PROCEEDINGS OF THE LATVIAN ACADEMY OF SCIENCES. Section B, Vol. 59 (2005), No. 6 (641), pp. 20-30.

Applied Equivariant Degree. Part Ill: Global
Symmetric Hopf Bifurcation for Functional

Diferential Equations

Zalman Balanov, Wieslaw Krawcewicz*, and Haibo Ruan*

Department of Mathematics and Computer Sciences, Netanya Academic College, Netanya 42365, ISRAEL

E-mail: balanov@ mail.netanya.ac.il

*Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, Alberta T6G 2G1, CANADA
E-mail: wkrawcew @ math.ualberta.ca Email address: hruan@math.ualberta.ca

Communicated by
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1. INTRODUCTION

The present paper is the third in a series devoted to the
equivariant degree theory and its applications to nonlinear
problems admitting a certain (in general, non-abelian) com-
pact Lie group of symmetries.

Let 7 : R — R be a continuously differentiable function,
Wt)#0forall r € R, A(0) >0, and g : R — R a continu-
ously differentiable map such that g(0) = 0 and g (0)> 0.
Consider a system of FDEs of the type

%x(f)=—0Cx(t)+0€H(x(t))'C(G(x(l—l))), (D

where

[x!] [g(xh ] [ x|

x=lx:2 |LG<x)=|g(f2) 1| h(’f2)|L
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and C is a symmetric n X n matrix (such a system describes
n identical cells coupled by diffusion between certain se-
lected cells (see (Alexander and Auchmuty, 1986; Ashwin
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et al., 1990; Balanov er al. 2005a; 2005b; Krawcewicz and
Wu, 1999; Krawcewicz et al., 1993; Turing, 1952; Wu,
1998) and references therein for more physical details)).

Suppose, in addition, that the geometrical configuration of
these cells has a symmetry group I'. The group I" permutes
the vertices of the related polygon or polyhedron, which
means it acts on R" by permuting the coordinates of the
vectors x € R". Clearly, system (1) is symmetric with re-
spect to the corresponding I" representation on V := (R" , T
(C commutes with it). Put S':=R/2n Z and let W := {S1 -
V} be a “reasonable” functional space where periodic solu-
tions to system (1) “live”. Consider the natural I" X S'action
on functions x € W defined by (y, e™)x(t) := y(x(t + T )),
VyeTand e € S', and take a function X, € W being a pe-
riodic solution to (1). A subgroup H= {heI'xS ! } is called
a symmetry of x,.

The goal of our paper is to study the global behaviour of
branches of nonconstant periodic solutions to (1) bifurcating
from the trivial one according to their symmetries. Being re-
stricted in size, we consider here only the case where I' is a
dihedral or tetrahedral group (see Theorems 3.1 and 3.2).
Our approach to study system (1) is based on the
equivariant degree theory (a short exposition to this concept
is given in Section 2). For the historical comments and bib-
liography (including the symmetric local bifurcation phe-
nomenon in system (1)) we refer to (Balanov et al., 2002;
Balanov er al., 2005a; Chow and Mallet-Paret, 1978; Chow
et al., 1978; Erbe et al., 1992; Krawcewicz et al., 1997;
Krawcewicz and Wu, 1997; Krawcewicz and Wu, 1999;
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Krawcewicz et al., 1993; Mallet-Paret, 1997; Mallet-Paret
and Yorke, 1982; Wu, 1998).

2. METHOD
2.1. Equivariant Jargon and Notations

To give an exposition to the equivariant degree theory we
need some preliminaries.

Hereafter, G =I'x S', where I'is a finite group. For a closed
subgroup H of G we denote by (H) the conjugacy class of H
in G, N (H) is the normalizer of H in G, W(H) = N(H)/H is
the Weyl group of H in G and J(G) is the set of all
conjugacy classes in G (this set admits the natural partial or-
der: (K) < (H) if K is conjugate to a subgroup of H).

