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Abstract

We study systems of coupled units in a general network configuration with a
coupling delay. We show that the destabilizing bifurcations from an equilibrium
are governed by the extreme eigenvalues of the coupling matrix of the network.
Based on the equivariant degree method and its computational packages, we
perform a symmetry classification of destabilizing bifurcations in bidirectional
rings of coupled units. Both stationary and oscillatory bifurcations are
discussed. We also introduce the concept of secondary dominating orbit types
to capture bifurcating solutions of submaximal nature.
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1. Introduction

Networks of coupled systems are known to be capable of a wide range of interesting dynamics,
especially in the presence of time delays [1]. One of the most well-studied types of behaviour
involves synchronization of oscillations in various forms [2], and recent work has revealed
more complicated activity patterns related to the synchronization. As an example, which
has also been a motivation for the present paper, we mention the so-called chimera states: in a
network of identical phase oscillators arranged on a ring, with each oscillator coupled to a fixed
number of its spatial neighbours, appropriate conditions can lead to oscillators splitting into two
contiguous groups, one group oscillating synchronously while the other one incoherently [3],
a behaviour which has also been reported in the presence of time delays [4]. An important
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feature is that such states are observed for identical oscillators and under homogeneous coupling
conditions, i.e. in highly symmetric situations. Thus, a natural question arises as to the relation
of system’s symmetries to its possible dynamical states. The aim of this paper is to present
a systematic investigation of the types of dynamics that can be deduced from the symmetries
and bifurcations of coupled scalar systems under a time delay.

We consider n identical dynamical systems governed by the equation x; = f(x;) for
i =1,...,n,coupled in a general network configuration:
Xi(1) = fxi(@) + kgt — 1), %00 — 1), ..., 50 —1), i=12..,n (1)

Here x; € R, the function g; describes the interaction among the coupled units, and t > 0
is the time delay. The scalar x > 0 denotes the coupling strength; it can of course be
subsumed into the definition of g;, but it is sometimes used as a bifurcation parameter when one
studies the effects of coupling in comparison to the intrinsic dynamics f, or for distinguishing
excitatory from inhibitory coupling by simply changing its sign. The functions f : R — R
and g; : R" — R are assumed to be continuously differentiable; in addition, g; will be assumed
to be equivariant when we consider symmetry. We also assume that f and the g; vanish at the
origin; hence the zero solution is an equilibrium solution of (1). The local stability of the zero
solution is given by the linear variational equation

¥y = f'Oy®+xCyt —1), yeR", @

where the coupling matrix C = [c;;] := [0g;(0)/0x;] is assumed to be a symmetric matrix.
Systems of the form (1) include many well-known examples as special cases. For instance,
the neural network model

(1) = —xi)+g [ Y ayx;t—1) ], 3)
j=1

where g is a sigmoidal function and a;; € R are entries of the (weighted and directed) adjacency
matrix A that describes the coupling among the neurons, has the form of (1). The component
a;;j describes how strongly the jth neuron influences the ith one; the influence being excitatory
if a;; > 0 and inhibitory if @;; < 0. Often one excludes self-coupling, taking a;; = 0 Vi.
Linearization of (3) about the zero solution yields the form (2) with x = g’(0) and C = A.
There are also some variant models which are not strictly in the form (1), for instance pulse-
coupled systems,

(1) = fOi@®) +h(@) - g | D aixjt—1) |, )
j=1

where the influence of the network on the ith unit may be different depending on the state of
the ith unit at that particular time instant. Although (4) is not of form (1) for non-zero 7, its
linearization is still given by (2) with k = h(0)g’(0) and C = A. This is a crucial observation
since many of our bifurcation results will depend only on the linear part (2) of the model at
hand, and thus will also apply to (4) in particular. Also, the term ‘coupling matrix’ is used
in a general way that can take other familiar forms in applications. For example, models of
synchronization typically involve diffusive-type interactions, e.g.,

