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Abstract

We introduce a topological degree theory for the study of Hopf bifurcations
in coupled cell systems whose quotient systems (obtained by restricting
the system to its flow-invariant subspaces) possess various symmetries. To
describe the structure of these quotient symmetries, we introduce the concept
of a representation lattice, which is defined as a lattice of representation
spaces of (different) symmetry groups that satisfy a compatibility and a
consistence condition. Based on the (twisted) equivariant degree, we define
a lattice-equivariant degree for maps that are compatible with respect to this
representation lattice structure. We apply the lattice-equivariant degree to study
asynchrony-breaking Hopf-bifurcation problem in (homogeneous) coupled cell
systems and obtain a topological classification of all bifurcating branches of
oscillating solutions according to their synchrony types and their symmetric
properties.

Mathematics Subject Classification: 34D06, 34C23, 47H11, 34C25

1. Introduction

A coupled cell system is a finite collection of individual dynamical systems, or cells, that are
coupled together through interactions, in a sense that the output of a cell affects the time-
evolution of other cells. Coupled cell systems provide a large class of dynamical systems
which can be used to model collective and synchronized behavior of networks of coupled
units in different fields such as physics, biology, chemistry, engineering and social science
(see [7,19,26] and references therein).

The network architecture of a coupled cell system can be represented by a directed graph,
a coupled cell network, whose nodes correspond to cells and whose edges indicate interactions
between cells. More precisely, a coupled cell network consists of a finite set C of cells and a
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finiteset £ = {(c, d) : ¢, d € C} of edges, together with two equivalence relations: ~¢ on cells
in C and ~ on edges in £ such thatif e; ~g ey, fore; = (c1,dy) € £ and e; = (¢, dr) €€,
then ¢; ~¢ ¢ and d; ~¢ d, (see [24]). Two cells ¢,d € C are called input-equivalent, if
there is an edge-type preserving isomorphism between their input sets. Note that the input-
equivalence relation refines the relation of cell-equivalence. Various notions of symmetry on
coupled cell networks can be explored using symmetry among input-equivalent cells, such as
symmetry groupoid, interior symmetry and quotient symmetry.

A symmetry groupoid of a coupled cell network is a collection of input-equivalence
relations on cells, which formalizes the notion of ‘local symmetries’ on coupled cell networks.
Between the stringent symmetry and the groupoid symmetry, there is an intermediate notion
of symmetry, called interior symmetry. An interior symmetry (with respect to a subset of
cells) of a coupled cell network is a permutation on the subset together with all its input edges,
which preserves all its internal dynamics and types of the input edges (see [14]). Parallels exist
between coupled cell systems admitting interior symmetry and symmetrically coupled systems.
Indeed, analogue of equivariant bifurcation theory including the equivariant branching lemma
and the equivariant Hopf theorem has been established in [2, 14] for coupled cell systems with
interior symmetry.

A quotient symmetry is a shorthand notion for symmetry of a quotient network, which
in turn is a network obtained by restricting the total coupled cell system to one of its lower
dimensional flow-invariant subspaces. Quotient networks exist as a result of the network
structure of coupled cell systems. It was shown that the existence of quotient networks has
strong implications on synchronized dynamics in coupled cell systems (see [24]). Recent
findings in [15, 25] confirm that quotient symmetry is responsible for the existence of periodic
solutions with rigid phase-shifts and rigid multirhythms. In a sense, symmetric properties of
coupled cell networks characterized by the above mentioned forms of symmetry may give
us a key to understanding pattern formations in general coupled cell systems. It should be
mentioned that network architecture without any forms of symmetry can also lead to surprising
bifurcation behavior on coupled cell networks (see [10]).

A topological degree, in its simplest form, may be thought as a generalization of the
winding number of a continuous circle map, which counts how many times the image of the
map has travelled counterclockwise around the origin. This count remains unchanged, if the
map is perturbed slightly. Also the addition of winding numbers corresponds to the conjunction
of maps, and the negation of winding numbers can be realized by rewinding the direction of
maps. The topological degree is thus usually referred as ‘an algebraic count of the zeros of a
continuous map’.

Equivariant degree theory is a topological degree theory that is concerned with equivariant
maps, that is, maps that commute with the actions of a group on their space of domain and
image. A main objective of the equivariant degree theory is to attain the topological structure
of the zeros of an equivariant map and their algebraic properties induced by the equivariance.
The past two decades have witnessed continuous progress in the development of equivariant
degree, both in theory and in practice (see [6, 8, 11, 12, 17, 21] and references therein). Among
others, a twisted equivariant degree, which is a truncated part of the full equivariant degree
turns out to be the most ‘computable’ part of the equivariant degree, and serves as an effective
topological tool in the study of equivariant systems, including the symmetric Hopf-bifurcation
problems in equivariant dynamical systems.

The main advantage of using equivariant degree theory lies in both the topological
and algebraic properties of the equivariant degree. On the one hand, equivariant degree
is a topological invariant, which remains unchanged against all (admissible) equivariant
homotopies. This allows, in practice, flexibility and freedom in computations of the equivariant
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degree. A concrete example is that equivariant degree theory for studying equivariant
bifurcations can be also applied, in the case when critical eigenvalues of the Jacobian carry
higher multiplicity. In other words, as a topological invariant, equivariant degree sees no
additional complication in treating multiple eigenvalues. On the other hand, equivariant degree
is algebraic, in a sense that it is compatible with respect to homomorphisms between groups
(of symmetry). In application, this results in simplicity in treating change of equivariance in
systems, which is also what we will use in this paper. Further applications of degree theory
in coupled cell networks may be found in predicting periodic solutions in both variational and
non-variational systems (see [16, 20] for equivariant systems), as well as for studying global
bifurcations (see [3] for equivariant systems).

The main goal of this paper is to introduce a degree theory that is suitable for studying
general coupled cell systems with quotient symmetries, where different quotient symmetries
are brought together and fit in the integral picture of the total influence of quotient symmetries
on the network dynamics. It is known that the set of all balanced equivalence relations
(thus their induced synchrony subspaces) on a network forms a lattice (see [23]). Therefore,
we are interested in defining a degree theory for maps which keep a given lattice of linear
subspaces (that are also representations of individual symmetry groups) invariant and which
are equivariant with respect to these group actions on the subspaces.

More precisely, a finite collection £ of closed linear subspaces of a Banach space X is called
alattice, if X € £ and L is closed under set intersections. A lattice £ is called a representation
lattice, if every U € L is an isometric Banach representation of a compact Lie group Gy such
that for every U; C U,, there exists a group homomorphism hy, ¢, : Gy, = Gy, satisfying

g.x =hy,v,(8) x, VxeU;, ge€Gy, (1)

where ‘.” denotes the Gy,-action and ‘,” denotes the G, -action. Moreover, hy, ¢, o hy, v, =
hy,,u, for every Uy € U, < U;. The compatibility condition (1) is essential for our
consideration, since it allows us to ‘lift” a Gy, -orbit in U; to Gy,-orbits in U,. As we will see
later, this enables an inductive definition of degree.

Let £ be a representation lattice in R” and R be a parameter space (on which all groups
act trivially). For our purpose!, we assume Gy = I'y x S! for a finite group I'y, for every
U e L. Let 2 C R x R” be an L-invariant open bounded set, that is, Q N (R x U) is Gy-
invariant, for all U € £. Consider a continuous map f :  — R” such that f~'(0) N 3dQ = ¢
(in which case, we say the pair (f, 2) is admissible) and f is L-equivariant, meaning that
fQNMRxU)) CU and

fu = flan@xwy : ENRx V) > U

is Gy-equivariant, for all U € L. Then, the twisted equivariant degree of fy on Q N (R x U)
is well-defined, for every U € L.

A lattice-equivariant degree, denoted by L£-Deg’, is an assignment of a formal sum
Y ver(U, ay) to every admissible pair (f, 2), where ay is inductively defined by

ay = Gy-Deg' (fuy., QNR x U)) = Y Hyy(ay).
U'cu
where ‘Gy-Deg'’ stands for the twisted equivariant degree and Hyry is certain ring
homomorphism induced by hy y, which ‘lift” Gy-orbits in U’ to Gy-orbits in U. The
geometric meaning of ay is that it gives an algebraic count of those G -orbits of zeros of f
thatliein QN (R x U) butnotin QN (R x U’) forany U’ C U.

! In the context of coupled cell systems with quotient symmetries, 'y describes the coupling symmetry of the quotient
network obtained by restricting the system to U, and the unit circle group S' describes the temporal symmetry of
possible periodic states of the quotient network.
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We show that the lattice-equivariant degree satisfies usual properties of a degree theory
such as the existence, homotopy invariance, additivity and the suspension. Further, we show
that it also has algebraic properties related to the inclusion and the product of lattices. Following
the standard procedure, we also extend this degree to infinite-dimensional Banach spaces for
compact vector fields.

Using the lattice-equivariant degree, we study the synchrony-breaking bifurcations
in homogeneous coupled cell systems. More precisely, a coupled cell system is called
homogeneous, if it consists of only one type of cell (in particular, every cell receives the
same types of input arrows); that is, it can be described by

X1 = fo(xXi; Xips o vvs X3,
X2 = folxas xj, ..., %),

2
Xn = foXn; Xays -0 X1,)s

where x; € R, fo: R* x (R¥)* — R¥ is of class C! and k € N is the dimension of internal
dynamics (the first argument in f, indicates the internal cell dynamics and the remaining
variables indicate external couplings). Then,
Ap=f{xe®Y 1 xj=x,="-=x,)

is a flow-invariant subspace of (2), independent of specific forms of f,. Elements of A are
called fully synchronous. In general, depending on the network structure, (2) may have a
number of flow-invariant subspaces of partial synchrony, that is, they are given by equalities
of the internal state of some of the cells. A synchrony-breaking bifurcation refers to a type of
bifurcation, where a fully synchronous equilibrium loses its stability and bifurcates to states
of less synchrony. If the bifurcating states are all oscillating, then it is called a synchrony-
breaking Hopf bifurcation. We show how the lattice-equivariant degree can be used to give a
topological treatment of synchrony-breaking Hopf bifurcations (see theorem 5.3).

As an example, we consider a 5-cell homogeneous coupled cell system which admits a
large variety of symmetric quotient networks and show that these quotient symmetries lead to
25 bifurcating branches of oscillating states, characterized by their distinct synchrony types
and symmetric properties.

2. Preliminaries

In this section, we give a brief review on compact Lie groups and their representations. We
elaborate on the Euler ring associated with compact Lie groups, which is related to the range
of lattice-equivariant degrees.

2.1. Compact Lie Groups and the Euler Ring

Definition 2.1 (see [9]). A topological group G is a group together with a topology on G such
that the binary operation and the inverse operation of G are continuous with respect to this
topology. Let G be a topological group and X be a topological space. A (left) action of G on
X is a continuous map ¢ : G x X — X such that

(1) (g, ph,x)) =¢(gh,x)forallg, h e Gandx € X;

(i1) ¢(e, x) = x for all x € X, where e is the identity element of G.
A (left) G-space is a pair (X, ¢) consisting of a space X together with a (left) action ¢ of G on
X. We usually denote (X, @) just by the underlying topological space X. It is also convenient
to denote ¢(g, x) by gx.
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Let G be a topological group and X be a G-space. For a closed subgroup L C G, denote
by (L) the conjugacy class of L, X/G the orbit space, G/L the left coset of L and N(L) the
normalizer of L in G. Note that (L) ~ G /L are canonically isomorphic. Write (L) > (L»),
if Ly D gL,g™' for some g € G. Set

X, ={x:gx=x & gel) 3
Xti={x :gx=ux, ifgeL) “4)
Xy ={gx : x € X1, g € G}. 5

Let x € X. If x € X, then L is called the isotropy type of x. If x € X*, then x is called an
L-fixed point. By orbit of x, we mean {gx : g € G}. If x € X1, then (L) is called the orbit
type of x. Note that X ;) is a G-invariant subspace of X.

