent to [ =0mod F'; hence all the
elementary defects appearing in the sum ([5.18)) are distinct.

The space of defect fields living on D is given by (see appendix [B.5))

2N—-1
Ho= @@ UieT)*  with 2P = EFs2H s, (5.19)

i,j=0

Since Hp contams the representations Uy ® Uy, Us, ® Uy, etc., with multiplicity EF', the
space H(l 0 g 1O D Y has dimension 6EF. It contains a 51X—d1men81onal self-local subspace £
pointwise fixed under charge conjugation. The subspace E is not unique, but maximal in the
sense that there is no self-local subspace of H(lo o HD: D ) of which £ is a proper subspace
(see appendix

This is in accordance with the results summarised in section [£.4] where for a rational
multiple of the self-dual radius a six-dimensional moduli space of topological defects is found.
The defect operators described there are fundamental, except possibly when g and h are
diagonal or anti-diagonal. In particular, for (g, k) = (e, €) on obtains the superposition ([5.18)).

6 General topological defects for the free boson

In this section we present details of the calculations that lead to the results stated in section
for topological defects joining two free boson CFTs Bos(R;) and Bos(Ry). We first give
the relation between the defect operators D and D (section . Then we consider defects
that preserve the U(1)-symmetry up to an automorphism (section [6.2)). In section we
investigate defects that preserve only the Virasoro algebra for the free boson at the self-dual
radius.

6.1 The defect operators D and D

The two operators D and D associated to a defect D are related in a simple manner. Let
{(,01(»1)} be a basis of H; and {g0§-2)} a basis of Hy. Let the two-point functions on the sphere
in CFT; and CFTy be given by

(i (2) o\ () = G (z—w) ™M (2 —w*) ™ for a=1,2, (6.1)

respectively. Note that Gg}l) is related to the OPE coefficient Cl(Ja 1 via ng) = CZ(Ja )1<1(“)>,
where 1(@ is the identity field of CFT,.
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Consider now a two-point correlator on the sphere where on one hemisphere we have CFT,
with an insertion of gpgl)(z), while the other hemisphere supports CFTy with an insertion
gogg) (w), separated by the topological defect D. We may then deform the defect into a tight
(1)

)

or gof); this results in the identity

(D) (2) P (w)) = (2 (2) (D) (w)) . (6.2)

In terms of matrix elements, i.e. writing Dgpl(-l) = dikgpf) and la)apf) => Ejl<p§1), this
becomes
2 )5
Z Gl(sj) dyj, = Z Gz('l) djl : (6.3)
k !

Since G and G® are invertible, this fixes d uniquely in terms of d.

circle around either ¢

The relation between D and D is further simplified if the operator D: 'Hy — Ho is invert-
ible and preserves the two-point function on the sphere in the sense that

((Dp)(2) (D) (w)) = € (p(2) ¢ (w))  for all g, ¢ € Hy (6.4)

for some £ € C. In this situation one has D= ¢DL.

6.2 Defects preserving the 1(1)-symmetry

Let us start by considering topological defects D within the free boson at a given radius R
that obey with e =é=1. In other words, D is transparent to the currents J and .J.
This implies that the disorder fields starting the defect D carry a representation of the left
and right copies of the u(1)-symmetry. Let 6 be a u(1)-primary disorder field starting D of
left and right u(1)-charges (¢, q) and suppose that (¢,q) € A(R). Let w be a point on the
defect D such that there is no defect field insertion on D between w and the insertion point
z of 6. Then there exists a u(1)-primary disorder field p starting D with charges (0,0) such
that

0(z) = b (2) n(w) (6.5)
inside every correlator.

In words equation states that the defect D can be detached from the disorder field
0(z), leaving a bulk field of the same charge at the point z. The new end point w of the
defect is marked by a disorder field u(w). Since u has charge zero it obeys L_1ju= 0= L_ip
and as a consequence correlators do not depend on the insertion point w.

The validity of can be established as follows. Assuming for simplicity that z =0,
we consider the product of two bulk fields with #(0). Taking the operator product of ¢(_q _g)
and 0, we have

Ha.0) (1) B(—q,-0) (1) 0(0) = Pgq) () > v~ (™)™ My,m(0), (6.6)

l,r=0

where 7(0) is a disorder field of charge (0,0) and M,; denotes the appropriate combination
of U(1)-modes of total left /right weight (I,r). The crucial point is now that

Mi(0) = My, 1(0) n(uw) (6.7)
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To see this we observe that any combination of u(1)-modes in M, can be obtained as a
suitable contour integral of the currents J and J. Furthermore, by assumption the field
1 does not have any poles with these currents, and hence it may be moved through the
contours at no cost. Finally, since L_;n=0= L_;n, the correlator does not actually depend
on the precise location of 1, and hence we may move 7 from 0 to w. The modes M;, now
act on the identity field at 0. Since the field n does not create a branch cut for the currents
J and J, we can apply the same contour arguments for correlation functions involving 7 as
for those involving the identity field 1. Thus the operator product of two bulk fields results
in the same combinations M;, of modes as in the product in ,

Oa-0(©) g (0) = Cogq Yy v~ (W) Mypio0)(0) (6.8)

l,r=0

where the structure constant C_, 4 is the sign factor given in (3.5). Combining (6.6), (6.7)
and we can write

D(g.0) (1) P(—q-2) (1) 0(0) = Dg.0) (1) D(—g,-3) (V) P(0.0)(0) ((Cgg) " n(w)) - (6.9)

Finally, applying the limit lim,,_.,, |u — v|q2 (--+) to both sides of this equality amounts to the
replacement of @4 (u) d(—q—q (v) by the identity field. Setting p=(C_,,)"'n then results
in (6.5).

Let now D be a topological defect joining the theories Bos(R;) and Bos(R3), and obeying
for arbitrary € and €. Suppose further that D has the properties stated in Q3 in section
[4.5 in particular that there is just a single defect field of left/right weight (0,0) living on
D. Let ¢4 (2) be a U(1)-primary bulk field of Bos(R;) such that (eq, €7) lies in the charge
lattice of Bos(Ry), i.e. (¢,7) € A(Ry) N A“¢(Ry). Then

D

D
- DD - DD = 2!