xi(t) = f(xi() + Zaijg(Xj(t — 1) —xi(t —1)). &)
j=1

Sometimes the order of summation and the function g are interchanged; in this case, (5)
becomes a special case of (3) obtained by setting a;; = — > ji Gij Vi in (3). The linear
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variational equation corresponding to (5) has the form (2) with C given by the negative of the
Laplacian matrix: C = —L = A — D, where D = diag{k,, ..., k,} is the diagonal matrix of
vertex in-degrees k; = ) .; a;;. If the delay pertains only to the interaction between different

j#i
units (so that there are no self-delays), then one obtains a slightly variant system
xi(t):f(xi(t))"'zaijg(xj(t_f)_xi(t))» Q)
j=1

whose linearization can be put into the form (2) (with the identification f(x;) — f(x;) +
g'(0)k;x;) provided that all vertices have the same degree k; = k. In all cases, the matrix C
being symmetric reflects the assumption of bi-directional interactions in the network.

We are interested in the effects of the time delay and the spectrum of C in causing the
zero equilibrium to lose its stability as the system bifurcates into other dynamical states. We
show that, among all the eigenvalues of C, only the extreme eigenvalues (i.e. the smallest
and largest ones) play a role in destabilizing the zero equilibrium. Networks having the
same extreme eigenvalues will exhibit the same destabilizing behaviour, independently of
the precise network configuration. In the presence of ring (dihedral) symmetry, we give
a complete classification of bifurcating states using equivariant degree methods. The ring
configuration is motivated by the setting of chimera states mentioned in the first paragraph,
although we do not focus on chimeras in this paper but aim to capture all emergent dynamics
that can bifurcate from the equilibrium. To illustrate the theoretical results, we use throughout
a ring of size 12 with various coupling configurations, since on the one hand it gives rise
to a large variety of dynamical patterns, and on the other hand, it can be presented in a
manageable size.

Equivariant bifurcations have been extensively studied using various techniques such as
those based on singularity theory, as developed by Golubitsky et al (see [5, 6]), geometric
techniques developed by Field and Richardson (see [7-9]), constructive methods using
algebraic geometry developed by Bierstone and Milman (see [10]) and, last but not least,
equivariant degree methods developed by Ize and Vignoli, and Krawcewicz and co-workers
(see [11, 12]). While geometric methods are based on generic approximations, topological
methods rely on deformations subject to homotopy invariance. Since homotopy generally
allows ‘larger’ changes of maps compared to approximations, topological methods tend to
overlook finer properties of solutions such as stability, but rather they catch the existence. This
is also why topological methods are commonly believed to produce ‘weaker’ results. On the
other hand, they can deal with non-generic situations just as well as generic cases. Results
hold without generic assumptions since homotopy makes essentially no distinction between
generic and non-generic maps. An example of using topological indices to predict non-generic
global equivariant bifurcations with least symmetry can be found in [13]. To compare, the
index in [13] is defined for a subgroup pair (K, H) of the symmetry group I', where K is
normal in H and H/K is finite cyclic, while the invariant we use later is defined for I and
captures every subgroup; the index in [13] is used to predict global bifurcation with at least
symmetry K, while the invariant we use predicts local bifurcation with precise symmetry for
all adequate subgroups in I' (see corollary 4.4 and proposition 4.7); last but not least, while
computations of the index in [13] can be technically involved, the invariant we use can be
computed instantly.

In this paper we use equivariant degree methods to give a complete classification of
bifurcating branches of solutions according to their symmetry properties. This includes
dealing with non-simple critical eigenvalues with non-simple representations in the kernel of
linearization. An additional advantage of using equivariant degree is that it can be effectively
calculated.
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The computational tool we use for exact calculations of equivariant degrees is the
‘Equivariant Degree Maple® Library Package’? (EDML). More precisely, to a given bifurcating
equilibrium, one associates a bifurcation invariant in form of an equivariant degree. Here, the
term ‘invariant’ refers to the fact that the bifurcation invariant remains constant against all
adequate homotopies. The precise value of the bifurcation invariant, once calculated, carries
the full topological information about the bifurcating solutions and gives rise to a complete
classification of bifurcating branches by their symmetry properties. The calculation task of
bifurcation invariants for a given symmetry group I' is taken over by the EDML package.
Examples of this computational approach using EDML can be found in [14-17]. In addition
to the symmetry group I', the software package takes several parameters as input, which are
solely determined by the critical spectrum of the linearized operator. In other words, the exact
value of the bifurcation invariant associated to the zero solution of (1) depends only on the
characteristic operator of (2). In fact, all results that follow from the bifurcation invariant of (1)
remain valid for any I'-symmetric system whose linearization has the form (2), in particular
for systems of form (4)—(6).