Example 2.2. Let G be a topological group and H C G be a closed subgroup. Then,
(H) ~ G/H is a G-space with respect to the action given by
GxG/H — G/H, (&', gH) — (g'9)H. (6)

The isotropy type of the element gH € G/H is given by gHg™!. Similarly, let K C G be
another closed subgroup. Consider the action defined on the product G-space G/H x G/K by

G x (G/H x G/K) - G/H x G/K, (¢'. (g1H, &:K)) — ((g'gD H, (g'$:K)).
(N
The isotropy type of the element (g1 H, g2K) € G/H x G/K is then given by
giHg ' NgaKgy ' 0

Definition 2.3. A Lie group G is a group which is also a finite-dimensional smooth manifold,
in which the binary operation and the inverse operation of G are smooth maps. A Lie group
G which is also compact with respect to this smooth structure is called a compact Lie group.

Definition 2.4 (see [9]). Let G be a compact Lie group and ®(G) be the set of conjugacy
classes of closed subgroups of G. Let A(G) := Z[®(G)] be the free Z-module generated by
®(G). The Euler ring of G is the set A(G), together with the following ring multiplication

(Hyx(K)= Y n(L), for (H), (K) € ®(G), ®)
(L)e®(G)
where
ny = x.((G/H x G/K)w,/G), C))

for . being the Euler characteristic taken in Alexander—Spanier cohomology with compact
support (cf [22]). The set G/H x G/K in (9) is considered as a G-space under the action
given by (7). O

Example 2.5. Let G = D3, where D3 = Z3 U kZ3 and Z3 = (). Then,
A(D3) = {(D3), (D), (Z3), (Z1)},

where D; = (k). The Euler ring multiplication is listed in table 1 (see [6]). The geometric
meaning of (H) * (K) is that it counts the G-orbits in the product G-space G/H x G/K
according to their orbit types. For example, consider

(D) * (D1) = (D1) + (Zy).

Note that D3;/D, = {D,&D, §2D1}. Thus, the product space D3/D, x D3/D; consists
of 9 elements, which are represented by hollow squares and triangles in figure 1. As shown
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Table 1. Multiplication table for the Euler ring A(D3).

* (D3)  (D1) (Z3) (Zy)
(D3) (D3) (Dy) (Z3) (Zy)
(D) (D)) DD+ (Zy) (Zy)  3(Zy)
(Z3)  (Z3)  (Zy) 2(Z3)  2(Zy)
(Zy) (Zy) 3(Zy) 2(Zy)  6(Zy)
D;/Dy A
2D, O O A
Z, Z, D&
éD @ O A O
Zy EDy & Z,
Dieg A 0 0
D, z, z,
° ® o—>D:/Dh
D, &D;y &2Dy

Figure 1. Interpretation of (Dy) * (D).

in example 2.2, the isotropy of the element (£“Dy, £"D)) € D3/D, x D3/D; is given by
E*DET*NEPDET fora, b € {0, 1,2}, as indicated in figure 1. These isotropies give rise
to two orbit types in D3/D; x D3/D;y:

(D) = {D1,§Di§"" £*Di57),

(Zy) ={Zn},
corresponding to the hollow triangles and squares in figure 1, respectively. Moreover, all the
hollow triangles (respectively, all the hollow squares) consist of 1 orbit under the Ds-action

on D3/D, x D3/D;. Therefore, D3/D; x D3/ D consists of 1 orbit of orbit type (D) and 1
orbit of orbit type (Z;), or equivalently written as

(D) * (D1) = (D) + (Zy). O

Given two compact Lie groups G, G, and a group homomorphism h : G, — Gy, one
can define a ring homomorphism H : A(G;) — A(G») induced by h.

Definition 2.6. Let G|, G, be compact Lie groups, X be a G -space and h : G, — G be a
group homomorphism. Define a G,-action on X by

gxx :=h(gy)x, forg, € G, x € X,
and call it the induced action of G, on X through h. Then, X is also a G,-space.

In particular, consider G;/K as a G;-space, for any closed subgroup K C G;. Then,
there is an induced action of G, on G/K through h, where the isotropy of gK under this
G-action is given by

h~'(gKg™).
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Define a map
H: A(G) > A(Gy)
Ky Y x((G1/K) g,/ G)(K), (10)
(K)e®(Gy)

where G /K is considered as a G,-space with the induced action through h. In asense, H ‘lifts’
a G,-orbit of orbit type (K) to several G,-orbits of orbit types (K), where K = h~'(gKg™")
for some g € G;.

Based on the fact that the Euler ring is a universal additive invariant, we have:

Theorem 2.7 (see [5,9]). Let G; be a compact Lie group fori = 1,2,3 and h; : G; — G4
a group homomorphism fori = 1, 2. Let H; be defined by (10) for i = 1, 2. Then, we have

(i) H; is an Euler ring homomorphism, fori =1, 2.
(ii) Hy o Hy is precisely the Euler ring homomorphism induced by h; o hy.

We call H defined by (10) the the Euler ring homomorphism induced by h.

Example 2.8. Let G| = D3, G, = D;. Consider the inclusion homomorphism

h: Dy — Ds.

LetH: A(D3;) — A(D;) be the induced Euler ring homomorphism. Then, we have
H: (D3) = (D1), (Z3) > (Z1)
(D1) = (Dy) + (Zy), (Zy1) = 3(Zy).

The geometric meaning of H((K)) is that it counts the G,-orbits in the G,-space G/K
according to their orbit types. For example, consider K = D;. Then, the space D3;/D;
consists of 3 elements: Dy, £D,, £2D; (following the notations in example 2.2). Note that
all of them have the same orbit type (D7), under the Ds-action. Now consider the D;-action
(induced through h). Then, they have the following isotropies

h='(D)) = Dy, h'EDiE) =2y, h'(EDiE?) =1,
respectively (cf figure 2). Moreover, the elements £ Dy, & 2D, belong to the same orbit, since
h(k)ED, = kED) = E*k Dy = €7 D).

Therefore, the space D3/ D (with respect to the induced D;-action) consists of 1 orbit of orbit
type (D7) and 1 orbit of orbit type (Z,), i.e.

H((D1) = (D) + (Zy).

2.2. Representations of compact lie groups

Representations of a group G are vector spaces that are also G-spaces, in which every group
element acts linearly.

Definition 2.9. Let V be a finite-dimensional real (respectively complex) vector space and G
be a Lie group. A representation of G on V is a continuous action
p:GxV >V

such that for every g € G, the map ¢(g,-) : V — V is linear. The pair (V, ¢) is called a
real (respectively complex) representation. We usually denote (V, ¢) just by the underlying
representation space V.
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4. D1 (Dl) ........ ). Dl

(Dy)---- >0 D __yO(SDl
(Z)
A. &Dy AO &D,

Figure 2. Left: the space D3/D; considered as D3-space; Right: the space D3/D; considered as
D -space.

Definition 2.10. Let W be a Banach space over reals (respectively complex numbers) and
G be a Lie group. Let (W, ¢) be a representation of G on W. If for every g € G, the
map ¢(g, ) : W — W is bounded linear, then the pair (W, ¢) is called a real (respectively
complex) Banach representation of G. A Banach representation (W, ¢) is called isometric, if
lo(g, w)|| = ||lwl, forall g € G, w € W. We also denote (W, ¢) just by W.

Using the Haar measure of G, one can show that every Banach representation is equivalent
to an isometric Banach representation. Throughout the paper, every Banach representation is
assumed to be isometric.

Example 2.11. Let n € N be a positive integer and C ([0, T']; R") be the set of all continuous
T -periodic functions defined on [0, T'] and valued in R". Then, C([0, T']; R") is a vector space
over reals. Moreover, it is a real Banach space with respect to the supremum norm || - ||, which
is defined by

L1 2= sup,epo, | f (O, v feC(0, TI;R").

Let G = S' be the set of all complex numbers of length 1. Then, S' is a Lie group. Define an
action of S' on C([0, T]; R") by

2

which is clearly continuous. Note that |[e f|| = || f| for all e e S!, f e C([0, T]; R").
Thus, C([0, T]; R") is a real isometric Banach representation of S I with respect to the
action (11).

€ (@) = f(t + ﬂ), V feC(0,T;RY, ¢&?eS' rel0,T], (11)

2.3. Twisted subgroups in T x S!

Let I be a finite group and S' be the group of complex numbers of unit length. The twisted
subgroups of T' x S' are in short, closed subgroups that are not of form K x S' for some
subgroup K of I'. We follow the definition in [6].

Definition 2.12. A subgroup H C I" x S' is called a twisted I-folded subgroup, if there exists
a subgroup K C T, an integer > 0 and a group homomorphism ¢ : K — S! such that

H=K" :={(y,2): oy) =17}

It can be verified that every closed subgroup H C T' x S! is either twisted or of form
K x S for some subgroup K of I'. In the context of applications, where I" stands for symmetry
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of a system in the phase space and S' describes the temporal symmetry of possible periodic
states, twisted subgroups are precisely the symmetry of nontrivial periodic states.

Let X be a G-space and x € X of orbit type (H). It is known that the orbit of x is
diffeomorphic to G/H. Thus, to study elements of twisted orbit types, it is sufficient to
describe the structure of I' x S'/H for twisted subgroups H.

Lemma 2.13. Let T be a finite group and H = K%' be a twisted I-folded subgroup inT" x S'.
Then, T x S'/H is diffeomorphic to a disjoint union of |T'/ K | copies of circles, whose isotropy
types (under the action of T' x S') are yHy ™!, fory e T'/K.

Proof. tisclearthat " x S! / H is adisjoint union of finite circles, since it is a one-dimensional
compact manifold. Also every element of I' x S'/H has an isotropy type y Hy !, for some
y € I'. What we need to show is that these circles are precisely indexed by their isotropy types
yHy™!, as y runs through I'/K.
Let X =T x S'/H. Consider an S'/Z;-action on X given by
v SYZ x X — X, (@, (v, 2)H) > (y, w2)H,

forw € §'/Z;, y € T and z € S'. The action is a well-defined, since the multiplication
on the second component of H is abelian. Also, if (y, wz)H = (y,z)H, then (1,w) € H,
which implies that ' = 1, i.e. w € Z;. Thus, ¥ is a free action. Consequently, X is a one-
dimensional compact manifold with a free S := S'/Z;-action. Therefore, S < X — X/S is
a principal bundle (cf [18]) over a finite set, that is,

X~§xX/S.
For x € X, write [x] as the S-orbit of x. Then, we have
X/S=A{l(y,DH] : y e} ={l(y, DH] : y € [/K},

where the last equality used the fact that [(y, 1) H] = [H] if and only if y € K. Finally, the
isotropy type of [(y, 1)H] € X/SisyHy !, forally € ['/K. O

Example 2.14. Let ' = D3, where D3 = Z3 U kZ3 and Z3; = (). Then, up to conjugacy,
D5 x S! has the following twisted 1-folded subgroups: Z;, Z3, D, D3 and (cf [6])

Zh =1{(1, 1), (& 8), ¢ ED), Di={1,1),k -1},
D§ = {(15 1)’ (%‘a 1)5 (52’ 1)5 (K7 _1)5 (KS, _1)9 (nga _1)}

Let D3 act on R? as the permutation group S3 ~ D;. Let C([0, T]; R®) be given by
example 2.11. Define a D3 x S'-action on C([0, T]; R?) by

(v, € f) @) = V-f(t + Z—i)

where “.” stands for the D3-action on R3. Then, a function u € C ([0, T']; R?) has an isotropy
type Z under this action if and only if

-
s T

(1) 3 x(1)

E o) =86 [y | = x(t+§) =[yo|. veepo. 11

2(1) . 2(1)
y<t + E)
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Thus, x(t) = y(t + %) =z(t+ %) and u is of form

T 2T
u(t) = (X(t),x<t+ §>,x<t + ?>> Vtel0,T].