- o D D
0 ¢(eq,€§) 1 o
D P(q.9)
<F D
(6.10)

for some non-zero constant Ap. To see this, first fuse the part of D surrounding ¢,q)(2),
which results in a defect line D * D ending on a disorder field 6(z). Since D x D obeys
with e=é=1 and since #(z) has charges (eq,€q) € A(R2) we can apply the relation (6.5)).
This results in an insertion of ¢z (2) and of a weight zero disorder field p(w). But a
disorder field starting D * D is the same as a defect field living on D, and by assumption
every weight zero defect field on D is proportional to the identity field on D. Thus we can
write 1 =a,z1p for some constant a,; € C. Altogether we hence obtain the equality

D ¢q.0)(2) = aq.q D(eqeq)(2) D, (6.11)

where the position of the symbol D indicates on which side of the defect line the bulk field
is inserted. Closing the contour of D in ([6.11]) to a loop then results in the equality

D¢g,q) = Ap g,g Peg,eq (6.12)
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where the constant \p is determined by the action of D on the identity field,
D1F) =\, 1) (6.13)

From ([6.12)) we see that Ap has to be non-zero, or else the defect operator would vanish
identically, contradicting the assumptions in Q3. Substituting (6.12)) into (6.11]) finally gives

the last equality in (6.10]).
We would now like to use 1) to determine the operator D as accurately as possible.

As already noted in section 4.1, D is necessarily of the form
D= Z d(q,q) P(Ry, R1)g" (6.14)
(g,0)eA

where the maps P(Ry, R1);%“ are those that we denoted by P;%“ in (4.7). The operator for
the action of D can be obtained from . to be

d(—eq, —€q) P(R1, Ry)y% Eq. 6.15
1

Recall the definition of Ry in 1’ We will investigate the case that R, /Ry is rational,
so that A contains an infinite number of points. As in section we set RQ/Rl = M/N for
coprime positive integers M and N, and note that the lattice A is spanned by the vectors
er=N/(2R;)-(1,1) and e =MR; - (1, —1).

We select two vectors (p, p) =ae; +bey and (q,q) =ce; +dey in A and consider two in-
sertions ¢, 5 (2) and ¢4 (0) of bulk fields of Bos(R;) surrounded by a loop of defect D.
Invoking the identity we conclude that

D(645)(2) d(00(0)) = Ap" (Do) (2) (Debia,)(0) (6.16)

On the left hand side of this equality we can take the operator product of the theory Bos(R;),
while on the right hand side we use the operator product of Bos(Ry). Taking care of the sign
factors in the OPE ({3.5)), in terms of the coefficients d( -, - ) in the decomposition ((6.14]) the

condition reads
d(p+q, p+q) = Ap" () "M Nd(p, p) d(q, q) . (6.17)

Every solution to (6.17) is of the form
d(q,q) =Ap (e8) 27T 0737 (6.18)

for some «, f € C*. To determine the constant Ap we compute the torus partition function
with an insertion of the defect loop D * D via a trace and use the modular transformation
T+ —1/7 to deduce the spectrum of defect operators on D:

Aoa 1 T 1
trH(Rl)(DDqLO 2 (q )LO 24)
(1(R2)>)\2 gz (q")3” (1) A2 Z qz
n
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Here A* is the lattice dual to A, while q=¢e*™7 and § = e?>™(~1/7) give the dependence on the
modular parameter of the torus. For D to be fundamental, the multiplicity space of weight
zero fields should be one-dimensional, so that we need A2 = M N(1(F))/(1(F2)) Tt remains
to determine the sign of Ap. This is done in appendix [D] One finds a remaining ambiguity
which amounts to choosing, once and for all, a square root of (1®) for each R>0. To
summarise the findings so far, the fundamental defect operators from H(R;) to H(Ry) and

obeying (4.1)) are given by

- €,€ 1(R1) MN l g2 mi(x €q,E
D(z,y)5,.r, = 1<R2 D (ee)2 @) My PRy Ry )T (6.20)
(¢,9)eA

The form given in |D is then obtained by choosing /(1(®)) =1.

6.3 Virasoro preserving defects

Let us start with the free boson compactified at the self-dual radius. To arrive at the formula
stated in for the fundamental defect operators preserving only the Virasoro symmetry
we could proceed analogously to [15], which uses factorisation of bulk two-point correlators on
the upper half plane as in [18]. In terms of the decomposition (4.16]) of H(R;.q.), this amounts
to picking Virasoro primaries ¢, pe Hs,5) and 9, w € Hj.j, and con&dermg the complex plane
with a defect D running along the real axis and bulk field insertions of ¢(z), (b(z*), (w)
and (w*). Comparing the limits $(z), S(w) — 0 and |z—w| — 0 one finds constraints on
the defect operator D, which can be solved in terms of representation matrices of SL(2, C).
However, when describing the defect just as a boundary condition in the folded system, not
all ways of analysing topological defects can be applied. This is for instance the case for the
method used below, since it relies on the deformation and fusion of defect lines.

We start by investigating the properties of topological defects X that can end on a
disorder field o which is Virasoro-primary of weights (h, h) = (1, 1). To this end we consider
the monodromies of the su(2) currents J* and J* around u. By factorisation it is enough to
investigate the monodromy of the two three-point correlators

Jiz) = (P pO)A(-L)  and  gliz) = (P pO) (L) (6:21)

on the complex plane with a defect X stretched from 0 to —L, and i an arbitrary disorder
field that can terminate a X-defect. We will show that f(fi; z) and g(ji; z) are single-valued
on C\{0,—L} for all choices of fi. It is enough to consider i that are Virasoro primary, since
going to descendents does not affect f(fi; z) and g(fi; z) being single-valued or not. Next note
that J* € Hjp ) and so the fusion rules dictated by the Virasoro null vectors imply that f(f; z)
can be nonzero only if fi has conformal weights (h,h) = (s?/4,3%/4) with (s,5)=(1,1) or
(s,5)=(3,1). Thus f(ji; ) is proportional to z~* (z+ L)™' L2 for (s,5) = (1, 1), proportional
to z (z+ L) L2 for (s,5) = (3,1), and zero otherwise. In particular f(ji; z) is single-valued
for all choices of i. A similar argument shows that g(ji; z) is single-valued. It follows that
the su(2) currents are single valued close to 1(0).

Suppose now that X is of the form Dx D for some defect D obeying the properties
stated in Q3. The positivity assumption made there implies that the disorder field i can
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be written as a sum of disorder fields which are (Jy, Jy)-eigenstates. To see this let U be
the space of disorder fields starting the defect X that are Virasoro-primary of weight (}1, %)
By positivity, these fields are annihilated by the positive %(1)-modes, and the action of Lg
and Lg is thus given by Ly = %JOJO and Ly = %jojo, respectively. Since Lo, Lo and Jp,
Jo commute, the modes Jy and Jy map the Lg,Lg-eigenspace U to itself. We can always
bring J, and .J, into Jordan normal form, and since the action of Ly and Ly is diagonal with
non-zero eigenvalue, it follows that J, and J, must also be diagonalisable. We conclude that
1 is a sum of disorder fields with u(1)-charges (£1/v/2,41/+/2), all of which are contained
in the charge lattice A(Rgq.). Defects ending on the disorder field p therefore behave as
those associated to (g,q) € A(R) in the previous subsection and we can thus use the same

arguments which lead to (6.10]) to deduce that for a primary bulk field ¢ € H[; 1) we have

Rs.d. Rs.d. Rs.d. Rs.d.