Another advantage of using equivariant degree is that its basic degrees can be easily
programmed and calculated in other computer programming languages such as GAP*,
MATLAB, C++, Java, and so on. An existing extension of the EDML package is the ‘Dihedral
Calculator’, which is programmed using the non-commercial language GAP. It is currently
available for dihedral symmetry D, for n < 200°. Other symmetry groups that are supported
by EDML are the quaternion group Qg, the alternating groups A4, As, and the symmetric
group Sy.

Our main results are theorem 4.3, corollary 4.4, theorem 4.5 and proposition 4.7. The
classification results for dihedral symmetry D), are summarized in tables 2-5. Theorem 4.3
gives an existence result of steady-state bifurcations with their least symmetry. Corollary 4.4
using the implicit function theorem sharpens this to exact symmetry. For Hopf bifurcations,
existence resultis stated in theorem 4.5 with the least symmetry. To obtain the precise symmetry
as well as for submaximal isotropies, we introduce the concept of secondary dominating orbit
types (see definition 4.6) to complement dominating orbit types. In proposition 4.7 bifurcating
branches of maximal or submaximal isotropies are predicted with their precise symmetry.

The paper is organized as follows. In section 2, we provide the basic definition of
equivariant degrees and introduce the necessary notation and preliminary calculations for
Dy,. In section 3 we give a brief account of the stability analysis and the derivation of the
basic bifurcation diagram for the linear system (2). We take two quantities o := 7f'(0)
and B := tk& as bifurcation parameters, where £ is an eigenvalue of C. As we shall see,
bifurcations, either of stationary or oscillatory nature, that destabilize the zero equilibrium,
are related only to the extreme eigenvalues of the coupling matrix. The main equivariant
bifurcation results are given in section 4. In section 5 we apply our results to bidirectional
rings of 12 and obtain classification results listed in tables 2—5. For rings of larger size, we refer
to the ‘Dihedral Calculator’ mentioned earlier for calculations of degrees and the method can be
applied systematically. In section 6 we connect the extreme eigenvalues to coupling strengths
by enumerating all possible first-and second-nearest-neighbour coupling configurations of the

3 The Equivariant Degree Maple® Library Package was created by Biglands and Krawcewicz at the University of
Alberta in 2006 supported by NSERC research grant. It is open source and can be freely downloaded, for example,
from www.math.uni-hamburg.de/home/ruan/download.

4 GAP (‘Groups, Algorithms, Programming’) is a non-commercial system for computational discrete algebra. It
provides a programming language and large data libraries of algebraic objects. The system is distributed freely at
WWW.gap-system.org

5 See Dihedral Calculator from MuchLearning http://dihedral. muchlearning.org
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12-cell ring. We conclude by giving simulation examples in a concrete nonlinear system,
namely the neural network model (3).

In closing this Introduction, we note that since the bifurcation invariant remains invariant
against all (admissible, equivariant) continuous deformations on the system, the classification
results we obtain using the bifurcation invariant remain valid under modelling variations within
the framework of symmetry. They may also be useful for systems encountered in real-world
applications that are only ‘approximately symmetric’. For modelling issues on systems with
imperfect symmetry, we refer to [6].

2. Preliminaries

2.1. Groups and group representations

Throughout we consider groups that are either finite or of form I' x S!, where I is a finite
group and S' is the group of complex numbers of unit length.