That is, knowing the (twisted) isotropy types of a periodic function u helps determine the form
of u. More examples of this kind can be found in table 2.

3. Representation lattices

In this section, we give the definition of representation lattices. Besides the basic properties
derived from the lattice structure, we discuss algebraic properties of representation lattices that
are related to the inclusion and the product of lattices.

Definition 3.1. Let X be a real (respectively complex) Banach space and £ be a finite set of
closed linear subspaces of X. We say that £ is a lattice in X, if X € £ and

U]ﬂUzGﬂ, VU],U2€£.

We write U; < U, (respectively Uy < U,), if Uy C U, (respectively Uy C U,). A subset
S C Lis called a sublattice of L, if it is a lattice on its own right.

Definition 3.2. Let X be a real (respectively complex) Banach space and £ be a lattice in X.
Assume that

(i) (REPRESENTATION) U is a real (respectively complex) isometric Banach representation of a
compact Lie group Gy, for every U € L;
(i1) (coMPATIBILITY) there exists a group homomorphism

hv,.v, : Gu, = Gu,,
for every Uy, U, with U; < U, such that
82x = hy2(g2)x, Vg € Gy, x € Uy;
(iii) (CONSISTENCE) hy;, v, © hy, v, = hy,.u, for every U; < U, < Us.
Then, £ is called a real (respectively complex) representation lattice in X. The collection
{(Ui, Gy, hy,u;) = Ui, Uy e £, U < Uy}
is called a structure of representation lattice of L. O

Note that a sublattice S of a representation lattice £ is again a representation lattice, which
we call a representation sublattice of L.

Example 3.3. Let X = R’ and £ be a lattice of 10 elements in X given in figure 3, where
the pair (A,, I'y) indicates that A, is a representation of I', and A, is the linear subspace
composed of vectors of form indicated below the pair (A,, I'y). The arrows give the direction
of homomorphisms between I',. The structure of the representation lattice £ is specified as
follows:

Representations. 7, acts on A, Asp, R’ trivially; Z, = (k) acts on Agg, Agz, Ag3, Az by
k:(a,b,c,d,e)— (a,b,e,d,c); and D3 >~ S5 acts on Ay, Ay, Ag; by the natural action of
S3 on symbols a, b, c.
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(A, Zl)
a,a,q,a,a
(Az1, Zy)
a,a,b,a,b
(Ay, Ds) (82, Z5) (A1, Ds)
: a,a,b,a,c )

a,b,ccb a,b,b,c,c

(Doo, Z2)  (Aoz, Z2)  (Do3, Z2)  (Aor, D)

a,b,c,bd a,ab,cd ab,cad a,b,d,cd

N

(X, Zl

a,b,cde

Figure 3. A representation lattice £ in R>.

Homomorphisms. 7, — T, are given by the inclusion; homomorphisms I'y — Z; are given

by the projection; and homomorphisms Z, — Z, are given by the identity homomorphism.
It can be verified that £ is a real representation lattice in X, with respect to this

structure. O

3.1. Basic properties of lattices

We discuss some basic properties of representation lattices, when viewed as lattices (without
representation structure).

Let £ be a lattice in a Banach space X and U}, U, € L. If U; < U,, then U, is called a
descendant of U;. A minimal descendant is called an immediate descendant. Denote by

L" :={U € £ : U has a unique immediate descendant in £}.

Lemma 3.4. Let X be a Banach space and L be a lattice in X. Then,

(i) L has a unique minimal element;
(ii) for U € L, the set L\ {U} is a sublattice of L if and only if U € LT;
(iii) Let S C L be a sublattice and set k := |L \ S|, where | - | is the count of elements. Then
there exists a flag of lattices of length k

L=LyDLD---DL=S

such that L;1 = L; \{U;} forcertainU; € L;,i =0,1,...,k—1;
(iv) Let X' be another Banach space and M be a lattice in X'. Then,

LXM={UxM:Uel, Me M}

is a lattice in X x X'.

Proof.

(1) Since L is closed under set intersections, the minimal element is given by the intersection
of all elements of L.
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(i) LetS = L\{U}. If U € L7, then U # X and U = U, N U, for some U;, U, € £ only if
U € {U;, U,}. It follows that X € Sand U # U, N U, for any Uy, U, € S. Thus, S is a
sublattice. If U & L7, then U has more than one immediate descendants. Let U;, U, be
two distinct immediate descendants of U in £. Then, U = U; N U, for U, U, € S. But
U ¢ S, which implies that S is not a sublattice.

(iii) We claim that

PT\S#0, for every lattice Ps.t. LD P 2 S. (12)

Assume to the contrary and let U be a maximal element of P \ S. In particular, since
U # X, U has descendants. By assumption, U has at least two distinct immediate
descendants in P, say Uy, U,. Then, U = U; N U,. Moreover, since U is a maximal
element of P \ S, we have U;, U, € S. It follows that U = U; N U, € S, which is a
contradiction to the fact that U ¢ S. Thus, (12) holds.

It follows from (12) that there exists Uy € £T \ S. By (ii), £1 := £\ {Up} is a sublattice.
By applying (12) inductively to L;41 = £; \ {U;}, forU; € L]\ S,i=1,...,k— 1, we
obtain the desired flag of lattices.

(iv) It follows from the fact that

(U1 x Q)N WUz x Q2) = (U NU2) x (01N Q0)
fOTUi€£,Qi€M,i=1,2. OJ

In analogue, we have

Corollary 3.5. The properties (i)—(iv) in lemma 3.4 hold for representation lattices.

Proof. Let £ be arepresentation lattice. Then, (i) clearly holds. Moreover, since representation
sublattices are precisely sublattices of representation lattices, (ii) and (iii) also hold.
Let X’ be another Banach space and M be a lattice in X’. Then,

{(Ux Q,Gy xGg,hyy xhgp) : U Vel QPeMUCV,QCP} (13)
gives £ x M a structure of representation lattice. ]

We call £ x M together with (13) the product representation lattice of £ and M.

3.2. Algebraic properties of representation lattices

We associate to a representation lattice an algebraic structure based on the Euler ring of compact
Lie groups, which will be the range of the lattice degree introduced in the next section. Our
goal in this subsection is to extend the usual lattice operation such as the inclusion and product,
to the representation lattices with respect to this algebraic structure.

Definition 3.6. Let £ be a representation lattice with structure {U, Gy, hy y}. For U € L,
denote by A(Gy ) the Euler ring of G (see definition 2.4). Let

R(L) = {Z(U, ay) : ay € A(GU)}, (14)

UeLl
which is a Z-module with respect to

Y W.ap)+ Y (U, by) =) (U,ay+by),  ay, by € A(Gy),

Uel Uel UeLl

kY (U.ay) =Y (U, kay), keZ.

Uel veLl
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Define a ring multiplication on R(L) by

Y W,ap)- Y (U,by):=) (U,ay xby),  au,by € A(Gy), (15)

Uel Uel UeLl

where ‘%’ stands for the Euler ring multiplication in A(Gy). The Z-module R(L) together
with (15) is called the associated ring of L.

3.2.1. Reduction map. Let L be a representation lattice and S C L be a representation
sublattice. Then, every U € £\ S has a unique minimal descendant in S, which is given by
the intersection of all the descendants of U in S.

Definition 3.7. Let £ be a representation lattice with structure {U, Gy, hy vy} and S C Lbea
representation sublattice. Define the reduction map from R(L) to R(S) by

% R(L) — R(S)

U, a) — {(Ud’ Hu.u,(a)), ifUeL\S,

U, a), ifUes, (16)

where U € L,a € A(Gy), Uy stands for the unique minimal descendant of U in S and Hy ¢,
is the Euler ring homomorphism induced by hy ¢, (see (10)).

We show that the reduction map is compatible with the inclusion of lattices.

Lemma 3.8. Let £ be a representation lattice, S, P C L be representation sublattices such
that L D P D S. Then, we have ®%5 = ®F o ®5.

Proof. Let U € Landa € A(Gy). If U € S, then (U, a) is a fixed point of ®%, CDZ; and dbé.
Thus, the statement holds.
Let U € £\ S and U, be the unique minimal descendant of U in S. Then,

®5((U, @) = (Ug, Hyu, (@)).

If U € P, then (U, a) is a fixed point of d>7€ and CI>§((U, a)) = (Ug, Hyy,(a)). So
CDE o CD%(U, a)) agrees with <D§((U, a)).

Otherwise if U € L\ P, then CD%((U, a)) = (U, Hyy,(a)), where U, is the unique
minimal descendant of U in P. In the case U, € S, we have U, = Uy, by the uniqueness of
minimal descendant. In the case U, € P\ S, Uy is the unique minimal descendant of U, in S.
Consequently, in both cases, we have

L 0 @5((U, a)) = ®5((Ue, Hy,u, (@) = (Ug, Hy,u, (@)). O

Example 3.9. Let £ be the representation lattice given in example 3.3 and S be arepresentation
sublattice given by S = L\ {A¢1} (see figure 4). Let ®% be the reduction map defined
by (16). Let Ha,, r, be the ring homomorphism induced by the inclusion homomorphism
hag Rs @ Z1 — Z.

Then, <I>§ fixes all generators of R(L) except

D5(Aor, (Zo)) = (R, Hay s (Z2))) = (R, (Z)),
D5 (o1, (Z1) = (R, Hay s ((Z1))) = (R, 2(Zy)). o
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(As, D3) (A2, Z5) . (v, D3)

Wb b aa,bac a,b,b,c.c

(Aoo, Z2)  (Aoz, Z2) (D3, Z2)  (Aor, D)

a,b,c,bd a,ab,c,d a,b,cad a,b,d,cd

~\J

(X, Z,)

a,b,c.de

Figure 4. A representation sublattice S C £, where S = L \ {Ao1} and the dashed arrows are
removed.

3.2.2. Product map. Let L be a representation lattice with structure {U, Gy, hy v} and M
be a representation lattice with structure {P, Gp, hp o}. The projection homomorphisms on
groups

projy : Gy x Gp — Gy, projp, : Gy x Gp — Gp
induce the inclusion homomorphisms on Euler rings (see (10))
incy : A(Gy) — A(Gy x Gp),
incp : A(Gp) — A(Gy x Gp).
Thus, we can define a product of a € A(Gy) and b € A(G p) through
A(Gy) x A(Gp) = A(Gy x Gp) x A(Gy x Gp)—> A(Gy x Gp),
where * is the ring multiplication in A(Gy x Gp), i.e.
a*b :=incy(a) xincp(b). a7
We show that the product ‘+’ is compatible with the structure of the representation lattices.