0d — )\51 5 (6.22)
¢ D

where D is an arbitrary defect with the properties stated in Q3 (not necessarily one that
can end on u as above).

One can check by recursion that every Virasoro-primary bulk field appears in the repeated
fusion of primary fields in the sector Hp jj, cf. [I5]. We can use the same recursion to show
that (6.22)) applies to all bulk fields. Indeed, suppose holds for 1 € Hs 5. Let us write

(6.22) symbolically as D ¢(z) = A;* (D¢)(z) D. Then

D ¢(2) ¥ (w) = Ap* (D) (2) (DY) (w) D (6.23)

for ¢ € Hpy ;). Taking the OPE on both sides and comparing terms implies that (6.22) also
holds for the primary fields in Hs1 s+1).

The defect operator D obeys |D and thus maps the sector H, 4 to itself. It follows

from (6.23) with the same arguments as in section 6.2/ that A;' D has to be a homomorphism
of the bulk OPE. Since the bulk fields are generated by the elements of Hj; ;j, the operator

D is uniquely determined by its action on Hpy 1.
The restriction of D to H[;1) can be written as

D|HM = Ap R®idyyromyr  with R € End(Vip@Vip). (6.24)

Consistency with the bulk OPE poses constraints on the linear map R. These are analysed
in appendix [E] with the result that we can always find g, h € SL(2, C) such that

R=g®h. (6.25)

The restriction of D to Hi1,1) defines D uniquely, and thus we could in principle construct
the full defect operator inductively from ([6.24]). It is, however, simpler to obtain this operator
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in a different manner. To this end we consider the family of topological defects that is
obtained by perturbing the trivial defect by the bulk field

p=alt +bP+c) +aJt b +e) . (6.26)

This field is clearly self-local and thus generates a truly marginal deformation (see section
. The corresponding defect operator is simply the exponential of the corresponding zero
modes as given in (4.17)),

D =exp (aJy +bJ3 +cJy +ads +bJg +&Jy). (6.27)

By construction, J§ acts on the Vj/» ® V5 part of Hjs 5 via the representation R, /Q(J“) ®id
of the Lie algebra si(2, C), and similarly J¢ acts as id ® Rs/s(J%). By exponentiating we
obtain the representations p,/o and ps/» of the Lie group, so that altogether we arrive at
the operator (4.18)). It is then immediate to deduce the rule for orientation reversal as
D(g,h)=D(g~*,h~'). In particular, all defect operators D(g, k) are fundamental, since the
torus amplitude with an insertion of D % D is equal to the torus amplitude without defects,
which contains the vacuum with multiplicity one.

The operators ﬁ(g, h) in fact constitute all fundamental Virasoro preserving defect op-
erators for Bos(Rgq.). This follows since the restriction of D(g, h) to Hpay is g®@h®id.
Combining this with the previous result ((6.25) we see that for any given fundamental D we
can find ¢, h such that ﬁ:ADﬁ(g, h). The amplitude of a torus with insertion of D D
is then equal to A\3Z(Rsq.). Using the assumptions in Q3, we conclude A\p ==+1. Finally,
Ap=—1 would lead to all coefficients in the torus amplitude with an insertion of a singe
D-defect being negative. Hence A\p =1.

Since the set gives all fundamental defect operators we can recover the u(1)-preser-
ving operators for Ry = Ry = R, 4.. Note that (\/§R2)€€/\/§: R, 4., so that we are in the case
treated in section , with R, /Ry =1. It is enough to compare the action on the subspace
Hp11)- The Virasoro-primaries in this space are just the U(1)-primary fields Plr1/v/541/v3)-
In the representation Vi of SL(2,C) we choose the standard basis e; =|j=1,m=1) and

er=| j:%7 m:—%>. Fixing in addition an appropriate vector ¢ € H;Q% ® ﬂ;’;} 4> We can Writelj

L1 ®Y = Qa/y31/v2) L ®Y = Qn/y3-1/v2) (6.25)

2R QY =0 151, 20OV =015 1/
Comparing (4.6) and (4.18]) then establishes (4.25)), as well as, e.g.,

- iemv2e 0 0 —iemV2v
D(g7h> = D('%‘?y)E;Ad',RS'dAa g = < 0 —je-m 21) ) h = (_ie_m\/ﬁy 0 : (629)

1€

Up to now we have concentrated on Bos(Rsq.). Let us now also give some details on
how to arrive at the parametrisation (4.24)) for the defect operators (4.22)) defined at rational
multiples of Rsq.. On a vector |j,m) in the spin-j representation V; of sl(2, C), I'; acts as

p(Te) [, m) = &™/% |j,m) (6.30)

7 The minus sign in the last term comes from 1) To see this note that ex = J; e; and éx = jg e1, where
we chose J7(2) =@ (_ /5,0)(2) and J~(2) =y _ /5 (2)-
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(JEZ/2, m+ j€Z, |m|<j). Let us denote a basis of Virasoro-highest weight states in the

sector His 5 (cf. the decomposition (4.16))) as |5,m;5,m). Selecting the maximal torus of

SU(2) that consists of diagonal matrices as the one corresponding to the u(1)- Charge the

state |2, m; 5,m) has u(1)-charges v/2 (m,m). This state is in the image of D(0, O)R g iff
V2(m,m) € A(R;). Comparing with the expression ( - for A we see that this is the case if
and only if (m,m) =% (kF\+1lEy, kFi—IE)) for some k,l € Z. Altogether, we therefore have

V2(m,m)e A(R)) < m+meRZ and m—ine EZ. (6.31)

This implies that for |2,m, 2,m) in the image of D(0, O)E;Z,Rl (these are the only states on

which D(g, h) in 2) actually acts) we have
D(FEI, FEl ) 27ri(m—m)/E1 ‘ 3

m; 2, m) m; £, m) . (6.32)

m; m> _‘27 )99

|27 ) 27
The same holds for D(T's,, T, ), so that we conclude that
D(TE,T5) 0 D(O,0)i, r, = D(0,0)77,

) A A (6.33)
D(Fl“]iﬁ 1—‘1’“21) ° D(O’ O)E;A—;A,Rl = D(O’ O)E;:7R1
for all k€ Z. In the same way one can show that
ﬁ<07 O)E:de. © D(Fll;‘zu FE:) - f)(o’ O>;’2TRS4d.’
(6.34)

D(0,0) %, o D(TE,TE) = D(0,0) 5%

for all £ €Z. Combining these observations with the composition law - for the defect
operators at the self-dual radius, we see that D(g, h)g,.r, = D(¢', W) ry.i, if

(¢, 1) = (TETE g TR T T AL T} ) (6.35)

for some kq, ko, 11,1y € Z. One can convince onqself that theseA identifications, together with
(¢',h')=(—g,—h) are the only cases for which D(g, h) g, r, = D(¢', 1) gy.R,, S0 that we arrive

at the formula (4.24)).