Let G be a group and H be a closed subgroup of G, written as H C G. Let
N(H) ={g € G : gHg™! = H) be the normalizer of H and W(H) = N(H)/H the Weyl
group of H. The set of all closed subgroups of G can be partially ordered by set inclusion.
For subgroups H, K C G, we write H < Kif H C K; H < K if H C K. The symbol
(H) stands for the conjugacy class of the subgroup H in G; thatis (H) = {gHg™' : g € G}.
The set of all conjugacy classes of closed subgroups of G affords a partial order given by:
(H) < (K)if H C gKg~! for some g € G; similarly, (H) < (K)if H C gKg~' for some
g€G.

Example 2.1. (see [12]) Let ' = Dy, be the dihedral group of order 24, which is represented
as the group of 12 rotations: 1, , n%, ..., n'! and 12 reflections: ¢, ¢n, ¢cn?, ..., ¢n'!' of
the complex plane C, where 7 stands for the complex multiplication by e and ¢ denotes
the complex conjugation. There are two kinds of subgroups in D;: cyclic and dihedral. The
cyclic subgroups are Z1, Z,, Z3, Z4, Z¢, Z12, where Z; denotes the cyclic subgroup generated

by n' withl = lk—z The dihedral subgroups are

12

(k=11 e for0< G <] = -

Jj+ Jj+21
-

D ={Ln.n" .. .n% V. en/ en™, on
where k € {1, 2,3,4,6,12}. If [ is odd, then all subgroups Dy ; for 0 < j < [ are conjugate
to Dyo := Di. If [ is even, then all subgroups Dy ; with j being even are conjugate to
Dyo = Dy; all subgroups Dy ; with j being odd are conjugate to Dy := Dk. Thus,
up to conjugacy relation, we have the dihedral subgroups: Dy, [)1, D, ﬁz, Ds, §3, Dy,
D6 D6, Dq». <

A real (respectively complex) representation of G is a finite-dimensional real (respectively,
complex) vector space X with a continuous map, or action, ¥ : G x X — X such that the map
¥(g, ) : X — X is linear, for every g € G. Banach representations are similarly defined for
Banach spaces with an action for which ¥ (g, -) is linear and bounded. We abbreviate ¥ (g, x)
with gx.

A subset Q2 C X is called invariant if gx € Q2 whenever x € Q2 for all g € G. An action
on an invariant subset 2 C X is called free if the existence of an x € 2 with gx = x implies
g = e is the neutral element. A representation X of G is called irreducible if {0} and X are
the only invariant subspaces in X.
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Example 2.2. (see [12]) The dihedral group D,, for n € N even, has the following real
irreducible representations:
(i) The trivial representation Vy >~ R, where every element acts as the identity map.

(i) For 1 < i < 5 — 1, there is the representation V; =~ R? ~ C given by the following

actions:
nz=n"-z, cz=1,
where ‘-* is the complex multiplication and ‘ ~ ’ is the complex conjugation.
(iii) The representation V» =~ R given by: nx = x and ¢x = —x.
(iv) The representation Vi, =~ R given by: nx = —x and gx = x.
(v) The representation Vz,, =~ R given by: nx = —x and ¢x = —x.

It has the following complex irreducible representations:
(i) The trivial representation Uy >~ C, where every element acts as the identity map.
(i) For 1 < j < 5 —1, there is the representation U; >~ C x C given by the following actions:
Nz z2) = -z, - 22), sz, 22) = (22, 20),
where ‘-* is the complex multiplication.

(iii) The representation ¢z =~ C given by: nz =z and ¢z = —z.
(iv) The representation Z/{%H ~ Cgivenby: nz = —zand ¢z = z.
(v) The representation Uz ., = C givenby: nz = —zand ¢z = —z.

For n € N odd, the dihedral group D, has the above listed irreducible representations (i)—(iii),
where n is replaced with (n + 1). S

Let x € X. By the symmetry of x, we mean the isotropy subgroup of x given
by Iso(x) := {g € G : gx = x} with respect to the group action on X. The set
Orb(x) := {gx : g € G}is called the orbit of x and the symmetry of the orbit is defined by the
orbittype of x, which is the conjugacy class (Iso(x)) of Iso(x). Note thatIso(gx) = gIso(x)g’1
for g € G; thus, the symmetry of the orbit is independent of the choice of x from the orbit.