Lemma 3.10. Let L be a representation lattice with structure {U, Gy, hy v} and M be a
representation lattice with structure {P, Gp, hp o}. Then, the following diagram commutes

A(Gy)x A(Gp) * A(Gy % Gp)

Hyv x HP,Q HU><P,V><Q

*

A(Gy) X A(Gg) A(Gy X Gp)

where ‘%’ is defined by (17) and H, is the induced homomorphism through h, (see (10)).

Proof. By theorem 2.7, Hy« p,v < ¢ is an Euler ring homomorphism. Thus, it suffices to show
that the following diagram commutes.
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AGy) = U o A(Gyx Gp)

Hyv Huxp,vxo

A(Gy) =V A(Gy x Gp)

Let (K) € A(Gy). It follows from the definition of H, that (see (10))
Hov((K) = Y x((Gu/K) g /Gv)(K),

(K)ed(Gy)

Huxpvxo((K x Gp)) = Z Xxc((Gy x Gp/K x Gp)ky/Gyv x Go)(K).
(K)e®d(GyxGo)

Note that G p acts trivially on Gy x Gp/K x Gp, which implies that G ¢ also acts trivially
on Gy x Gp/K x Gp through hypyvyxo. Therefore, (Gy x Gp/K x Gp)xy # ¥
if and only if (K') = (K x Gp) for some K such that (GU/K)(,g) # (). Moreover,
(Gy xGp/K xGp)k)/Gy x Gy is Gy-homeomorphic to (GU/K)(,g)/GV. Thus, we have

Huxp.vxo((K x Gp)) =Hy,v((K)), Y (K) € A(Gyp). O

Definition 3.11. Let £ be a representation lattice with structure {U, Gy, hy v} and M be a
representation lattice with structure {P, G p, hp o}. Consider the product lattice £ x M with
the product structure (see (13)). Let R(L), R(M) and R(L x M) be the associated rings
defined by (14). Define a product map by

-1 R(L) x RIM) — R(L x M)
(U, a),(P,b)) — (U x P,axb), (18)
where U € L, P € M,a € A(Gy), b € A(Gp) and a * b is defined by (17).

4. A degree theory for lattice-equivariant maps

In this section, we give the definition of lattice- equivariant maps and formulate a degree

theory for these maps, which we call the lattice-equivariant degree. We show that this degree

satisfies usual topological properties expected from a degree theory, and moreover, it has

algebraic properties compatible with the inclusion and the product of representation lattices.
In what follows, R stands for a parameter space, in which all groups act trivially.

Definition 4.1. Let £ be a representation lattice in R" with structure {U, Gy, hy y}. An open
bounded subset 2 C R x R" is called L-invariant, if Q N (R x U) is Gy-invariant, for every
U € L. A continuous map f : @ — R” is called L-equivariant, if f(QN (R x U)) C U
and flgnrxy) 18 Gu-equivariant for every U € L. The map f is called Q2-admissible, if
£710) N 3Q = @. In this case, we say that the pair (£, ) is an admissible pair. Similarly,
one defines Q2-admissible and L-equivariant homotopies.

Our goal is to define a degree theory for 2-admissible L-equivariant maps f. Motivated
by the study of synchrony-breaking Hopf bifurcations in coupled cell networks, we consider
representation lattices £ with a structure {U, Gy, hy v}, where Gy is of form Gy =Ty x S !
for a finite group I'y and S' stands for the group of complex numbers of unit length.

Let G := I' x S! for a finite group " and V be a G-representation. Given an open
bounded G-invariant subset © C R x V and a continuous G-equivariant map § : O — V
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such that {~1(0) N 0O = @, the twisted G-equivariant degree is a function assigning to (f, ©)
a finite sequence of integers indexed by conjugacy classes of twisted subgroups in G such that
it satisfies usual properties of a degree theory (see [4]).

More precisely, let W (H) denote the Weyl group of H in G and

®(G) = {(H) : dim W(H) = k), fork =0, 1.

It can be verified that ®((G) consists of all subgroups of form K x S' for some subgroups
K C T" and ®,(G) is composed of twisted subgroups (see definition 2.12). Let

Ar(G) = Z[P(G)] (19)

be the free Z-module generated by ®,(G), for k = 0, 1. Then, the twisted G-equivariant
degree, usually denoted by G-Deg’, is a function assigning to every admissible equivariant
pair (f, O) an element in A;(G) such that it satisfies properties like the existence, homotopy
invariance, additivity, normalization, suspension and Hopf property (see [4]). In particular,
the twisted equivariant degree G-Deg’ (f, ©O) has the form of

G-Deg'(.0O)= > nu(H), ny €7Z. (20)
(H)e®(G)

4.1. Definition and basic properties

Let £ be a representation lattice with structure {U, Gy, hy v}, where Gy = I'y x S ! for a
finite group I',,. Recall that (see (14))

R(L) = {Z(U, ay) : ay € A(Gw},

Uel
where A(Gy) is the Euler ring of Gy . Denote by

Ry (L) := {Z(U, ay) € R(L) : ay € Ak(GU)}, fork =0,1,
Uel

where A (G) is defined by (19).

Definition 4.2. Let £ be a representation lattice in R” with the structure given by
{U,Gy.,hy.v}, where Gy = I'y x S! for a finite group I'y. Let 2 C R x R”" be an open
bounded L-invariant subset and f : @ — R” be an Q-admissible £-equivariant map. Using
the twisted equivariant degree, we define for each U € L, an element ay in A;(Gy). Let
Unmin € £ be the minimal element and define

v, = Tty X S'-Deg’ (flan@xtpm) 2N R X Unin)). 1)
Suppose that ay is defined for all U” < U. Then, define
ay =Ty x §'-Deg (flan@xv). QN R x U)) = Y Hyry(ap), (22)
U'<U

where Hy  y is the Euler ring homomorphism induced by hy  y (see (10)). The lattice-
equivariant degree of f in 2 is then defined by

L-Deg' (f, Q) := Z(U, ay) € Ri(L). (23)
UeLl

Notice that in the case the representation lattice £ is composed of a single element R" as
a representation of I' x S!, the lattice-equivariant degree £-Deg’ coincides with the twisted
equivariant degree I' x S'-Deg'.
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The lattice-equivariant degree satisfies the following basic properties.

Theorem 4.3. Let L be a representation lattice in R" with the structure given by {U, Gy, hy v},
where Gy = Ty x S! for afinite group T'y;. Then, the function L-Deg' defined by (23) satisfies:

(i) (Existence) Suppose that L-Deg' (f, Q) = > (U, ay) and ay # 0 for some U € L. Write
ay = Y ny(H). If (H) is such that ny # 0, then

Flon @ N@®x ) 0,

where the meaning of QY is given in (4).
(ii) (Homotopy Invariance) If H : [0,1] x Q — R" is an Q-admissible L-equivariant
homotopy, then

L-Deg' (H(t,-), ) = constant, vt € [0, 1].

(iii) (Additivity) If Qp, Qy C Q are disjoint open bounded L-invariant subsets such that
FHO)NQ C QUQ and f is Qi-admissible fori = 1,2, then

L-Deg' (f, Q) = L-Deg'(f, 1) + L-Deg' (f, 22).

(iv) (Suspension) Let M be a representation lattice in R™, Id : V' — V'’ be the identity
map and Q' C R™ be an open bounded M-invariant neighborhood of 0. Then,
L x M-Deg'(f x Id, 2 x Q') is well-defined. Moreover,

L x M-Deg'(f x1d, 2 x Q) = L-Deg'(f, ),

under the identification: U + U X Py and (H) — (H x T'p

) for every U € L and
(H) € &,(T'y x SY), where Puin € M is the minimal element.

Proof. (ii) and (iii) follow immediately from the corresponding properties of the twisted
equivariant degree (see [4]).

To show (i), assume that f~'(0) N (R N (R x U)) = #. If U = Upn,
then by the existence property of the twisted equivariant degree, we have that ay,, =
I'y x Sl'Degt(f|Qm(]RXUmi“), QN (R x Unpn)) has a zero (H)-coefficient, which is a
contradiction. Assume that the statement holds for all U’ < U. By assumption, ay has
a nonzero (H)-coefficient. By the existence property of the twisted equivariant degree,
'y x S'-Deg’(flm(RXu), QN (R x U)) has a zero (H)-coefficient. It follows from the
definition of ay that there exists U’ < U such that Hy ;y (ay) has a nonzero (H)-coefficient.

Thus, there exists an H' C 'y x S! such that H = h{],l,U(H/) and the (H')-coefficient in ay
is nonzero. By the induction assumption, we have

£ N (T N R x U) #0.

Letx € f~10)N (QH’ N R x U’)) and g € H. Then, hy y(g) € H’',so hy y(g)x = x. By
the definition of representation lattice (see definition 3.2(ii)), we have then

gx =hyy(g)x =x.

It follows that x € £~'(0) N (27 N(R x U)). In particular, f~1(0) N (Q¥ N R x U)) # 9,
which is a contradiction to our initial assumption.
To show (iv), let

L x M-Deg' (f x1d, Q2 x Q)= (U x P,byyp)
L-Deg' (f.Q) = > (U.ay).
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Let Upin € £ and Ppin € M be the minimal element, respectively. Let 'y act trivially on
Prin and I'p, act trivially on R x Upn. Then, @ N (R X Upin) becomes I'y,,, x I'p,,, X S L
invariant and the restricted f is a I'y,,, x Ip,,, x S'-equivariant map. Similarly, ' N Py
becomes 'y, x I'p_ -invariant and the Id is 'y, x I'p . -equivariant. By the suspension

property of the twisted equivariant degree, we have

byinx Pon = LUmn X Tpy X Sl-Deg’(f x Id, (N (R X Upin)) X (2" N Pyin))
=Ty, X Tp,, x S'-Deg' (f, 2N (R X Upin))
= AUpin»

) with (H), for H C 'y, x S'. Using the suspension
property of the twisted equivariant degree inductively, one shows

where ‘>’ means identifying (H x I'p

by x Py = au, by.xp =0, for P > Py,. 24

Let U > Upip and P > Ppin. We show that by p = 0. Assume that by pr = O for all
U x P <U x Pand P’ > Pp;,. Then, we have

busxp =Ty x Tp x S'-Deg' (f, QN R x U) = > Hyrepwwpbur)

U'xP'<UxP
(2_4) F 1 t
="Ty x Tp x §'-Deg (f, (QNR X U) = Y Hurspyxp (burxpy,)
U'<U
(24) L
~"Ty x §'-Deg'(f, (QNR x U)) = Y Hy ylay) =0.
U'<u
Thus, (iv) holds. O

Remark 4.4. Recall that for a finite group I', an equivariant degree without parameters is a
function I'-Deg assigning to every admissible pair (g, '), where Q' C V is open bounded
[-invariant and g : Q - Vis ['-equivariant, an element in A(I") such that it satisfies the
usual properties of a degree theory (see [6]). Let M be a representation lattice in R™. In
a similar way, one can define a lattice-equivariant degree without parameters for admissible
pairs (g, ), denote by M-Deg(g, '), where Q' C R™ is an open bounded M-invariant
subset and g : Q — R™isan M-equivariant map.