Let W be an isometric Banach Grepresentation. For x € W
denote by G, = {g € G : gx = x} the isotropy group of x and
we will call the conjugacy class (G,) the orbit type of x in
W. Let X € W be an invariant subset. We will denote by
j(G X) the set of all orbit types (G,) for x € X and put

={xeX:G DH}, Xy:={xeX:G, =H] Xy =
G(XH)

Let Q be an open bounded G-invariant subset of R ®W (G
acts trivially on R) and let f: R @W — W be a continuous
equivariant map (i.e. f{gx)= gfix) for all g € G and x € Q).
Then fis called Q-admissible if f{x) # 0 for all x € 0Q. The
pair (f, Q) is then called an admissible pair.

We refer to (Bredon, 1972) for the equivariant jargon fre-
quently used throughout the present paper.

2.2. Twisted Subgroups and Dominating Orbit Types

Hereafter, V stands for an orthogonal G-representation.
Consider the set

®,(G)x={(H)e J(G):dimW(H)=1}.

It is easy to check that the elements of ®,(G) are the
conjugacy classes (H) of the socalled @-twisted I-folded sub-
groups of IxS' with [ =0, 1,2, ..., ie.

H=K"={(v.0ek s"o(y)=2'}

where K is a subgroup of I" and (p K—S'isa homomorph-
ism. Notice that N(K') =Ny xS', where N, = {y € N(K):
Y 1 K(p(yky 1) (p(k)} Therefore, for every (H) € ®,(G)
the Weyl group W(H) has a natural orientation invariant
with respect to the right and left translations. We will also
assume that, for every orbit type (H) in J(G, V) there is a
fixed orientation of the subspace (and, consequently,
also of the space R evi).

We denote by A,(G) the free Z-module generated by the
symbols (H) € ®,(G). Then any element o.€ A,(G) can be

written as a finite sum
oa=ny (H)+ny (Hy)+.4ny (H,), ny € Z.
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Definition 2.1. Let W be a Banach G-representation and let
D, (G, W) be the set of all orbit types (H) € AG, W) with
(H) € ®,(G). The maximal orbit types in ®(G, W) are
called dominating orbit types in W.

Remark 2.1. Dominating orbit types occuring in W can be
easily recognised from isotropy lattices of irreducible com-
ponents of W.

2.3. Primary Equivariant Degree with One Free Parameter

The following Theorem (cf. Balanov et al., 2005c), pro-
vides the standard properties of the socalled primary G-
equivariant degree G-Deg (f, Q) € A;(G) of an admissible

pair (f, Q).

Theorem 2.1. There exists a unique function, denoted by
G-Deg, assigning to each admissible pair (f, ), 2C R @V,
an element G-Deg (f, ) € A|(G) satisfying the following
properties:

(P1) (Existence) If G-Deg(f,Q)= 2 nH(H) is such that
(H)

ny #0 for some (H,) € @, (G), then there exists x, € Q with

f(xo) =0and G, DH,.

(P2) (Additivity) Assume that Q, and Q, are two G-invari-
ant open disjoint subsets of Q such that
]‘71(O)r\£2C£21 U Q,. Then G-Deg (f, Q) = G-Deg (f, Q,)
+ G-Deg (f, Q,).

(P3) (Homotopy) Suppose that h : [0, 1] X R®V —V is an
Q-admissible G-equivariant homotopy. Then G-Deg
(h,,Q) = constant, where h, := h(t, -).

(P4) (Suspension) Suppose V' is another orthogonal G-
representation and let U be an open, bounded G-invariant
neighborhood of 0 in V'. Then G-Deg (fxId,QxU) =
G-Deg (f, Q).

(P5) (Normalisation) Suppose f is normal (cf. Balanov et
al., 2002) and f(x,) = 0 for some x, € Q with (Gxo) = (H)
€e®,(G). Let U be an invariant tube around the orbit
G(xo) S, a posmvely oriented slice to W(H)(x,) in
ROV and 7 (0)nU " )—G( o). Then

) AH).

(P6) (Ehmlnatlon) Suppose [ is normal in Q and
QNf~ 1(0)= 0 for every (0) € @ ,(G). Then G-Deg (f, Q) =
0.