One can also argue, similarly as in [16], that the defect operators together with
the U(1)-preserving defect operators ((6.20) describe already all fundamental defect opera-
tors (in the sense of question Q3 of section . In particular, one can obtain the individual
projectors onto the Virasoro-irreducible sectors which occur in both H(R;) and H(R) as ap-
propriate integrals over these defect operators. Any additional defect operator can therefore
be written as a sum or integral over these operators, and hence is not fundamental.
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A A family of defects with common defect operator

Here we present an example of a marginal perturbation of a defect D by a non-selfadjoint
defect field that leads to a family of distinct defects D(A) which nonetheless all have the same
defect operator D(A\) = D. In particular, the defects D(X) can then not be distinguished in
correlators involving only defect lines and bulk fields, but no disorder or defect fields.

For the free boson theory Bos(R), let the defect D be a superposition of the trivial defect
and a U(1)-preserving defect as investigated in section [4.1.1]

D=Dy+D;  with Dy=D(0,0)5% ., Di=D(V2,0)57. (A1)

The spectrum of defect changing fields that change Dy to Dy (when passing along the defect
in the direction of its orientation) is the same as the spectrum of disorder fields that start
the defect Dy; it can be computed as in (6.19). We find

~ 1, \Ta—L
trH(R)(quLO 21 (qF)lomer) = Z
(p.p)EA(R)

(A.2)

Let us for simplicity assume that R > 2R, 4. Then the field of lowest conformal weight is the
U(1)-primary defect changing field with u(1)-charges (¢, ) = (v/2,0) and conformal weights
(h,h) = (1,0); we denote this field by §. This is one of the fields that according to the results
of section is truly marginal.ﬁ Denote by 1y the identity field on the defect Dy (which is
the same as the identity field in the bulk) and by 1; the identity field on D;. Consider a
patch of local coordinates on the world sheet where the defect D runs along the real axis.
Then by construction, for x >y > z we have

Li(2)0(y) = 0(y) = 0(y) Lo(2),  Lo(x)0(y) =0 =0(y) 11(2) (A.3)

In particular, combining these relations with the associativity of the OPE we see that 6 has
vanishing operator product with itself,

O(z)0(z) =6(x) 11(y)0(2) = 0. (A.4)

Let now D()\) be the defect obtained by perturbing D by A0 for some A€ C. Correla-
tors involving D(A) are obtained from correlators involving D by inserting the operator
exp(X [, 0(z)dz). It is then easy to see that D(\) = D: Consider a loop of defect D; ex-
panding the exponential gives

1 +)\[39(:c) du + %A?[)[)e@)e(y) dedy + ... (A.5)

In this expansion all terms with more than one insertion of 6 vanish owing to (A.4]). The
term with one #-insertion vanishes because we can replace 6(z) by 6(z) 1o and then drag the
field 1y around the loop so as to arrive at the product 1o 6(z), which is zero.

8 While in section only R? € Q was considered, @ is truly marginal for all values of R. For example,
it has regular (in fact, vanishing) operator product with itself.
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One can now ask whether the defects D(\) are at all different from D = D(0). There are
at least two ways to see that this is indeed the case. The first is to note that D(\), while
still transparent to 7'(z), is no longer transparent to J(z) if A#0. The second way is to
compute the Hamiltonian generating translations along a cylinder with D()) running along
the euclidean time direction; this Hamiltonian turns out to be non-diagonalisable for \ # 0.

Let us elaborate on the second issue. Consider the cylinder obtained by the identification
w ~w+2mi on the complex plane, with the defect D(\) put on the (equivalence class of the)
real axis. This geometry can be mapped to the full complex plane with coordinate z by z =e".
In the z-coordinates, the defect D(A) runs along the positive real axis; the Hamiltonian then
takes the form

H(A) = Lo+ Lo — 15 + A0(1). (A.6)

The Hamiltonian H () acts on the space Hp of disorder fields which create the defect D(\).
To expose the non-trivial Jordan cell structure of H(\), consider the three vectors

1
o) = 10) =X [ de () 0},
0
|a1) = 6(0)|0), (A7)
1 1
b)) = J1]0) — A J_l/d:p 6(x) [0) + A \/i/dg; 1 (0(z) — 0(0))]0).
0 0
First note that the integrals are finite. For A=0 the three vectors form a basis of the
(Lo, Lo) eigenspaces of Hp with eigenvalues (0,0) and (1,0). Using [/, 0(7)] =v22"0(x)
and [Lo + Lo, 0(z)] = 2 (26(z)), one verifies that
HOJay) = —5la0), HOlar) = (1) ar) . HOP) = (1=) o) = W2lar) . (A

Thus the operator H(\) acts on the vectors {|ag), |a1),|b1)} as the 3x3-matrix

00 O .
01 -\W2]| — 75 Laxs (A.9)
00 1

which for A # 0 contains a non-trivial Jordan-block.

B Representation theory of algebras in Uy

In this appendix we present details of the calculations referred to in section 5] We assume
some familiarity with the methods of [7), 28] [11].

B.1 The modular tensor category Uy

To define the braided tensor category Uy we describe the tensor product and braiding in a
basis. Our conventions are given in [7, sect.2.2]. The index set for the simple objects Uy, of
Uy is T=A{0,1,...,2N—1}. The fusion rules are U, ® Uy =2 Uj ¢, where k, ¢ € 7 and we set

[k+{] := k+¢ mod 2N € T. (B.1)
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The dual of k € 7 is k = 2N —k, and all simple objects have unit quantum dimension, dim(U})
= 1. The relevant fusing matrices can be found in [35] or 7 sect. 2.5.1]. With a suitable choice
of bases in the morphism spaces Hom(U; ® U;, Uy), which for Uy are all one-dimensional,
the twists 6, the fusing matrices F and the braiding matrices R are given by
0, = efka/(zN% RO+ _ o=mikt/(2N) ngtt)][[ﬁrs;ﬂ = (—1)rottD), (B.2)
where k,0,r,s,t €T, and o(k+{) is 0 if k+¢ <2N and 1 otherwise. We denote the bases of
Hom(U; ® Uj, Uy,) for which these equalities hold by A¢ jy-
From these data the s-matrix (related to the modular S-matrix by s; ; =.5; ;/S0,) is found
to be
Spp = e RN (B.3)