4.2. Algebraic properties

We show that the lattice-equivariant degree is compatible with the reduction homomorphism
defined in definition 3.7. Moreover, it has a product property with respect to product lattices.

Proposition 4.5 (Reduction homomorphism). Let £ be a representation lattice in R" and
S C L be a representation sublattice. Let ®% be the reduction homomorphism from L to S
defined by (16). Then, we have

D5(L-Deg'(f. Q) = S-Deg! (f, ), (25)
for every admissible L-equivariant pair (f, Q2).

Proof. Let (f, Q) be an admissible £-equivariant pair. By lemma 3.8 and lemma 3.4(iii), we
can assume without loss of generality, that S = £ \ {U,} for some U, € L. Let

LDeg (£, =) (U,ap), S-Deg(f,2) =) (U, bv).

UeLl UeS
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By the definition of ay, we have by = ay if U, £ U. Let U € L be such that U, < U and
U, be the unique immediate descendant of U,. Then, U, < U. In case U = U,, we have

by, =Ty, x $'-Deg' (£, QN R x U)) — Y Hyru,(by)

U < U,
U'eS
=ay,+ Y Hywlaw)— Y Hyw(by)
U < U, U < U,
Uel U'eS
=ay, +Hy, v, (ay,) + Z Hy v, (ay) — Z Hy v, (by')
U < U, U < U,
UeS UeS
= ay, +Hy, v, (ay,). (26)

For U > U,, suppose that ayr = by for all Uy < U’ < U, then we have
by =Ty x $'-Deg (£, QN R x V) = > Hyuby)

U <U
U'eS
=ay + Z Hy v(ay) — Z Hy v (by)
U <U U <U
Uecl U'eS
=ay +Hy, v(ay,) +Hy, v(ay,) — Hu,,u(by,)

(26

)
="ay +Hy, v(ay,) —Hy, v.Hu,.v(ay,),
which implies that by = ay by theorem 2.7(ii). (|

We show that multiplication properties of the twisted equivariant degree can be extended
to the lattice-equivariant degree. Recall that the twisted I' x S'-equivariant degree has a
multiplication property corresponding to the A(T")-module structure on the set A;(I" x S'),
which coincides with the Euler ring multiplication in A(I" x S') (see [6,20]).

Proposition 4.6 (Product property). Let L be a representation lattice with structure {U, Iy X
st hy,v} in R and M be a representation lattice with structure {P,I'p, hp o}, where T,
are finite groups. Suppose that Q C R x R" (respectively Q' C R™) is an open bounded
L-invariant (respectively M-invariant) subset and f : Q — R" (respectively g : Q — R )
is an Q-admissible L-equivariant (respectively Q'-admissible M-equivariant) map. Then,
we have

L x M-Deg'(f x g, @ x Q) = L-Deg'(f, Q) - M-Deg(g, @), 27)
where -’ is defined by (18).

Proof. Let £ x M-Deg'(f x g, 2x Q) =Y "(Ux P, ayxp), L-Deg' (f, 2) =, (U, by)
and M-Deg(g, Q') =Y p.\ (P, cp). It sufficies to show

ayxp = by xcp.
Denote by Upi, and Ppi, the minimal element of £ and M respectively. Then,
AWy Prin = T X Ty X S'-Deg' (f X g, (RN (R X Upyin)) X (' N Pryin))
=Ty, x [p,, x §'-Deg' (£, 2N (R X Unin))) * T,
x Tp,. -Deg(g, Q' N Puyin)
=Ty, x S'-Deg'(f, 2N (R x Unin))) * T'p, -Deg(g, Q' N Prin)

- bUmin * CPoin
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Assume that ay pr = by * cp: for all U’, P’ such that U’ x P’ < U x P. Then, we have

ayxp = E bur* E Cpr — E HU’XP’,UXP(aU’XP’)

U'U PI<P U'x P'<UxP
= E by * E cp— E Hu xp,uxp(by * cpr)
U'<U PP U'xP'<UxP
= E by * E cpr— E Hy v (by) xHp p(cpr),
Uy PP U'x P'<UxP
(cf lemma3.10)
= bU *xCp. U

4.3. Extension to infinite-dimensional vector spaces

In this subsection, we extend the lattice-equivariant degree to infinite-dimensional lattice
representations for compact lattice-equivariant vector fields. The desired approximation of
compact maps by finite-dimensional maps is based on an equivariant version of the Schauder
projection.

In what follows, W is an infinite-dimensional real Banach space. Recall that for a bounded
subset X C R x W, a continuous map F : X — W is called compact, if F(X) is compact in
W; and F is called finite dimensional, if F(X) is contained in a finite dimensional subspace
of W. Letw : Rx W — W be the projectionon W and F : X — W be a compact map, then
m — F is called a compact vector field.

Definition 4.7. Let G be a compact Lie group and W be a Banach representation of G. Let
N ={cy,¢2, ..., ¢y} C W be afinite set. For any fixed ¢ > 0, let

vv.e)=U_ U, 8B e, (28)

where the symbol gA means the union of all elements gx for x € A and B(c;, ¢) stands for
the open e-disc around ¢; in W. For x, y € W, define p.(x, y) = max{0, e — ||x — y||}. We
call the map py . : U(N, ) — W defined by

Z/Gl’e(g*lxaci)gci du(g)
prex) = =

Z/ pe(g™ " x, i) du(g)
i=1 Y0

for u being the Haar measure of G, the equivariant Schauder projection.

, (29)

Note that the denominator of py . is never zero. For every x € U(N, ¢), there exists
ief{l,2,...,n}, g € Gsuchthat x = gy for some y € B(c;, ¢). Thatis, x € U (N, ¢) if and
only if ||g'x — ¢;|| < &, which implies that p,(g~'x, ¢;) > 0.

The equivariant Schauder projection has the following properties.

Lemma 4.8. Let G be a compact Lie group and W be an isometric Banach representation of
G. Let N = {c1,¢2,...,cn} C W be a finite set and e > 0. Let U(N, €) be given by (28) and
DPn.e be given by (29). Then,

(i) pn.e is G-equivariant;
(ii) pn e is a finite-dimensional map;
(iii) |lx — pn.(X)|| < &, forallx € U(N, ¢).
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Proof.

(i) Let a(x) be the numerator of py .(x) and b(x) be the denominator of py (x). We show
that the map a is G-equivariant and b is G-invariant. Let g, € G. Then,

a(g,'x) = Z/ pe(g™" g, x, ci)ger du(g) = Z/ P=((208) "%, ci)g, " gogei ()
i=1 70 i=17G

=g,"'Y / P:((808) ™%, i) (go8)ci du(g) = g, 'a(x),
i=1 VG
and
by =3 / pe(e g, e dpn(g) = 3 / Pe((808) % ) dpa(g) = b(x).
i=1 /0 =170

Thus, py .. is G-equivariant.
(i) Note that the G-orbit of ¢; is a finite-dimensional smooth manifold of W, thus is contained
in a subspace W; C W with dimW; < oo, fori = 1,2,...,n. It follows that
Ji pe(87"x, ci)gei diu(g) € Wi and py o (x) € span{W;, W, ..., W,} forallx € W.
(iii) Let x € U(N, ¢€). Assume that pg(g’lx,ci) # 0. Then, ||g’1x —¢i|| < &. Thus,
lx — gcill < &, since G acts isometrically on W. Therefore,
n
Z/ pe(8™ " x, ci)x — gei) dpa(g)

i=1
Ix = pr e = |——;

Z/ Pe(g™ " x, ¢r) duu(g)
G

i=1

Z/ pe(g'x, ¢i) Ilx — geill dua(e)
< =l G

— <e.
Z/ pe(g~" %, ;) dpu(g) 0
i=1 70

We have the following approximation theorem.

Proposition 4.9. Let W be an infinite-dimensional real Banach space and T be representation
lattice with structure {Y, Gy, hy y'} in W. Let X C R x W be a bounded T -invariant subset
and F : X — W be a T-equivariant compact map. Then, for every ¢ > 0, there exists a
T -equivariant finite-dimensional map F, : X — W such that

| F(x) — F.(x)| < e, for all x € X.

Proof. For convenience, we numerate the elements of 7 as Yy, Y, ..., Y,, such that
Y,CY, = i<

Based on lemma 4.8, we define F, inductively on ¥ = Y; using the equivariant Schauder
projection. Set & = €.

For Y = Y}, since F is a compact map, F (X N (R x Y;)) is a compact set in W. Thus,
there exists a finite set N; = {c1, ¢z, ..., ¢u,} C Y1 such that the set U (N, €1) defined by (28)
covers F(X N (R x Y;)). Let py, , be given by (29) and define

Fey(X) = pw, e (F (X)), Ve XNR x Yy).
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For Y = Y5>, choose ¢, > 0 such that &, < ¢; and
{yeY, : dist(y, FIXN(R x Y1) < &} C U, e&p).
Since F(X N (R x Y>)) is compact, there exists a finite set No = {Cp,+1, Cny+25 - - - » Cnyny} C
Y2\ U (Ny, €1) such that U (N>, &,) defined by (28) covers F(X N (R x Y3))\U(Ny, €1). Note
that by the choice of ¢,, we have

dist (¢ 4+, F(XN (R x Y1) = &, Vi=1,2,...,n;. (30)
Define py, ¢, : U(Ny, €1) UU (N3, €2) — W by

ni

ny
Z/ psl(g“x,ci)gcidu(gHZ/ Per (871X, €y )8y A1)
i=1 Gy, j=1 Gy,

pNz,&z(x) = n n2
—1 —1

Zf Per (8 x,c,->du<g)+Z/ Pey (871X, Cupe) dpa(g)

i=1 Y0 j=1 G,

It can be verified that py, ., is Gy,-equivariant in ¥, (noting the compatibility condition (ii) of
definition 3.2), finite-dimensional and satisfies ||x — py, .., (x)|| < &1 = &. Let
Faz(x) = pNz,é‘z(F(x))a VxeXn (R X YZ)

It should be noted that by (30), F;, coincides with F;, on X N (R x Y;). Thus, F,, is a
finite-dimensional e-approximation of F such that F;, is lattice equivariant with respect to the
representation sublattice {Y7, Y»} of 7.

By iterating the above procedure until ¥ = Y,,, we obtain the desired map F, given
by F,,. ]

Let 7 be a representation lattice in W. Let O C R x W be a 7 -invariant open bounded
subset and F : O — W be a T-equivariant compact map. By proposition 4.9, for given
e > 0, F has a T-equivariant finite-dimensional approximation F, : O — W such that
|Fo(x) — Fi(x)|| < &, forx € O. Suppose that F,(O) C W, for a finite-dimensional
subspace W, C W. Set

T..={Yyrnw,:YeT}.
We define the lattice-equivariant degree of 1 — F in O by
T-Deg'(m — F, O) := T,-Deg' (m — F:lon®xw.), O N (R x Wy)), (31
where the function 7,-Deg’ on the right-hand side is defined by (23).
By a standard argument, one shows that the definition is independent of the choice of
approximation F, and W,. Moreover, the defined lattice-equivariant degree by (31) satisfies
similar properties as listed in theorem 4.3 with f replaced by compact vector fields.