Let Q2 C X be a subset and H C G be a closed subgroup. Define Qy = {x € X :
Iso(x) = H}. It can be verified that the Weyl group W (H) acts freely on Q. Denote the
H -fixed point subspace in Q by Q¥ = {x € X : gx = x, Vg € H}. In sections 3-5 we use
Fix(H) to denote the H-fixed point subspace, since the space on which G acts will be clear
from context. Note that Qy C Q. Moreover, Q¥ is the disjoint union of 2 5 for all H D H.

Example 2.3. Let I' = Dy; and X = V; be the real irreducible repres~entati0n of Dy, given
in example 2.2. Then, orbit types that occur in X are (Di;), (Dy), (D;) and (Z;) (refer to
example 2.1 for notations), with the corresponding fixed point subspaces:

XP2 ={(0,0)), X' ={(x,0):xeR), X’ ={ref:reR), Xx%=X.

Note that X?' is the disjoint union of subsets Xp, = {(x,0) : x € R, x # 0} and
Xp,, = {(0,0)}. On the subset Xp,, the Weyl group W(D,) = D,/D; = Z, acts freely
by the reflection. On the subset X p,», the Weyl group W(D12) = Di2/Dip 2 Z; acts freely
by the neutral element. o

Finally, we remark that there is a natural way of ‘converting’ a complex I'-representation
into areal I" x S'-representation. Let U be a complex I'-representation. Define aI” x S!-action
on U by

(v, u=2z-(yu), for(y,2)el xS uel, ™

where - stands for the complex multiplication. The obtained representation is denoted by U
and called the I' x S!-representation induced from U. Note that U is irreducible as a real
I' x S'-representation if U is irreducible as a complex I'-representation.
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2.2. Equivariant maps and equivariant degree

Let X, Y be two Banach representations of G. A continuous map f : X — Y is called
equivariant if f(g.x) = g.f(x), forall x € X and g € G, where , and , stand for the G-
actions on X and Y, respectively. In equivariant nonlinear analysis, one is interested in finding
zeros of an equivariant map f in an invariant domain 2 C X. Note that by equivariance, the
set of all zeros of f in €2 is composed of disjoint group orbits; thus one speaks of zero orbits,
instead of zeros, of f.

A map f is called admissible on 2 if f(x) # O for all x € 9. A homotopy
h : [0,1] x X — Y is called admissible if h(t,-) is admissible for all t+ € [0, 1]. An
equivariant degree, intuitively speaking, is an algebraic count of zero orbits of an admissible f
in © with respect to orbit types, which remains unchanged against all admissible (equivariant)
homotopies from f.

In the next two subsections we review from [12] two types of equivariant degrees that
will be used in section 4 for bifurcation analysis. In both cases, the equivariant degree is
first defined in finite-dimensional representations for continuous maps and then extended to
infinite-dimensional Banach representations for compact vector fields.

2.2.1. Equivariant degree without parameters. Let G = I" be a finite group acting on a finite-
dimensional I'-representation X. Let ® be the set of all orbit types that appear in X. That
is, every element of ® is a conjugacy class of a finite subgroup of I". Consider a continuous
equivariant map f : X — X on an open bounded invariant domain 2 C X such that f is
admissible on 2. Define an equivariant degree (without parameter) of f in 2 by a finite sum
of integer-indexed orbit types:

F=Deg(f, =) nx:(K), ®)
where ng € 7Z is an integer counting zero orbits of orbit type (K). One can also think of
I'—Deg as associating to every such pair (f, 2) an integer sequence indexed by the set &
of conjugacy classes. Depending on the value of f on  (with Q = Q U 3Q), the degree
associates different integer values to different conjugacy classes. The precise definition of
ng can be given by the following recurrence formula:

o deg(flos, @) = Tkt - WK - n(K, K) o

) W (K) ‘

We explain the notations used in (9) and their geometric meaning. Recall that QX denotes
the fixed point subspace of K in Q. By restricting f on X, one obtains an (admissible) map
flax : QK — QX Using the classical Brouwer degree ‘deg’, the integer ‘deg ( f|gx, QK)’
counts the zeros of £ in QX. Since not every element in X has the precise isotropy K, one
needs to subtract those zeros of larger isotropies. This is done by subtracting the summands
in (9). Within each summand, n is the integer counting zero orbits of orbit type (K). Since
the Weyl group W (K) acts freely on Q¢, the integer ny - |W(K)| then counts the zeros of
isotropy K. The number n(K, K) is defined as the number of distinct conjugate copies of K
that contain K, formally by

{gel:KcCgKg™)

(10)

Thus, the number ny - |W(IE)| -n(K, IZ) counts the zeros of isotropy K’ for all K’ with
(K') = (K). It follows that the expression of the numerator in (9) gives the count of zeros
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of f having precise isotropy K. Again, since W(K) acts freely on Q2g, we have then the
total expression on the right-hand side of (9) giving the count of zero orbits of f having orbit
type (K).

Example 2.4. Let ' = Dy, and X = V) be the real irreducible representation of Dj, given in
example 2.2. Consider the antipodal map f = —Id : X — X on the unit disc B C X, which
is Dyy-equivariant and B-admissible. As mentioned in example 2.3, orbit types that occur in
V1 are (D12), (Dy), (D1) and (Z,). Thus,

I'—Deg (—Id, B) = np,, - (D2) +np, - (D)) +np, - (D) +nz, - (Zy).
We compute np, using (9). To do so, we first need to compute np,,:

deg (—Id, BP2) 1
nD]Z = —-— - = 17
[W(D12)| 1
where we used the fact BP2 = XP2 N B = {(0,0)}, W(D12) = Z; from example 2.3 and
deg (—Id, R™) = (—1)" for m € {0} U N. Thus, we have
_deg(—Id,BDl)—l-l-l o —l=1
a |W (D) 2
where we used the fact n(Dy, Dy;) = |g—:2| = 1and W(D;) = Z,. Following (9) further, one
shows that

-1,

nD]

['—Deg (—1d, B) = (D12) — (D1) — (D)) + (Zy).

o

The definition of equivariant degree can be extended, in a standard way, to infinite-

dimensional Banach representations for compact equivariant fields, namely, equivariant maps

of the form f = Id — F : D C X — X that are admissible on a bounded domain D such

that F (D) is compact. It was shown in [18] that the equivariant degree defined by (8)—(9), as

well as its infinite-dimensional extension, satisfies the usual properties of degree theory, such
as the existence property which states that

ng 20in (8) = f1(0)N QK #£0,

which can be useful for predicting zero orbits of orbit type at least (K).

2.2.2. Equivariant degree with one parameter. Let G = T x S be the product of a finite group
I" and the circle group S'. There are two types of closed subgroups in G: those subgroups that
are of the form K x S' for some subgroup K C T, or the twisted subgroups of G, defined as
follows.

Definition 2.5. A subgroup H C T x S! is called a twisted I-folded subgroup, if there exists
a subgroup K C T, an integer / > 0 and a group homomorphism ¢ : K — S' such that

H=K":={(y,2): ¢(y) =7}

For I = 1, H is called a twisted subgroup for simplicity. Conjugacy classes of twisted
subgroups are called rwisted orbit types. o

Remark 2.6. Note that the subgroups of the form K x S (for some K C I') and the twisted (I-
folded) subgroups can also be distinguished using the dimension of their Weyl groups. While
the former have 0-dimensional Weyl groups, the latter have 1-dimensional Weyl groups in
I' x S'. Thus, the Weyl group of a twisted (I-folded) subgroup is homeomorphic to a number
of finitely many disjoint circles.
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Example 2.7. Let G = D, x S' be the product group of the dihedral D;, and the unit circle
S' c C. We describe its twisted subgroups H = K?. Clearly, all subgroups of D, are twisted
subgroups with ¢ = 1 € S'. Besides that, there are twisted subgroups that are not contained
in Dyp. These can be classified into two categories: those for which K = Z; and those for
which K = Dy ; (refer to example 2.1 for notation).