B.2 Frobenius algebras in Uy

Every haploid special symmetric Frobenius algebra in Uy is isomorphic to one of the algebras
A, defined as follows [28] sect. 3.3]. As an object in Uy we have

r—1
Ay =D Usanyr  where r € Zg divides N . (B.4)
a=0

For a € Z, we denote by e, € Hom(Usanyr, Ar) and 7, € Hom(A,, Usen/r) embedding and re-
striction morphisms for the subobject Usqn/r of A, (hence 1, 0 e, =idy,, /T). One can choose
the multiplication and unit morphism of A, to be

r—1

m = Z €a+b © )\(ZaN/nQbN/r) [2(a+b)N/7] © (ra ® Tb) and n==¢o. (B5)
a,b=0

With the help of the fusing matrices in (B.2) it is straightforward to verify associativity of m
and the unit property. The isomorphism class of A, is specified by the Kreuzer-Schellekens
bihomomorphism (KSB) Z(), which is given by the scalars Z") (b, a) that are defined by the
equality [28] sect. 3.4]

MOCy 4 O (6o ®e€p) = E(T)(b, a)mo (e, ®ep), (B.6)
where ¢, 4, is the self-braiding of A,. For the multiplication stated in (B.5)) this gives

E(’”)(b, a) = e 2™ Nab/r?. (B.7)

B.3 A,-bimodules in Uy

According to [I1} prop.5.16], simple A,-bimodules in Uy are labelled by elements of the
abelian group G™N) = H* x ; Pic(Uy), where Pic(Uy)=Zon and H =7, is embedded in
Pic(Uy) via t(a)=2aN/r. Accordingly, h€ H acts on k€ Pic(Uy) by h.k=k+(h); the
action of h on ¢ € H* is given by (h.1)(a) =1 (a) 2T (a, h).
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If we label the elements of H* by x € Z, via

¢z(a) — e—27rixa/r (Bg)
then with the value (B.7)) of the KSB we find
(h¢x)(a) = 672ﬂixa/T672ﬂiNha/r2 = 2ﬂm—i—hN/r(Cl) (B9)

for h € Z,. The action of H on Pic(Uy) is simply h.k =k + 2hN/r. Thus the group G
is given by G""N) =7, x4 7,y where the product over Z, means that (a, k +2N/r) = (a +
N/r,k). Denote by t, the automorphism of the algebra A, associated to ¢ € H*, see [11]
sect.5.1]. A simple bimodule corresponding to an element (¢, k) € G"™) is provided by
CXXT(Uk)t »» 1-e. an alpha-induced bimodule for which the right action of A, is twisted by the
automorphism t,, see [11], sect. 5.2] for definitions. By [11 prop. 5.16], the fusion of two such
bimodules is given by addition in G,

It is convenient to label the A,-bimodules by elements of the group G, pq defined in
(5.5), where N =n?PQ and r =nP. The map

p: (a,B,7)— (a=0,26+7) (B.10)

from Z x 7Z x Z to Z x Z induces a surjective group homomorphism from Z x Z x Z to G

whose kernel is given by the subgroup generated by the elements (r,0,0), (0, N/r,0) and
(1,1,—2). By comparison with the definition of G,, p¢ this means that ¢ induces a group
isomorphism

¢: Gnpg — GON, (B.11)

Next we compute the action of the corresponding defects on bulk fields. Bulk fields
are labelled by bimodule morphisms ¢ € Homy, 4, (U, ®*A, ® U, A,) (see [L1], sect. 2] for
definitions). The action of the defect Dp corresponding to the bimodule B=aj} (Uy)y,, is
defined in [I1), eq. (2.30)], and an expression in terms of quantities in Uy can be found in [I1],
eq. (4.14)]. A short calculation, which uses in particular various properties of the algebra A,
and the fact that ¢ is a morphism of bimodules in order to get rid of the A,-loop, shows

that
S,

Dp(¢) = .

If, as in section |5.3.1} we use an element (a,b, p) € G, pg to label the defect, then accord-
ing to the isomorphism (B.11)) we have

“ty, 0 9o (idy, @t ®idy,) = e Mkrarran/Ng, (B.12)
0

DE;?b,p)(gb) = o @@ ty)th@—y)+pa)/N 4 (B.13)

Conversely, substituting ¢=12/v2N, =y/v2N, R=+/P/(2Q) and N =n?P(Q into 1}

one recovers the formula (B.13)).

B.4 A,-A,-bimodules in Uy

For r and s divisors of N the algebra A,, with ¢ =1lcm(r, s), has A, and A, as subalgebras.
As in section , let A7) be the A,-A,-bimodule obtained by considering A, as an A,-
Ay-bimodule over itself and restricting the left action to A, and the right action to A;. We
abbreviate X = A9,
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Let " € (Z,)* be defined as in (B.8). Given two characters ¢/\” € (Z,)* and ¥\ € (Z,)*
we set X, =, Xy, with £, = twé’“) and t, = twif)' Thus X, , is the bimodule obtained from X
by twisting the left and right action by the algebra automorphisms defined by the characters
) and M(f), see [I1], sect. 5.1].

We would like to compute the space H, , :=Homy, 4,(X, X,,) of bimodule intertwiners.
Since X = A, as objects of Uy, an element f € H,, can be expanded as

/—1
f:ZfaeaoTcm <B14)
a=0

where f, € C and e, and 7, are the embedding and restriction morphisms for Usqnye as a
subobject of A,, as introduced in appendix Denote by e4,. the embedding of A, into
Ay, by ey, that of Ag into Ay, and by m the multiplication of A,. Then the condition for f
to be a bimodule intertwiner is

fomo(m®idy,)o(es, ®ida, ®ea,) =mo(m®idy,)o((es, oty) ® f®(ea,0ty)). (B.15)

Evaluating this equality for appropriate choices of simple subobjects, one finds that it holds
if and only if
fatyrivejsra = V(@)D (b) fa forall a€Z,, bEZ,, dEZy. (B.16)

Y

The space of solutions of this equality is one-dimensional if = —y € gZ, with g=ged(r, s),
and zero-dimensional otherwise, i.e. dimg(H,,)= 5%. In particular, X is simple. Similarly

one finds that X, , = X, , if and only if  —u=y —vmodg.

The object A, ® A, is an A,-As-bimodule in the obvious way. It is easy to check that the
morphism

(t;" @t ) o (ra, ®ra,) 0 A, (B.17)

where 74, and rs, are the restriction morphisms corresponding to e4, and ey, and A is
the coproduct of A, constitutes a nonzero intertwiner of bimodules from X, , to A, ® A;.
Moreover, for x=0,1,...,g—1 the bimodules X, are mutually non-isomorphic, and hence
we can decompose A, ® A, as a bimodule as

g—1
A4, 0A= P X0 0V (B.18)
x=0

for some A,-A,-bimodule Y. Computing the quantum dimensions on both sides one finds
rs =gl + dim(Y’), which implies dim(Y) =0 and hence Y =0.