5. Synchrony-breaking bifurcations in coupled cell systems

In this section, we adopt the standard degree-theoretical approach and use the lattice-equivariant
degree to study synchrony-breaking Hopf bifurcations in homogeneous coupled cell systems.

5.1. Statement of the problem

Consider a homogeneous coupled cell system given by
X1 = Lol X105 Xi, vy Xi,)
X2 = fo(hs x25 X, ..o, X5,),
(32)

Xn = foAs X3 Xiys o oo, Xi,)s
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where A € R is a parameter, x; € RF and £, : R x R x (RF)* — RF of class C'. Let

x=(x1,...,x)" € (R and f:Rx (RM" — (R%)" be the right-hand side of (32). Then,
(32) can be written as
x=f(,x). (33)

Assume that x = x, € (R¥)" is an equilibrium of (33), i.e.

(ED) f(h,x,) =0, VreR.
Let J(A) := Df; (X, x,) be the Jacobian of f at x,. We say that (},, x,) is a bifurcation
centre of (33), if J(A,) has a purely imaginary eigenvalue if,. Assume that

(B1) (A, x,) is an isolated bifurcation centre, i.e. (A,, X,,) is the only bifurcation centre in
some neighborhood of (1,, x,) in R x (R)".

To avoid steady-state bifurcation around (X,, x,), we assume
(B2) J(A,) : (RK)" — (R¥)" is an isomorphism.

In many cases, due to the external couplings among the cells, (33) may admit a number
of flow-invariant subspaces given by equalities of cell coordinates. As an example, every
homogeneous coupled cell system admits

Ap={x 1x1=x2="-=x,}

as a flow-invariant subspace (independent of the specific form of f). In general, let < be a

partition on the set {1, 2, ..., n} and < be the induced equivalence relation. Then, o< defines
a polydiagonal subspace

Ao ={x 1 x. = xg4, ifciid} c (RY",

characterized by the partial synchrony among the cells. A polydiagonal subspace of (33) is
called robust, if it is invariant for every vector field f of the form (32). We assume that

(L1) L is alattice of (robust) polydiagonal subspaces admitted by (33), which is independent
of L € R;

(L2) L is arepresentation lattice with structure {A, I'a, ha A/} for finite groups I'a;
(F) f is L-equivariant;

In what follows, we are interested in studying synchrony-breaking Hopf bifurcations
around (A, x,), where x, loses its stability and bifurcates to oscillating states of less synchrony.
For simplicity?, we assume that

(E2) x, € Ay.

Definition 5.1. Let x € (R¥)" and £ be a lattice of robust polydiagonal subspaces of (33).
If x € A for some A € L, then we say that x is of synchrony type A. If moreover, A is
the smallest element in £ that contains x, then we say that x is of proper synchrony type A.
Similarly, a function x : R — (RK)" is of (proper) synchrony type A, if x(t) is of (proper)
synchrony type A, for all € R.

2 Tt is also possible to consider synchrony-breaking bifurcation around a partial synchronous equilibrium x,. In this
case, additional assumptions are needed to prevent synchrony-preserving bifurcations.
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5.2. Functional reformulation
Let p > 0 be the unknown period of the bifurcating solution x of (33). Let 8 := 27” and
u(t) = x(%t). Then, finding a p-periodic solution x of (33) is equivalent to solving

. 1
=gl (34)

u(0) = u2m).

It is clear that £ is a representation lattice of robust polydiagonal subspaces admitted by (34).
Let W := H'(S'; (R*)") be the first Sobolev space of (R¥)"-valued functions defined on S'.
Then, £ induces a representation lattice 7 in W as follows. Let

A:=H'(S"; A), (35)

be the first Sobolev space of A-valued functions defined on S I for A € £. Let I's be the
group of action on A (cf (L2)). Define an (isometric) 'y x S'-action on A by

(v, €Du)(t) := yu(t +6), y €Ta, e e s (36)
Let

T={A:AeL) (37)
where A is defined by (35). Then, with respect to the structure

{A,Ta x S haa x Idgt},

7 is a representation lattice, which will be called the induced lattice from L.
We reformulate (34) as a 7-equivariant fixed point problem. Define

L:W — L*S"; (RHM), L(u) =1

j:W = CiS' ®YY, j) =i

Ny :Rx C(S';s R — LS RY),  (Np(u 0) (@) = f,v(@)).
Then, (34) is equivalent to

1
Lu= 2NyGh, j(w).

B
Define K : W — L*(S'; (RH™) by Ku := % fozn u(t)dt. Then, L + K is invertible and
we have
1
u= (L+K)_l|:ENf(k,j(u))+Ku] = Fi1(A, B, u). (38)

Notice that F is a 7 -equivariant compact map.
Let (,, x,) be the isolated bifurcation centre given by (B1) and i 8, be the purely imaginary
eigenvalue of J(X,). Define a neighborhood O C R? x W of (A, Bo, Uo) by

O :={(L, Bu) : VO =22+ (B—B)? <e, |lull <r} CR*x W, (39)

where R? is considered as a parameter space (on which all groups act trivially). Note that O
is T-invariant, since every group I'y x S' acts isometrically on A.

Let £ : O — R be an auxiliary function such that £(x, 8, u) > O for |u| = r and
(A, B,u) < O for ||u|| = 0. For example,

CO B u) =V (= 10)> + (B — Bo)2(llull — r) + [lull — %
Define a map F; :0 - R x Wby
F{'()\”IB7M):(g()"vlgvu)vu_Fl()"Vﬂvu)) (40)
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Then, solutions of (34) around (A, x,) are zeros of F; in O. It can be verified that F; is a
T -equivariant compact vector field. By (B1), F; is also O-admissible. Therefore, (F;, O) is
an admissible pair and the lattice-equivariant degree of F; in O

@ (Ao, Bos Xo) := T-Deg' (F;, O)

is well-defined, which we call the bifurcation invariant around (A,, x,).

5.3. Classification result

Using the bifurcation invariant around the bifurcation centre (A,, x,), we can describe the
topological structure of bifurcating branches of periodic solutions of (33) from x, and classify
them according to their synchrony types and symmetric properties.

Definition 5.2 (see [6]). Let A € £ and H C TA x S' be a twisted I-folded subgroup such
that (H) is an orbit type of W. Then, (H) is called dominating, if it is maximal in the class of
all twisted /-folded orbit types of W.

We show that:

Theorem 5.3. Let L be a representation lattice of robust synchrony subspaces of (33) satisfying
(L1)~(L2) and f such that (F) holds. Consider an equilibrium x, € (RFy" of (33) satisfying
(E1)—(E2) and a bifurcation centre (\,, X,) satisfying (B1)—(B2). Let T be the induced lattice
from L given by (37) and O, F; be defined by (39) and (40). Assume that

T-Deg'(F;, O) = Z(ﬁ az), for some a; # 0.
Then,

(i) there exists a branch of non-constant periodic solutions of (33) bifurcating from x, that
are of synchrony type A;
(ii) if moreover, iB, is not an eigenvalue of J(A,)|a/, for any A’ < A, then this branch of
non-constant periodic solutions of (33) is of proper synchrony type A;
(iii) if ax contains a nonzero (H)-coefficient for a dominating orbit tpye (H) = (K?h,
then there exist at least |I"a /K| different bifurcating branches of non-constant periodic
solutions of (33), which have isotropy subgroups y Hy !, for y € Tx /K.

Proof.

(i) follows from the existence property of the lattice-equivariant degree (see theorem 4.3(i)),
and a standard argument using parametrized auxiliary functions (see [6]).

(i) We need to show that the bifurcating solutions given by (i) do not belong to A, for any
A" < A. Let A’ € L be such that A" < A. If iB, is not an eigenvalue of J(1,)|a’, then

Id — D, Fi(Ap, By, ) : A — A/

is an isomorphism. By the implicit function theorem, u, is the unique zero of F; in
0 N (R? x A'). Thus, the bifurcating solutions can not belong to A’.

(ii1) This is a property of twisted equivariant degree (see [6]). For completeness, we give a brief
proof here. Since (H) is a dominating orbit type, there is a bifurcating solution u € A,
whose orbit type is precisely (H). The orbit of u is thus diffeomorphic to ' x S'/H.
By lemma 2.13, 'y x S'/H is a disjoint union of |T's/K| copies of circles, which can
be indexed by their isotropy types ¥ Hy ~! (under the action of 'y x S!), for y € I'/K.
Since every circle represents a (distinct) periodic solution, thus there exist at least [I'p /K|
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Figure 5. A regular coupled cell network of 5 cells.

different bifurcating branches of non-constant periodic solutions of (33), whose isotropy
types are y Hy ~!, for y € T'a /K, respectively. 0

5.4. Example

We investigate a synchrony-breaking Hopf bifurcation in a regular® coupled cell system, which
supports a large number of polydiagonal subspaces and nontrivial quotient symmetries on
these polydiagonal subspaces. This network has been firstly studied in [1] as one of the
twelve 5-cell regular networks which admit a S3-symmetric quotient network, indexed as
the network 6. We analyse the synchrony-breaking Hopf bifurcation for systems associated
with this network in the case of non-simple eigenvalues) and give a classification of the
bifurcating branches of oscillating solutions up to their synchrony types and symmetric
properties.

Consider a 5-cell regular coupled cell network given in figure 5. The coupling structure
of \V can be described by the following adjacency matrix

01 010
1 0010
A=1]1 0 0 0 1},
1 1.0 0 0
1 01 0 O

whose (i, j)th element is equal to the number of arrows from the jth cell to the ith cell. It can
be verified that A has the following spectrum

o(A) ={m =2 p =1y = ps = s = —1}.

In what follows, we discuss a synchrony-breaking Hopf bifurcation in the coupled cell system
associated to N that is related to the non-simple eigenvalue —1 of the adjacency matrix A.
Define f, : R x R? x (R*)? — R? by

folh,x,v,2) i=a(M)x + By + Bz + xyz, 41

where ‘xyz’ stands for the entry-wise multiplication of x, y, z and

1+x -2 11
“(A):<2 1+x)’ ’3:<1 1)'

3 A coupled cell system is called regular if it is homogeneous and contains only one type of coupling.
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Consider the coupled cell system on N (with two-dimensional internal dynamics) given by

X1 = fo(, x1, X2, X4)
X2 = fo(h, X2, x1, X4)
X3 = fo(A, x3, x1, X5) (42)
X4 = fo(X, x4, X1, X2)
X5 = fo(A, x55 X1, X3),

where x; € R%, A € R and fo is defined by (41). Then, x = 0 is an equilibrium.

5.4.1. The spectrum of the Jacobian. Let f : R x (R?)> — (R?)? be the right-hand side of
(42). It was shown in [13] that the linearization J (A) = Df, (A, 0) of f at (A, 0) has the form

JM=aM)®L+BRA,

where Is : R — R’ is the identity matrix. Also, the eigenvalues of J (X)) are the union of the
eigenvalues of the 2 x 2-matrices M), := a(A) + uB, forall u € o (A). Moreover, if v € C’is
an eigenvector of A and u € C? is an eigenvector of M,,, then u ® v is an eigenvector of J (1)
(cf [13]). More precisely, J (1) has the following eigenvalues and eigenvectors

My, 012 =3+%+4i (;') ® v, (;) ® v
, 1 0
My, 034 =2+A=E3i, 0 ® va, 1 Q v2

. —i i
M_y, 05678910=A=E1, ( | > ® vy, (1) ® vj,

where vy, vy, v; for 3 < j < 5 are eigenvectors of A corresponding to 2, 1, —1. Consequently,
(42) has three isolated bifurcation centres (—3,0), (—2,0) and (0,0). We describe the
synchrony-breaking bifurcation around (0, 0), i.e.