(P7) (Multiplication) Let A(T') be the Burnside ring of T.
There exists a multiplication - :A(T)xA,(G) - A,(G) such
that for any orthogonal T-representation V' and continuous
equivariant map g : V' — V' one has

G-Deg( f x g, QxB)=T-Deg( g,B) G-Deg(f,Q),

where B C V' is the unit ball, g(x)# 0 for x € 0B and I'-Deg
stands for the equivariant degree without free parameters
(see, for instance, Krawcewicz and Wu, 1997).
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Remark 2.2. (i) The simplest equivariantly homotopically
nontrivial maps for which G-Deg can be easily evaluated
are defined as follows. Let v be an orthogonal irreducible
G-representation, O:= {(t, e ROV-1<t<l,|v<2}. De-
fine b : O—V (the socalled basic map associated to V) by
b(t, v) := (I-[Ml+ir)v and put deg,:= G-Deg(b,0) (cf.
Balanov et al., 2005b; 2005¢).

(ii) In a standard way (cf. Ize and Vijnoli, 2003;
Krawcewicz and Wu, 1997) the concept of the (primary)
equivariant degree can be extended to admissible pairs (f, Q)
with QC R@ W and f being a compact vector field on the
Banach G-representation R® W.

2.4. Application of Equivariant Degree: Abstract Setting for
Symmetric Global Bifurcation

Let F: R?®W — W be a G-equivariant map. Assume:

(H1) F is a compact vector field of class cland F A\, 0=0
for all (A,0)e R* @ W;

(H2) The set A ::{ke ]RZ:DWF(}L,O):W—>W is not an
isomorphism }is discrete in R*;

(H3)D, F

1 1
I (A,0) is an isomorphism from w5 tow?s

for all A€ R? and wy e W .

We are interested in solutions to the equation

Fu,w)=0, (weR>*@®W. 2)
By obvious reasons, the points (A,0) are called trivial solu-
tions to (2) (cf. (HI)). All other solutions will be called
nontrivial. A trivial solution (A,,0) is called a bifurcation
point of (2) if in every neighbourhood of (kO,O) in
R? @ W there exists a nontrivial solution to (2). Since, by
implicit function theorem, we have that A, € A if (%,.,0)
is a bifurcation point, we obtain that the set of bifurcation
points is discrete in R? (cf. (H2)). By the same reason, con-
dition (H3) excludes the possibility of a bifurcation of
s'fixed points from (A, 0).

Observe, first, that the primary equivariant degree can be
easily applied as a local bifurcation invariant for the equa-
tion (2). For this purpose, consider a point A, € A and
choose €,r>0 such that D(A,¢) mA={}»O}, where
D(hge)={r:p -2 |<e LF w)#0 for f—Ao|=¢ and
0<|wl<r. Then we can define the set

Q) ={h w)e R @ W:p -1 |<e.lwl<r}; (3)

and choose a G-invariant function 0,:Q(%, ) — R such that

{GOOL,W)<0 if w=0;

0, ,w)>0 @)

it [wl=r
It is clear that the map Fy :Q@,) > R®W, defined by
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Feo (}\., W) = (eo (7\15 W)’ F()\’7 W));

is Q(A o )-admissible, therefore (cf. (H1)) we can define the
element ®(A,) € A, (G) by

@k o):= G-Deg(Fy , Q(kq). 5)

It can be verified that the element o(A ) is independent of a
choice of €, 7> 0. By applying the properties of the primary
equivariant degree we immediately obtain the following lo-
cal bifurcation theorem:

Theorem 2.2. If F RZOW oS W satisfies the assumptions
(HI1)-(H3), and o(A,) defined by (3)—(5) satisfies
(A ) #0, then (\,0) is a bifurcation point of (2). More
precisely, if

W)= D, ny(H) with ny #0,

(H)
then there exists a branch of nontrivial solutions (\,u) bi-
Surcating from (A ,0) such that GOL e H,. If, in addition,
(H,) is a dominating orbit type, then Gy =H,

Below we will discuss the global bifurcation phenomenon
for the equation (2). Let S be the closure of the set of all
nontrivial solutions to (2). Notice that (A ,0) is a bifurcation
point of (2) if (A,0)€ S. Take a connected compontent
C c S. If C contains a bifurcation point (A,0), C is clearly G-
invariant. Notice that, in general, C may be composed of
several orbit types, i.e. C=U g, Cg,, and the global behav-
iour of C 4 can be different for different orbit types (H), for
example, some of the branches C ;) may be bounded, while
the others are unbounded.