Since every simple A,-A,-bimodule B is a sub-bimodule of A, ® U, ® A, for some k, the
decomposition implies that it is also a sub-bimodule of Uy @t X, ¢ and of X, o ®" U
for some k and z (the same holds with ® ). It is straightforward to see that this implies the

isomorphisms (5.10), e.g. X,0®T Uy = X,0®a, a4 (U) = Xo0 @a,0f (Uy)y, = AT @4, Bffﬁ,p-

Let us finally sketch the computation of the action of the defect corresponding to X on
bulk fields. Fix a basis qb(fz, € Homy, 4, (U, ®TA, ® U, A,) by setting

¢9(U7:3)/ © <1dUI ®ne 1de) = egzry}r/(QN) © )\(m,y) [z+y] (Blg)
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where e((f) € Hom(UgaN/r,Ar). (This differs from the basis chosen in section [3| by phases.)

Since the morphism spaces Homy, 4, (U, ®* A, ® Uy, A,) are either zero or one-dimensional,
we have Dy @5 =€ ¢}, for some & € C. To determine ¢ we evaluate relation (4.14) of [11]
(with X, =X, X,=A=A,, and B=A,). After a while we obtain

-

2N/r] ¢[2N/s] ¢[2s 1 . —
5 5a[s+y/0 x-l—y/()] 6L ]yO r % %) : (BQO)

m=0

This gives rise to the relation (5.11)) (recall that ¢ =Ilcm(r, s)).

B.5 The A,-bimodule D and self-locality

Consider the free boson compactified at radius R = 27Y/2E/F (i.e. P = E? and Q = F?) in
terms of the algebra A, g2 in Uy,gry2. Set a =nEF and r = nk?.

Let us first check that every defect field 6 of conformal weight (h, h) = (1,0) which is also
a Jy-eigenvector is self-local. Such a € is an element of the sector U, ® Uy, for k=0, k=2a,
or k=2N—2a. The important point to note is that according to the braiding is trivial,

Cu, U, = idy, e, for k=0, 2a, 2N—2a. (B.21)

Using the TFT formalism it is then straightforward to verify the identity (5.17) (see e.g. [11,
sect. 4.1] for the TFT representation of some defect correlators). The case that 6 has weight
(0,1) can be treated analogously.

Next let us compute the spectrum of defect fields on the defect D deﬁned in (5.18). Denote
the bimodule labelling the defect D by B, and recall that according to (B.10) the bimodule

") s the twisted alpha-induced blmodule o (Usarp)e
Thus we have the decomposition

labelling the elementary defect Dé
where again t, =t

te—d>

P

(B.22)

Defect fields on D in the sector Ui®Uj are labelled by elements of the morphism space
H;;=Homy, 4, (U; ®* B®™ U;, B), so that the multiplicity ZZ-]]J- in formula ([5.19) is given by
Zi? = dimg(H;;). Using (B.22), H;; can be written as a direct sum of spaces of the form

Homy, 4, (Ui @" e} (Ux)e, ® Uy, oy (Up)y,) = Homy, a, (X, A,) (B.23)
with
X = U@ oy (Up), ® Uj) ®@a,(0x (Ue),)” =2 & (Ulijrn—g)y: 11, (B.24)

where the second isomorphism, with x;; (20N/r) = S a5+ /Sj0 = e~ ™% holds owing to [11]
prop. 5.8 and 5.9]. Putting these results together, we find

E-1 F-1

= > Z dypu 1) (B.25)

kk'=0101l'=
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with ;] = dimg(Homa, 4,(X, 4,)). Using in addition [I1, prop.5.10] and (B.7) we can
write dy as

z, 2N/r 2N/r 2r
At = 010 02 ((itith—t)r)(2N))taty X, = o s 5£—}+k—€+2(x—y),0‘ (B.26)

After a short calculation one then indeed obtains formula (5.19) (recall that N = a?).

What remains to complete the demonstrations of the claims in section [5.5] is to give a
maximal self-local subspace of defect fields on the defect D. As a first step we construct a
basis for the spaces

L, := Homy, ,(User @1 B, B) and R, := Homuy, a,(B® Usq, B) (B.27)

with z € {0,1,a—1} (note that a®> = N). Denote by e; and 7;; the bimodule intertwiners fur-
nishing the embedding and restriction morphisms for the simple sub-bimodule ozjr (Usal)t, ()

of B. Let e, and r, be as in |D and (ienote by A¥ the basis vector in Hom(Uy, U; @ Uj)
dual to A\ ;. in the sense that A ), 0 A®)* =idp, . Consider the morphisms

O‘(m)]lzjill = Err © (m®idU2az’) © (idAr @ €2a(1-'+a)r/N @ idUQal’)

© (idAr X (5\([Q(I(l—l'-f—x)],2al’)[2a(l+ac)] o /\(an,Qal)[Qa(l—Hc)]))
o (CUzaszr X idU2az) o (idUQM X Tk,l) - Hom(Uzaw ® B, B) ,

Bla)y = ewp o (m@idy,,) o (ida, ® e ray/n @idu,,,)
o (idAT ® (X([Qa(lflura:)],2al/)[2a(l+x)] o )\(2al,2ax)[2a(l+m)]>)
o (Tk,l X idUmm) < HOIH(B X Ugam, B) . <B28)

These are nonzero if and only if Usy_i4s) is a subobject of A,, i.e. iff a(-I'+z)r/N € Z.
Furthermore it is easy to check that these morphisms intertwine the left action of A,. For
the right action a small calculation is needed, the conclusion being that oz(x)’,iil inter-

twines the right action iff &' =k+x mod E, and that (a:)’,z:l’ll intertwines the right action iff
k'=k—xzmod E. For u € Z let [u]® be the element of {0, 1,..., K—1} that is equal to u mod-

ulo K. (The relation to the bracket notation [-] as introduced in (B.1) is thus [u] = [u]*".)
Then altogether we have

a(x)k = a(x),zf;rw]E’[Hx]F €L,

_J:E J?F
Bla)ry = Bla), T e R,

for k€{0,1,...,E—1} and [ €{0,1,..., F—1}. The morphisms «(z);,; and ((z)g, are all
nonzero. It is also easy to verify that they are linearly independent (compose a zero linear
combination with ey ; from the right to isolate the individual terms). In fact, the a(z),; and
B(x)k,; provide bases of L, and R,, respectively, as can be checked directly or by using that

by (5.19) dim(L,) = dim(R,) = EF.

and

(B.29)
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Using the TFT representation of correlators, one can verify that for defect fields labelled
by