()\0’ /30’ -xo) = (0, 1’ O)

5.4.2. The polydiagonal subspaces. Invariant polydiagonal subspaces of the adjacency matrix
A were listed in [1], which form a lattice in figure 6, where a, b, ¢, d, e € R. Note that R2QU
is J (1)-invariant, for every A-invariant linear subspace U C R>. Thus, the lattice in figure 6
is the lattice of polydiagonal subspaces of (42), for a, b, c,d, e € R2.

Denote by

U:=H'\S"; U),
the first Sobolev space of 27 -periodic functions valued in U, for U € L. Let
T:={U : U € L).

Then, 7 is arepresentation lattice with structure {U , Ty xSt hy.y» x1d}, whereld : S I gl
is the identity homomorphism.

5.4.3. The representation lattice. Let L be the lattice given by figure 6. For every U € L,
there is a quotient network associated to U, whose network structure is given by A|y (the
adjacency matrix A restricted to U). A quotient symmetry associated to U, say ['y, is a
symmetry of the quotient network associated to U. It follows that 'y is a symmetry of (42)
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A

Ay Ay An A1z A1z An
(a,b,a,a,b) (a,a,b,b,a) (a,a,b,a,b) (a,b,b,b,b) (a,b,b,a,a) (a,a,a,b,b)

(a,b,c,c,b) @,a,b,a,c) . °, (a,b,b,c,c)

(a,b,c,b,d) (a,b,d,c,d) (a,a,b,c,d) (a,b,c,a,d)

(a,b,c,d,e)

Figure 6. The lattice £ of invariant subspaces.

when restricted to R> ® U. It can be verified that (42) has the following (nontrivial) quotient
symmetries:

Fa, =Ta =Ta, =5 = Ds, La, =Tap =Tap =Tay = 2o,
where D3 acts as permutations on symbols a, b, ¢ and Z, = (k) acts on Agy, Agz, Aoz by
k:(a,b,c,d,e)— (a,b,e,d,c).

However, for any choices of homomorphisms hy ¢’s, {U, 'y, hy v} <7 does not give
a valid structure of representation lattice to £. Indeed, a necessary condition for £ to
be a representation lattice is that U is ['y--invariant subspace of U’, for all U < U’
(see definition 3.2 (ii)). But we have that Ays, A4y, Aj3 are not Ds-invariant in Ay,
Aq3, A2, A1 are not Ds-invariant in Aq; and A3, As, Ag are not Ds-invariant in Ag;. In
fact, in each of these cases, the three subspaces form one orbit under Ds-action.

Let L = L \ {A43, Ag1, A1z, Az, Aqr, Az, As, Ag} and Ty be the quotient symmetry
related to U, for U € L (see figure 7). The arrows in figure 7 stand for homomorphisms,
where h, . : Z; — T, are given by the inclusion, h, . : I'y — Z,; are given by the projection
and h, , : Zy — Z, are the identity homomorphism. As shown in example 3.3, £ is a real
representation lattice in V = R? ® R>, with respect to this structure.

5.4.4. The bifurcation invariant. It can be verified that the assumptions (E1)—(E2), (B1)—(B2),
(L1)—(L2) and (F) are satisfied by (42) with f, given by (41) and x, = 0. Thus, the bifurcation
invariant

@ (Ao, Bo, Xo) = T-Deg' (F;, O)
is well-defined. We compute this bifurcation invariant around (X,, 8,, x,) = (0, 1, 0). Write
T-Deg! (F;, 0) = ZM(L?, ag).
Let D3 = Z3 U k73, where Z3 = (£). Define
Zy ={(1, 1), (5.6). €*. M)}, Dy = {(1, 1), (&, D},
Dy ={(1, 1), (k, =D},
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(A, Zl)

a,a,a,a,a

(D21, Zy)

a,a,b,a,b

A

(Ay, Ds) (N, Z3) (A1, D3)

a,bccb a.ab,ac a,b,b,c,c

(Doo, Z2)  (Aoz, Z2)  (Do3, Z2)  (Aor, D)

a,b,c,bd a,ab,cd ab,cad a,b,d,cd

N\

V. Z,

a,b,cde

Figure 7. A representation lattice £ in R* ® R>.

which are subgroups of D3 x §'. Define
Zy = {1, 1), (=1, -1} C Z, x S".

Then, we obtain (see the appendix for details of computations)
T-Deg'(F;, 0) = (A1, =2(Z4) — 2(Dy) — 2(D§) +2(Z)) + (A2, —(Z3))

+(A4, —2(Z%) — 2(Dy) — 2(D5) + 2(Z)) + (Ao, —2(Z%)

—2(Dy) = 2DY) +2(Z)) + (Boo, —(Z3)) + (Do, =(Zy)

+(Bo3, =(Z)) + (W, 13(Z)),
where the highlighted A, A,, A4, Ag satisfy the condition of theorem 5.3(ii) and the

dominating orbit types in these polydiagonal subspaces are in the bold font.
Consider A = A; >~ R3 (thus 'y = Ds) and

ag, = —2(2%) — 2(Dy) — 2(D}) +2(Zy).

Since a A contains a nontrivial (Z g)—term, by theorem 5.3(iii), there exist at least | D3 /Z3| = 2
different branches of non-constant periodic solutions of (42), whose isotropy types are Z}
and kZ4k !, respectively. More precisely, the branch with the isotropy type Z; has the form
(see example 2.14)

) = t 1 T t 2T
u(t) = (x( ),x( +§),x( +?>>

-1

and the branch with the isotropy type xZk ' is of form

t) = t l‘+2T t+T
0= ({5 ) o (43))

By theorem 5.3(ii), these branches of solutions are of proper synchrony type A;. Similarly,
since a A contains a nontrivial (D)-term, there exist at least |D3/D;| = 3 branches of
non-constant periodic solutions of (42), whose isotropy types are D;, § D& -1 §2D1$ -2,
respectively, and they have a proper synchrony type A;. Also, the nontrivial (D?)-term
indicates the existence of |D3/D;| = 3 branches of non-constant periodic solutions of (42),
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Table 2. The summary of synchrony type and symmetric properties of all topological bifurcating
branches of solutions from x, = 0 of system (42).

Synchrony ~ Symmetry  Form of Periodic Solutions (for some period 7')

Ay z

X, 2+ D), xt+ L), x e+ 2L, x( + %))
(a,b.b,c,c)

(
Y/ (x(t),x(t+%),x(t+%),x(t+%),X(H_%))
Dy (x(t),y(t),y(z),x(t),x(;)) cAnp
ED ™! (x(t),x(t),x(t), y(1), y(t)) € Ap

£2Dg72 (x(z),y(t),y(t),y(t),y(t)) c Aps

D} (x(z>, y(®), y(®), x(t+5), x(t + g>), for y(t) = y(t + 1)
gDjE™! x(®,x@+ D) x@t+ D), y@), y@®)), for y@) = y(t + L)
E2DiE2 x(0), y(), y(©), y(t + L), vyt + D)), for x () = x(r + 1)

D} x(t), (1), 2(0), x(t + ), z(r)), for y(1) = y(t + %)
(1), 5+ 5), 20, y(0), 20)), for y(1) = y(t + 5)

x(0), (1), 20, Yt + 5), 2, for () = x(t + 5)

§DjE!
§2Djg 2

B (x@. 20, v, x0, ya + D))
. z, (x(l),x(t+%),x(t+ZTT),x(t+ZTT),x(t+§)>
K Zhic™! (x(z),x(t+%T),x(t+%),x(t+§),x(f+%r))
Dy (. Y0, 500, x0), ¥0)) € Asg
EDi1ET (¥ x (0,50, ¥, x()) € Ay
£D1E2 (x0). 0, 0, Y1), y0) € Ars
D (xm, YO, x @+ ), x(t+ ). y(r)), for y(t) = y(t + %)
DiE (x0,x0+ D)y, 50, x@ + D). for vy =yt + 5)
£Dj672 (x50, 50+ D),y + D). y0). forx()) = x(t + 5)
B (x.x@+ Dy, x0+ F),y0)
ez (x@, x50+ 5. v0)
D (¥, y®). 2. 500, 20)) € A
D15 (X020, 200, ¥, 20)) € Ag
£01E2 (x0. 0. 200, 0,200 € As
(
(
(

whose isotropy types are Dj, § D& !, £2D€ 2, respectively (see table 2), and they are of a
proper synchrony type A;.

An analogous analysis can be applied to A, Ag and Agy;. A summary of these bifurcating
solutions can be found in table 2. In brief, we predict 8 different branches of non-constant
periodic solutions of proper synchrony type A;; 1 branch of non-constant periodic solutions of
proper synchrony type A,; 8 different branches of non-constant periodic solutions of proper
synchrony type Ay4; and 8 different branches of non-constant periodic solutions of proper
synchrony type Ag.

Note that we do not exclude the possibility of additional periodic solutions bifurcating from
x, = 0, besides those listed in table 2, since as a topological invariant, the lattice degree gives
only a lower estimate of the number of solutions. In other words, other non-constant periodic
solutions (also possibly symmetric and/or partially synchronized) may bifurcate from x, = 0.
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6. Conclusions

We introduce representation lattices in Banach spaces and maps that are compatible with
respect to this structure—lattice-equivariant maps. We define a degree theory, called the
lattice-equivariant degree, for lattice-equivariant maps on lattice invariant domains, using
an alternating-sum type of formula and the twisted equivariant degree (see definition 4.2).
Based on an equivariant version of the Schauder projection, we extend this degree to infinite-
dimensional lattice representations for compact lattice-equivariant vector fields.

We study a synchrony-breaking Hopf bifurcation in homogeneous coupled cell systems,
using the lattice-equivariant degree. In this case, the representation lattice is given by the lattice
of partial polydiagonal subspaces admitted by the system and the action group is given by the
symmetry of the corresponding quotient network. We associate a bifurcation invariant to
bifurcation points using the lattice-equivariant degree, and show that the bifurcation invariant
gives a topological classification of all bifurcating branches of oscillating solutions according
to their synchrony types and symmetric properties (see theorem 5.3). As an example, we
investigate a ten-dimensional coupled system of 5-cells, which has quotient symmetries of
Z, and S3. We obtain a synchrony- and symmetry-classification of the total 25 bifurcating
branches of oscillating solutions (see table 2).
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Appendix: Computation of the bifurcation invariant

We give the details of the computation of the bifurcation invariant
@ (Ao, Bo, Xo) = T-Deg' (F¢, O),

associated with the bifurcation centre (A,, B,, x,) = (0, 1, 0) of the system (42).
Recall that by definition,

T-Deg' (Fr. 0) = Y _(U.ap),
UeL
where
ag =Ty x $'-Deg' (F¢lga, . O N(R* x U)) = Y Hyry(ag).
U'<U

Let I =Ty, F = Fylp, 5 and @ = O N (R? x U) for some U € L. The twisted degree
I x S! -Deg’ (F, ©2) can be computed from the following formula (cf [6])

I' x S'-Deg' (F, Q) = n H(degvi)mi(ﬂ) ) th.,()\o, Bo)degy, .
neos(J(ho)) i Jid

where 0..(J(A,)) is the positive spectrum of J(A,), deg,, is the basic degree of the i-th
irreducible representation of I" over reals, m; (i) = dim (E(x) N V;)/dim V; is the algebraic
multiplicity of « when restricted to the i-th isotypical component of the eigenspace E(u),
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degvj,, is the basic degree of the (j, [)-th irreducible representation of I' x S' over complex
numbers, and #; ;(A,, B,) is the (j, [)-th isotypical crossing number of (%,, 8,).