The following result can be proved in a standard way and
considered as a global bifurcation theorem.

Theorem 2.3. Assume F:R> ® W — W satisfies the assump-

tions (HI)~(H3) and letC,  be a bounded connected compo-

nent of Sy ) such that Cyy , AR? x{0}=1{Q, 0).0., 0),

esy 0) #0}, where (H,) is a dominating orbit type in W

(see Definition 2.1 and Remark 2.1). Suppose that

OAy)= 2 @ n,]; (H), where «(A ) are defined by the for-
N

mulae similar to (3)—(5). Then 21/2;1 n,lfl0 =0.

Corollary 2.1. Under the assumptions of Theorem 2.3 sup-
pose that N =1 and n,lin #0. Then Cy,, is unbounded.

2.5. Operator Reformulation for System (1)

The problem of finding periodic solutions to (1) can be re-
formulated as an equation of type (2), where W:=H Lshw
is the the first Sobolev space of V-valued functions, F is
given by

o

Fou,B.x)(0)=L+K) [~ 5

() —H (x(1)) - C(G(x(t—B))+
Kx], aeR, >0
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. 1 (2
Lx=x,Kx =%J.0nx(s)ds (we identify x with its imbedding
into C(Sl, V); see Balanov et al., 2005a for the details). Obvi-
ously, F'satisfies (H1). To make F satisfy (H3), it is enough to
assume

Tl] Z o(C) (n:=h(0)g’(0), G(C)) denotes

the spectrum of C). (6)

To take advantage of Theorems 2.2 and 2.3, we need (i) to
study the set A and (ii) to evaluate (.)€ A,(G) for
Ao € A (cf. (H2)).

By taking the linearisation of (1) at zero and using the stan-
dard characteristic operator techniques (cf. Balanov et al.,
2005a; Krawcewicz and Wu, 1999), one can easily prove

Lemma 2.1. (i) Take 0> &, € o(C). Assume M from (6) satis-

fies Egn<—1. Take B [ /2,m] with cosf,, =é and 0.y =
0

in (i), then there exists a positive integer | such that = If,.

(iii) If o(C) is composed of negative numbers and 1 is big

enough, then each element of A can be obtained in the way

described in (i) and (ii).

To compute w@ ) ford, € A, observe that the S'action on

W induces the S 1-isotypical decomposition: W=Ve ®W,,
[ =1,2,..., where V = is WS]is the subspace of colrzllstant
functions and W, = (x, +iy,):x,, € Vi. Also, Vand W,
are ['-invariant and W) as a complex I'-representation is iso-
morphic to the complexification V¢ of V. Thus, the I'-
isotypical decomposition of V together with the G-iso-
typical decomposition of W; induce the G-isotypical
decomposition W =V, ®m®% V.V, where V; (resp. V; ) is
modelled on V; (resp. Vj’l), j=1,..,s.

Take &, and 1 from Lemma 2.1(i) and consider the I'-
isotypical decomposition of the eigenspace EC): E€,)=
EyEo)E, €y)®..®E, ), where E;E,) is modelled on
V. Denote by degV the I™-equivariant degree of the operator
—Id:V; —V; on the unit ball in V,. Combining the compact-
ness argument with Properties (P1)-(P7) one can easily
prove