0 e HomAT,AT(Uan ®+B X~ Ugay, B) and 6 € HomAT,AT<U2ax’ ®+B X~ Ugay/, B) (B30)

with z,y, 2’y €{0,1,a—1} such that at least one of z, y is zero and at least one of 2/, ¥/ is
zero, the self-locality condition ([5.17) is equivalent to

0o (idu,,, @0 ®idu,,) © (cy v, ®1dB @ ctyy, 0,,,,) = 00 (idv,,, ®0@idy,, ) . (B.31)

Let us analyse this condition using the bases (B.29)). For a collection ¢ ={t;;|k=0,1,...,
E-1,1=0,1,...,F—1} of EF numbers we set

E-1F-1 E-1F-1
thL —Zztkl& and thR—ZZtklﬁ (B32)
k=0 =0 k=0 1=0

Set now 0 =0[z,t]; and ¢ =0[2', '], in (B.31)). To evaluate the resulting condition on ¢ and
t' compose both sides with ej; to remove the summation. Then rewrite the morphisms on
either side using the F and R matrices as given in (B.2). This step is simplified by the fact

that

OB 1 ang R .39

for all e, f, g. One finds that (B.31) holds if and only if

ko) B [14+a/)F t;e,z =gy tEkH}E,[H:c]F (B.34)

for all k,l. Similar conditions result when setting 6 =0[z,t];, 0’ =0[2',t'|r and 0 =0[x, t]g,
0" =0[2',t']z in (B.31). All these conditions are fulfilled if ¢, and ¢} ; are independent of &

and [. We therefore introduce the vector space
L := spang{0[0,t]1,0[1,t],6[a—1,t]1,0(0,t]g, O[1,t]r, Ola—1,t]g with t;; =1} . (B.35)

L is a six-dimensional self-local subspace of of Lo ® L1 @& L, 1D Ry ® R1 & Ro_1.

Let now @[z, t|;, € L, be arbitrary and suppose that the space spang{L,0[x,t].} is self-
local. Then in particular has to hold for ¢} ;=1 and 2’ =1, i.e., for all k,l we have
kg = tjp1)e gqr- This implies tg; =tp_pge o and tgo =ty mpe for all m € Z. Since E and
F' are coprime, the latter condition leads to t; o =t and therefore t; ; =ty for all £,[. Thus
already 0[z,t|, € L. A similar argument applies to 0[x,t]g. Thus £ is maximal.

C DMorita equivalence of A; and Ay in Dy

Let us first describe the fusion rules in the modular tensor category Dy, which can be
extracted from [36]. The category Dy has N+7 isomorphism classes of simple objects. We
denote a choice of representatives by

{]—a Ja ‘/17 ‘/27 [ VN—l; WOa Wl} U {0—070177_077—1} . (Cl)
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We also use the notation J,, o,, 7, for a € Zs and V, for r=0,1,..., N, where we set

J(]:]., J1:J, ‘/():].EBJ, VN:WOEBWl- (02)
The twist eigenvalues (given by e 24 with A the conformal weight) and the quantum
dimensions are
| o W, v, Oa Ta
0 1 iV e—7ri7"2/(2N) e~ /8  o—mi9/8 (C.3)
dim | 1 1 2 VN VN

for « € Zy and r=0,1,..., N. For ue{0,1,...,2N} we set

if u<N,
fud _{QN—u it us N (C4)
The fusion rules in the untwisted sector are
VidVs = Vi) ® Vg, Joa®V. =V, Wo®V, = VN, ©5)
Jo @ J3 = Josp, Jo @Ws =2 Woip, Wa@Ws= Jyypen

for o, B € Zg and r,s € {0, 1, ..., N}. The fusion rules involving fields from the twisted sector
are given by

Jo @ 0p = 6[2 003 @ 52 ]1 T8, Wo®o5= 5([12,][”]\, og+N D 551/3+N+1 TB+N

V;‘ ® Oa = Oa+r S Ta+r (06)

2] 2] N-1
0o ®0g=0,3Wa @ 5a+ﬂ+No (1e @k 1k even Vi) @ OptB+N,1 ( k:l,koddvk) :

By verifying which fusions contain the tensor unit 1, one finds the duality to be
V)Y =V, (L)Y =2Je, Wo) 2 Wain, (04) Zoarn, (Ta) ZTagn.  (C.7)

Let us now consider the algebras fll and zZlN in Dy. The algebra 1211 =16®J corre-
sponds to the decomposition of the chiral algebra u(1) , into representations of its subalgebra
(1) y/Zy. Conversely, the category of local left modules of A, in Dy can be made into a
modular tensor category (DN)EOC (see e.g. [31l sect.3.4] for details and references), which is

in fact equivalent to Uy. The free boson compactified at radius R =1/v2N can be described
by either using the algebra A; with the chiral algebra u(1), or using A; with u(1), /Z,.
Consider the simple induced A;-module

Y= 1211 ®O’0 (08>

(one can also use o in place of gg). The object XV® 4,2 carries again a natural structure

of simple symmetric Frobenius algebra [37, prop. 2.13]; we denote this algebra by Ay. The
algebra Ay constructed in this way is Morita equivalent to A; [37, thm.2.14]. The A;-
Apn-bimodule X and Ay-A;-bimodule X’ which furnish the Morita-context are X =¥ and
X'=%V. In particular,

dim(X) = dim(X") = dim(4;) dim(oo) = 2V/N . (C.9)
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Using the braiding to take A; past g, one can turn Ay into a left A;-module (this can
be done in two ways, it does not matter which of them one chooses). Using that Ay s
commutative and that oj ® o is transparent to 1511, it is not hard to check that this way
A ~ becomes in fact a local fll—module. Let us denote this local module by By. It turns out
that the multiplication can be lifted as well, so that By becomes an algebra in the category
(DN)iiC. The object in Dy underlying By is

N-1
ANgzzil@O'(\]/@O'Og Z‘/{Qm} (ClO)
m=0

This also shows that dim(Ay)=2N. Via the equivalence (DN)%)IC ~ Uy the corresponding

object in Uy is @Z;é Us,. Up to isomorphism, this object carries a unique structure of a
special symmetric Frobenius algebra, namely Ay. The image of By under the equivalence
is therefore isomorphic to Ay as a symmetric Frobenius algebra. Thus all correlators which
can be described using the algebra Ay with the chiral algebra (1), can alternatively be
described using Ay and G(1) /Z,.

D Sign of 1(1)-preserving defect operators

Here we investigate the sign of the parameter Ap which appears in formula (6.18). From
evaluating the trace (6.19) we know that we can write the parameter Ap of the defect operator

D(x,y)jjz;Rl as

Ao = 02,95 n VIV 4/ (L00) [ J (L0 with o(z, )i, € (%1} (D)

For this expression to be unambiguous, let us agree that VM N >0 and let us choose, once
and for all, a square root /(1) for each value of R.