In our example, since o, (J(X,)) = ¥ and ilB, is only a critical eigenvalue for [ = 1, we
have

I x S'-Deg'(F, Q) = Zt.ﬁl(}‘w Po)degy, ;.
J

Computation of ax. Inthis case,I' = 'y = Z;. Consider A® = R* ® C ~ C? as a complex
Z,-representation. Then, the Z,-isotypical decomposition of A€ is

A = Uy & Uy,
where Uy is the trivial (complex) Z;-representation. Thus,

Ta x S'-Deg (F¢lpay i, O N (R? x A)) = 19,1 (Ao, f)degy, .
Consider J(A) as a complex linear map in A€. Then,

JA) =a(r) +28, and o(J(A)) = {o12}.

Since o (J(%,)) N iR = @, there are no eigenvalues crossing the purely imaginary axis, as A
crosses A,. Thus, #,1(X,, B,) = 0 and consequently,

ag =T x S'-Deg' (F |2, x» O N (R? x A)) = 0.

Computation ofaAZI. In this case, I' = I'a,, = Z;. Similarly, we have
A5 =Uy® Uy @ Uy @ U,
where U is the trivial (complex) Z;-representation. Thus,
Fag % §'-Deg' (Fylpagz, . O N (R x Ra1) = 10,1 (o Bo)degy, -

Consider J (1) as a complex linear map in Af,. Then,

s =ao®po(] 1), wd oUG) = ol

Since o (J(A,)) NiR = @, we have # 1 (%,, B,) = 0. Thus,
ax, =y x S'-Deg' (Flpayi, . O N (R x Ayp)) —0=0.

Computation of ag,. In this case, I' = T'a, = Z,. Consider A} = RO®C ~ Clasa
complex Z,-representation. Then, the Z,-isotypical decomposition of Af is

ANS=UydUydUy® Uy ® U, & Uy,

where Uj is the trivial (complex) Z,-representation and U, is the Z,-representation given by
antipodal action. Thus,

Fay X §'-Deg' (Flges,. O N (R x A2) =t (ho Bo)degy, | + 11,1 (hos Br)degy, .

Consider J (1) as a complex linear map in A§. Then,

2.0 0
JM=aR*+gx |1 0 1], and o (J(L) = {012, 03.4, 05,6}
1 10

Thus, 10,1 (Ao, ,30) = 0 and tl,l()\-o’ ,30) = —1. Therefore,
ax, = FAZ X Sl-Degt(Fﬂ]szAz, on (Rz X 52)) -0-0= _degVu'
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Here V;; >~ U, is a Z, x S'-representation given by ‘complexifying’ the Z,-action on
U, that is (¢, 2)w = z&w, for & € Z,, z € S', w € C. The orbit type of w # 0 is
Zy = {(, 1), (=1, =1)}. Thus, deg,, = (Z,) and so

az, = —deg,, = —(Z,).

Computation of a,. In this case, I' = I'n, = D3. Consider Ay = RO®C ~ Clasa
complex Ds-representation. Then, the Ds-isotypical decomposition of Aj is

Ay=Us®Uy® U @ U,

where Uj is the trivial Ds-representation, U; >~ C & C is the complex D;-representation given
by £(z1,22) = (521, 6 ' 22), k (21, 22) = (22, 21), for z1, 2 € C. Thus,

La, X §'-Deg' (Flge,z,» O N (B2 x Ag) = 101 (o Bo)degy, | + 1,1 (ho, B)degy, .

Consider J (1) as a complex linear map in Aj. Then,
01 1

JMN=a@R*+p |1 0 1], and o (J(L) = {012, 05678}
1 1 0

Thus, 79,1 (Ao, Bo) = 0 and 1,1 (Ao, B,) = —2. Therefore,

az, = Tay x Sl_Degt(F€|R2xA4’ ONER?x Ay))—0= —2degy, .
It was shown in [6] that (cf example 2.14 for the definition of Z; and D7)

degy, = (Z%) + (D) + (D) — (Zy).
Thus,

az, = =2(Z5) — 2(Dy) = 2(D}) +2(Zy).

Computation of ay . In this case, I' = 'y, = D;. Consider Ay = RO®C ~ Clasa
complex Ds-representation. Similar as the case for A4, the Dj3-isotypical decomposition of
Afis

A{=Ud Uy U, @ U,.
Thus,
s, x S'-Deg' (F¢lgayx,. O N (R x A1) = to,1 (o, Bo)degy,, + 11,1 (ho, Bo)degy, .

Consider J (1) as a complex linear map in A{. Then,

JMN=aR*+8®

0
1 , and o(J(A) = {012, 056,78}
1

1 1

0 1

1 0

Thus, ty,1 (A,, Bo) = 0 and t; 1 (A,, B,) = —2. Therefore,

ag, =Ta, x S'-Deg (F¢lgayx,. O N (R x A1) — 0 = —2deg,,
= —2(Z5) — 2(Dy) — 2(D5) +2(Zy).
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Computation of ag . In this case, I' = I'n,, = Z,. Consider Ay, = REQC ~Clasa

complex Z,-representation. Then, the Z,-isotypical decomposition of Ag, is
Ajpy=Usd U@ Uy U@ Usd Uy @ U, ® UJ,

where U is the trivial (complex) Z,-representation and U, is the Z,-representation given by

antipodal action. Thus,

Tag X S'-Deg' (Felgay 5,0 O N (R? x Ago)) = 10,100, Bo)degy, | +11,1(ho, Bo)degy, .
Consider J (1) as a complex linear map in Ag,. Then,

0 2 0 O
1 1 0 O

JM)=a®R*+p® L oo 1l and o(J(A) = {012, 034,05673}
1 01 O

Thus, f9.1(Ao, Bo) = 0 and #; 1(A,, B,) = —2. Therefore,

Tap % §'-Deg! (F¢lgoyz,,. O N (R x Agp)) = —2deg,, | = —2(Z;).
On the other hand, Ha, a,, = Id, since ha, A, = Id. Consequently,

ag,, = —2(Zy) = Haya( = (Z,)) = =2(Zy) + (Zy) = —(Zy).

X Aoo

Computation of aj ,. This is a similar case as for Agp. We have I' = I's,, = Z, and the
Z,-isotypical decomposition of Ag, is

Ay =Us@ Uy @ Uy ® Uy ® Uy ® Uy ® Uy ® Uy,
where Uj is the trivial (complex) Z,-representation and U, is the Z,-representation given by
antipodal action. Thus,
Tag x S'-Deg! (Fylga, 5,0 O N (R x R2)) = 10,1 (hos Bo)degy, | + 11,1 (o, Bo)degy, -
Consider J (1) as a complex linear map in Ag,. Then,

1 01 0

JW)=a®R*+p® boot , and o(J(A) ={012,034,05678}
200 0 20034 0567,
1 1 0 0

Thus, t9,1 (Ao, Bo) = 0 and t; 1 (A,, B,) = —2. Therefore,

[ag % S'-Deg’ (F¢lgaya,,. O N R x Apy)) = —2deg,, | = —2(Z;).
On the other hand, Ha, a,, = Id, since ha, »,, = Id. Consequently,

ap,, = —2(Zy) —Hayne (— (23)) = =2(Z3) + (Zy) = —(Z3).

XA()z’

Computation of a Aos- Similar to Agy and Ay, we have

Tap % S'-Deg! (F;lgay &, O N (R? x Agz)) = to.1(ho, Bo)degy, | +11,1 (Ao, Bo)degy, |-
Consider J () as a complex linear map in Ag;. Then,

1 1 0 0
2 0 0 O

JAM=a@R*+8® Lo o 1l and o (J(A) = {012,034, 05675}
1 01 0

Thus, #9,1 (Ay, Bo) = 0 and t 1 (A,, B,) = —2. Therefore,
Tag X S'-Deg' (Felpayz,,. O N (R? x Agg)) = —2degy, | = —2(Z;),

X A()}
and

ag,, = —2(Z3) —Ha,an(— (Z7)) = =2(Zy) + (Zy) = —(Z3).
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Computation of ag . In this case, I' = I'p,, = Dj. Similar to the case for A, A4, one
shows that the Ds-isotypical decomposition of Ag, is

A =Us®Uy@ Uy @ Ug® U, ® Uy
Thus,
Fag % Sl'Deg[(FURZXAOp 0 N (R x Ag)) = 10,1 (Ao, Bo)degy, | +11.1(Ao, Bo)degy, .
Consider J (1) as a complex linear map in Ag,. Then,
0

JMN)=a®@R*+8®

0
0
| and o(J(A) = {012,034, 05673}
0

1 1
1 0 1
1 0 oy’
1 1 0
Thus, t9,1 (Ao, Bo) = 0 and t; 1 (A,, B,) = —2. Therefore,
FAm X Sl'Degt(FithxAm’ on (Rz X AOI)) = _ZdegVU

= —2(Z3) — 2(Dy) — 2(D5) + 2(Zy).

Consequently,

ag, = —2(Z5) = 2(D1) = 2(D}) +2(Zy).

Computation of aw. In this case, I' = I'y = Z;. Consider V¢ = R°®@ C ~ C% as a
complex Z,-representation. Then, the Z;-isotypical decomposition of V¢ is

VE=Uy@ Uy ® Uy @ Uy @ Up ® Uy ® Up ® Uy ® Uy @ Uy,
where Uy >~ C is the trivial Z;-representation. Thus,
Ty x S'-Deg' (F;[r2xw, O N (R x W) = 1o,1(%o, Bo)deg,, .
Consider J()) as a complex linear map in V¢. Then,
JW)=a®R*+BQ A, and o(J(W) = {012,034, 056,7.809,10}-
Thus, t9 1 (Ao, Bo) = —3. Therefore,
'y x §'-Deg' (F¢ [r2xw. O N (R* x W)) = —3deg,, = —3(Zy).
Consequently,
aw = —3(Z1) — Ha, ,v(ag,) —Ha,v(ag,) —Hayv(ag,) —Ha, v(ag,)
—Hag,v(az,) —Hag,v(ag,) —Hapv(ag,) —Hagviag,,)
= —3(Zy) — 3Ha, v(ag,) —4Ha, v(az,)
=(=3-3-(=4 —4-(=D)(Z) =13(Z),

where the last equality used the fact thatif h : Z; — G is the inclusion homomorphism, then
by definition of H, H((K)) = x.(G/K) (Zy), for (K) € ®(G).
In summary, we have

T-Deg'(F;, 0) = (A1, =2(Z5) = 2(Dy) = 2(D}) +2(Z) + (B2, =(Z;))
+(Ag, —2(Z4) — 2(Dy) — 2(DY)
+2(Z)) + (Aor. —2(Z%) — 2(Dy) — 2(D}) +2(Zy))
+ (A0, —(Z3)) + (An2. —(Z3)) + (Bo3. —(Z3)) + (W, 13(Zy)).
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