Lemma 2.2. Assume G(C)z{&l, ...,&k} is composed of
negative numbers, 1 from (6) is positive and satisfies N& ¢ <
—1for all§, € o(C). Take (0.y,B() € A. Then there exist in-
tegers 1< 1, <1, < ... <ly, such that

k r s
(0, Bo) =] TT T(deg” )™ € > (tj,l(OLO’llBO)degvm +

¢=1 &l j=1
it (0 Ly Bo)degy, ) (D)

where m( ) = dim E{ q)/dimVi, the powers are taken in
A( ), “7 stands for the multiplication A( )  A4(G)
A|(G) (see Property (P7)) and t;, (OLO,IPBO) denotes the
(J, lp)-crossing number at ©.,0,) (see Balanov er al.,
2005a).
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3. RESULTS
3.1. System with Dihedral Symmetries

We consider here the system of equations (1) with the
nxn-matrix C (n an even number) of the type

3 1 0 ... 0 1]
1 =3 1 0 0l
C=| : : : : : | 3

)

This system is symmetric with respect to the dihedral group
I'=D, acting on V = R by permuting the coordinates of
vectors. Up to equivalence, the D,, isotypical components of
V are (see Balanov er al., 2005a; 2005b for notations and
details):

hoo

(i) the trivial onedimensional representation V), with deg Vo
-(D,);

(ii) the twodimensional (irreducible) representations V; j=1,
s g— 1, given byyz=y’-zfory € Z, and kz=7(z € C),
where “” denotes the complex multiplication. Put
hi=ged(j,n) and m = % Then deg” =D,)-2D,)-
2(D,)+2(Z, ) formoddand deg” =D, )— D, )~D,)+Z,)

for m even;
v . . . n .
(iii) the onedimensional representation V 5 givenbyd:D,—

7,  O() with deg”” =(D,)-D,).
2

Observe that each subspace Vj ,j=0,1,... ’%’ is an eigenspace

of the matrix C corresponding to the eigenvalue éj:=
--3<0.

2
2cos edh
n
Further, any Vj ,j=0,1,... ,g, is of real type. Therefore, any

G-isotypical component of W, is an irreducible representa-

tion V;; obtained from the corresponding V; by complexific-
ation and defining the S'-action by zv = z-v for z € s' and

s

Ve Vf, where “” stands for the complex multiplication. We

have (cf. Balanov et al., 2005a; 2005b for notations and de-
tails):

deg, =(@j)+ D)+ O~ @, ifmisodd,1<j<n/2
degy | = Z})+ O+ O5)) - Z,) if m = 2(mod 4),1< j <n/ 2
deg, | = @})+ Q)+ Of) - @,) ifm = 0(mod 4),1< j <n/2
degy, =0 ifj=n/2

One can easily observe that (Z ,’; 0<j<n/?2)are dominating

orbit types in W. Take (@, ,,,) € A which is, obviously, re-
lated to the orbit type (D9 ) @f. Definition 2.1, Remark 2.1
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and the list of degv given above). As it was proved in
Balanov et al., (see also Theorem 2. 2), there is a branch
C(D,‘f ) of the orbit type (Dn ) bifurcating from (@, ,p, 0

2 2
The following problem arises: what can one say about the
global behaviour of this branch?

Theorem 3.1. (i) Consider system (1) with C given by (8)
and suppose n.= h(0)g’(0)>1. Assume:

1g(1) 18(n)
AD

0 t#0; lim———
gy >0 Jor all 10 lim S =
Then the branch C in of perlodlc solutions bifurcating
from (O(n s Bn ,0) is un)aounded inR?®W
2 2
(ii) Assume, in addition, the following condition is satisfied:

(A2) There exist constants A, B > 0 and 8,y > 0 with1>3+Yy
such that

|n@| <A+BIA% | |g@)| <A+BIAY. 9)

Then
[O(n/Z ’oo) c {OC (a’B’X) € C(Dd)}

Proof: (i) Suppose that (ot,[3 ,x) is a solution to (1) belong-
ing to C o) Recall that
Ky " D)

D ={ D, =D, ¢ " 1,60, Gy 1) €

where y is 2 X 2 matrix representing the complex multiplica-
2mi 1 0
tionby e ” and K=||: 0 -1 Jis the operator of complex conju-

gation. Then, the symmetry properties of x(f) can be trans-
lated as follows:

|—x0(t) |
X0 oom .
x(t)=| . |1s aF—penodlc solution such that
L ]
x"(t)=xk“(z—gj (mod n) (10)
and
xk(t)=x”_k_1(t—g) (mod n) (11)