To determine the signs o(z, y)}i R, first note that if Ry = Ry =: R, then one can consider
instead of an analogous trace with the insertion of only a single defect operator
ﬁ(w, y);’fR. This leads to an overall factor of \p; positivity of the coefficients in the dual
channel then enforces

o, y)sn = 1. (D2)

Note that acting with D(z,y)5 on the identity field 1) of Bos(R) results in v MN 1.
In particular, the coefficient is positive.

Next consider two defects D; :D(a:,y)z; r, and D2:D(u,v)l§i r,- The fused defect
D = Dy x Dy acts on the identity field of Bos(R;) as

D1®B) — o(u,v) 5 po(@,y)g g MN 10, (D.3)

Since D is a u(1)-preserving defect of Bos(R;), by the above result the coefficient appear-
ing here is positive. This is possible for all choices of parameters only if J(x,y);; R, 18
independent of x, y and of €, €. Thus

a(x,y);;Rl = Op, 1, and opr=1. (D.4)
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Consider the (rather big and non-connected) graph I' obtained by taking a vertex for
every positive real number R and a directed edge e(R;, Ry) between two vertices R; and
Ry if either Ry/Ry or RiR; is rational (thus for each edge e(R;, Rs) there is also an edge
e(Rs, Ry)). To a directed edge e(Ry, Rs) assign the value og, g,. Let v be a closed path in
I'. Let Ry, Ro, ..., R,11 = Ry be the vertices traversed by the path. By the same argument
as above, acting with the fused defect

D(@n, yn) ik, * - * D@2, 4) ik, * D@1, 01) sk, (D.5)

on 1) ghows that ORyR, """ ORsRy ORyR, = 1. One can therefore write og,r, =0g, -og, for

some function o: R.g— {£1}. (In choosing ¢ one has the freedom of an over-all sign on
each connected component of T'.)

Comparing the result found so far, a(x,y);;Rl =0R,0R, With we see that the
freedom that is left in determining the signs of the numbers \p is precisely the freedom to
choose the square roots 1/ (1(R).

E Constraints on Virasoro preserving defects

In this appendix we show that one can always choose the parametrisation ((6.25]) of the linear
map R in 1} Select a highest weight state o, 5 in each of the spaces H;Q; A ® H;’;} ,- The

Virasoro-highest weight states in H|, 5 can then be written as u ® ¢, 5 with u € Vo ®V§/2.
Denote the corresponding primary field by [u® ¢, 5](2). We identify Vj® V, with C and
take ¢ to be the identity field; we also abbreviate W =V, , RV, /2-

The leading terms in the OPE of two primary fields in H[; ;) are of the form

[u®p11](2) [v@ @] (w) = Ago(u,v) 1" poo(w) + € [Ao(u, v) ® o 0)(w)

. E.6
+ e [Ag2(u,v) ® poa(w) + O(r), (0

where r = [z—w|, ¥ =arg(z—w) and A;5: W x W — V5 ®V§/2 are bilinear maps. Compat-
ibility with the action of the su(2) zero modes requires A, 5 to be an intertwiner,

Ass((g@ hu, (9@ h)v) = (ps2(9) @ psj2(h)) Ass(u, v) (E.7)

for all g, h € SL(2,C) and u,v e W.
The defect operator D restricted to H, s is of the form

D|H[57§] = )\DRs,g X idHVir ®7:[V2ir with R&g c End(‘/;/z ®V§/2) . (E8)

s2/4 52 /4

To match the notation in (6.24) we abbreviate Ry ; =: R. Applying the compatibility condi-
tion ((6.23)) between the action of the defect and the OPE of bulk fields to the OPE (E.6))

yields the conditions
Ags(Ru, Rv) = R 50 Ag 5(u,v) for all u,v e W. (E.9)

on the linear maps R ;.
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Let us start by analysing this condition for Ag,. First of all, non-degeneracy of the
bulk two-point correlator implies that Ay furnishes a non-degenerate pairing on W x W.
Furthermore, Ay is invariant with respect to the action of SL(2, C) x SL(2, C), and all such
bilinear forms on W x W are symmetric. Denote by O(W') be the group of all endomorphisms
of W that leave Aj invariant.

From it follows that ﬁcpoyo =Apo,o0. This in turn implies Ryo=1. As a con-
sequence, Ago(Ru, Rv)=Ago(u,v), i.e. Re O(W). Since W is a complex vector space,
and since A is non-degenerate and symmetric, there is a basis {vy, v2, v3,v4} such that
Ao o(vi,v;) =0;j. The isomorphism f: C* — W given by f(e;) =v; then gives rise to a group
isomorphism f.: O(4,C) — O(W). Since Ao is invariant, we also get a group homomor-
phism b: SL(2,C) x SL(2,C) — O(W), which takes g x h to the linear map that acts as
ur (g ® h)u. The kernel of b is {(e,e), (—e, —e)}. The image of b is equal to the image of
SO(4, C) under f,. In fact, the composition f;!ob gives rise to the group isomorphism

(SL(2,©) x SL(2, ©)) /{(e. €), (—e, —€)} = SO(4,T). (E.10)

We already know that R € O(W). In order to show ([6.25) it is therefore enough to prove that
R is in the image of SO(4, C) under fi, i.e. that det(R)=1. We will show that det(R)=—1
contradicts for s=2, 5=0.

Let e, = |j:%, m:i%> be the standard basis of V;/, and let e41 =e4 ® ex be the corre-
sponding basis of W. By u(1l)-charge conservation, the operator product of e} ® ¢11](2)
and [e4— ® ¢11](2) must lie in Hppo. Therefore, Asg(eq4,e4—)#0, or else the operator
product would vanish identically (which it does not). On the other hand, again by charge
conservation, As(esy,e—4)=0. Define the linear map S via

S€++ = €44, S€+, =€_4, S€7+ =€y, Seff = €__. (Ell)

One can check that S € O(W) and det(S) = —1. Then Ay o(Sey4, Se—y) = Asg(esy,e4-) #0,
while Asg(e4y,e—4)=0. It is therefore impossible to satisfy for the choice R=S. Let
now R be an arbitrary element of O(W) with det(R) = —1. Since O(W) has two connected
components, the image of SO(4, C) under f, contains an element x such that Rz =.S. Then
for u=wze,; and v=wxe_; we have Ay o(Ru, Rv)= Aso(Sest,Se_;)#0, while Ay o(u,v)
= As(zesr, me i) =Asg(esq, e—1) =0, so that it is again impossible to satisfy (E.9). Thus
the linear map R appearing in has necessarily det(R)=1.
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