Combining (10), (11) with condition (A1) and applying the
same argument as in Krawcewicz and Wu (1999), one can

easily show that the periods p = %T of solutions (o, f,

x)eC o) satisfy the inequality 2 < p < 4. This fact together
with the'isotypical structure of V and W described the above
yield: (a) in Theorem 2.3, N=1; (b) in Lemma 2.2, M = 1; (¢)
in formula (7) the only nontrivial crossing numberisf, =-1

Since degv (D ) j=0l1,. contams anontr1v1a12coeff1—
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cient related to (D,f) (see Balanov et all., 2005a),the applica-
tion of Corollary 2.1 completes the proof.

(ii) By construction and argument given in (i), C c Rx
(m /2,m)xW. Further, using assumption (A2), one can easily
show that there exists a constant M > 0 such that for every pe-
riodic solution x(7) to (1) we have sup{Hx(t)H :te RISM. In-
deed, assume that x(¢) is a periodic solution of (1) and con-
sider the function r(t):= Hx(t)H 2. Since r(¢) is periodic, we have
that there exists 7, € R such that

rty) = sup{ r(0):t € R},

i.e. we have

and r’( ty ): 0,

=2x(ty) * x"(ty) = 2x(ty ) * (~0ux (1o ) +OuH (x (1, )) -

C(Glx(ty ~1))) ==20x(ty )| +20(2) * (H (x(2y))-
C(Gx(ty—1))),

where ¢ stands for the inner product in V . Therefore, by
(A2) we get

)| <lxtg)s (Hx00)-C Gty 1)

<[eto | Il A +Blxtao)| (A +B]xy + )

5+1 5+y+1

<cg +cle(t0)H +02Hx(t0)HY +C3H (O)H

for certain constants Cps €15 €5 €3 > 0. Since d+y +1<2, it
follows that there exists a constant M > 0 such that every
solution s of the inequality

57—l ¥V e, 147 — ¢ 145 — ¢ <0,

satisfies the inequality Isl < M. Consequently,

sup{Hx(t)H ite R}sz(tO )HSM.

Thus, C(D;’) C Rx(n /2,n)><{x e W:lxl< M. Finally, sys-

tem (1) has no nonconstant periodic solution for o = 0, from
which it follows C(,,.y & (0.09)x(m /2,m)x{x € W:lxl < M}

However, by (i), the connected component C(D”) is un-

bounded, therefore [ocn,2 ,oo) c {oc:(oc, B,x) € C(D“) } (o

3.2. System with Tetrahedral Symmetries

We consider here the system of equations (1) with the matrix
C given by

4 1 1

12)
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This system is symmetric with respect to the tetrahedral
group'=A, actingon V = R* by permuting the coordinates
of vectors. We have 6(C) ={§0 =-1, &, =—5}. The isotypical
decomposition of V takes the form: V=V, ®V,, where V
(spanned by the vector <1,1,1,1>) is the fixedpoint subspace of
the A4-action, and V; is equivalent to the natural three-
dimensional representation of A4. These two subspaces are

the eigenspaces of the matrix C: the subspace V|, corresponds
to &, and V; to &, . One can verify that the dominating orbit
types in W are (Z;‘ ), (Zg ), and (V47 ) (see Balanob et all.,
2005a; 2005b for the notations and details). Assuming n>1,
we are interested in the global behaviour of the branch C W)

of periodic solutions to (1) bifurcating from (o, ,, 0) €
Ax{0%

Suppose that (OL,B,)C) is a solution to (1) belonging to C W)
Recall that )

Vi ={(@D.(2)34)1).(13)24)-1).(14)(23)~ D }.

Then the symmetry properties of x(t) can be translated as
follows:

[x'() ]
(,)_I"z(’)I
0T |
L]
with
xz(t)=x‘(z—g} x4(t)=x2(t—gj, (13)
x4(t)=x1(t—g), x3(t)=x2(t—7l;J (14)

Using (13), (14) and following the same lines as in the case
of dihedral symmetries, one can easily establish

Theorem 3.2. (i) Consider system (1) with C given by (12)
and suppose ;= h(0)g’(0)> 1. Assume condition (Al) is satis-
fied. Then the branch C(v*) solutions bifurcating from
(Ocl, [31,0) is unbounded in R* ®W.

(ii) Assume, in addition, condition (A2) is satisfied. Then

[or o) © {oc:(oc,B,x) € C(v;) }

ACKNOWLEDGEMENTS

The research was supported by the Alexander von
Humboldt Foundation and by a grant from the NSERC,
Canada.

Proc. Latvian Acad. Sci., Section B, Vol. 59 (2005), No. 6.

REFERENCES

Alexander, J. C., Auchmuty, J. F. G. (1986) Global bifurcations of phase-
locked oscillations. Arch. Rational Mech. Anal., 93, 253-270.

Ashwin, P., King, G. P., Swift, J. W. (1990) Three identical oscillators with
symmetric coupling. Nonlinearity, 3, 585-601.

Balanov, Z., Farzamirad, M., Krawcewicz, W. (2005a) Applied Equivariant
Degree. Part II: Symmetric Hopf Bifurcation for Functional Differential
Equations [to appear].

Balanov, Z., Farzamirad, M., Krawcewicz, W. (2005b) Symmetric systems
of van der Pol equations. TMNA, [to appear].

Balanov, Z., Krawcewicz, W., Ruan, H. (2005¢) Applied equivariant degree.
Part I: An axiomatic approach to primary degree [to appear].

Balanov, Z., Krawcewicz, W., Steinlein, H. (2002) SO(3) x Sl—equivariam
degree with applications to symmetric bifurcation problems: The case of
one free parameter. TMNA, 20, 335-374.

Bredon, G. E. (1972) Introduction to Compact Transformation Groups. Aca-
demic Press. 459 pp.

Chow, S. N., MalletParet, J. (1978) The Fuller index and global Hopf bifur-
cation. J. Diferential Equations, 29, 66—85.

Chow, S. N., MalletParet, J., Yorke, J. A. (1978) Global Hopf bifurcation
from a multiple eigenvalue. Nonlinear Anal., 2, 753-763.

Erbe, L. H., Geba, K., Krawcewicz, W., Wu, J. (1992) Sl—degree and global
Hopf bifurcation theory of functional ditferential equations. J. Differential
Equations, 97, 227-239.

Ize, J., Vignoli, A. (2003) Equivariant Degree Theory. De Gruyter Series in
Nonlinear Analysis and Applications. 361 pp.

Krawcewicz, W., Vivi, P., Wu, J. (1997) Computational formulae of an
equivariant degree with applications to symmetric bifurcations. Nonlinear
Studies, 89-119.

Krawcewicz, W., Wu, J. (1997) Theory of Degrees with Applications to Bi-
furcations and Diferential Equations. John Wiley & Sons, New York. 374
pp.

Krawcewicz, W., Wu, J. (1999) Theory and applications of Hopf bifurca-
tions in symmetric functional differential equations. Nonlinear Analysis,
35(7), 845-870.

Krawcewicz, W, Wu, J., Xia, H. (1993) Global Hopf bifurcation theory for
condensing fields and neutral equations with applications to lossless trans-
mission problems. Canad. Appl. Math. Quart., 1, 167-220.

Mallet-Paret, J. (1977) Generic periodic solutions of functional differential
equations. J. Differential Equations, 25, 163—183.

Mallet-Paret, J., Yorke, J. A. (1982) Snakes: Oriented families of periodic or-
bits, their sources, sinks and continuation. J. Differential Equations, 43,
419-450.

Turing, A. (1952) The chemical basis of morphogenesis. Phil. Trans. Roy.
Soc. B, 237, 37-72.

Wu, J. (1998) Symmetric functional-differential equations and neural net-
works with memory. Trans. Amer. Math. Soc., 350 (12), 4799-4838.

25




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