Let K = 7 forsome k € {1,2,3,4,6,12}and ¢ : K — S' be given by ¢ (5') = n/’ for
some j with 1 < j < k. Then,

tj

K = {1, 1), o', n/Dy, @ 0, o, g i D) =7 for 1 < j < k.

Among these subgroups, Z;j and Z;f’j are conjugate to each other, for 1 < j < k. Thus, for
Tk
k even, up to conjugacy retlation, we have the twisted subgroups ZQ , Zf, e L= Zz, and
k=1
for k odd, ZQ, Z;f, ..., Zy* . Thatis, we have Zg, Zg‘, Z;‘, Zi, Zg, ZZ, Zg, Z’l‘z, Z’fz, Z’fz,
7,75, 74
12> 120 Z12

Let K = Dy ; forsome k € {1,2,3,4,6,12}and 0 < j <[ = 1k_2 Up to conjugacy, it is

sufficient to consider K = Dy in case [ is odd, and K = Dy, K = ﬁk in case [ is even (see
example 2.1). Let ¢ : K — S! be the group homomorphism such that ker ¢ = Z;. Then,

D! ={(1,1), (", D, *VL 1), (o =D, (snf =), . (en® Y 1)) = D,
and

DY = {1, 1), (', 1)y, 0 V1), (g, =), (6™, =), (e 1)) = D,
if [ is even.

Thus, we have D%, D3, D, D3, D, D5, D3, D§, D, D5,.
In the case k is even, there is a group homomorphism ¢ : K — S' for which ker ¢p = Dg.
Then,

DY ={(, 1), (', =1, @*, D, ..., %V —1), (g, 1), (s, —1),
S (en®V 1)) = DY,

and

DY ={1. D, (', =D, @™, D, ..., %V =1), (s, D, (6™, 1),
(gD 1)) = D¢, if [ s even.

Also, there is a group homomorphism ¢ : K — S! for which ker ¢ = Dg . Then,

DY ={. D, (0", =D, @*, D, ..., %V =1), (5. =1, (g7, D),
o (en®V DY = DY,

and

DY ={(1, 1), (', =D, ", 1), .., %D =1, (en, = 1), (sn™, D),
o (e ED DY = 5,?, if [ is even.

One shows that for / even, D¢ and D¢ are conjugate, and D¢ and D¢ are conjugate. Thus,
in the case k is even, up to conjugacy relation, we have the twisted subgroups D,‘f and D,‘f if [
is odd, and D{ and DY if [ is even. That is, for Dy, we have D¢, D¢, DY, DY, D{, D{, D4,

d nd pd pd pd
Dy, Dg, Dg, Dy, Dy ©
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Let X be a finite-dimensional representation of G and R be the one-dimensional parameter
space on which G acts trivially. Let @, be the set of all twisted orbit types that appearin R x X.
Consider a continuous equivariant map f : R x X — X on an open bounded invariant domain
Q C R x X such that f is admissible on 2. Define an equivariant degree (with one parameter)
of f in Q by a finite sum of integer-indexed twisted orbit types:

I x S'—Deg (f, Q) = Z(H)e@”” - (H), (11

where ny € Z is an integer counting zero orbits of the twisted orbit type (H). More precisely,
ny can be computed by the following recurrence formula:

_ deg (flon, @) =3 o n - n(H H) - IW(H)/S'|
- |W(H)/S'|

in the same spirit of (9). We explain the notation in detail. Again, ny is supposed to count
the zero orbits of orbit type (H) in 2, or equivalently, the zero orbits of isotropy H in Q7.
Restricting the map f on Q' we consider f|qn : QF — Q. Since W (H) is homeomorphic
to |W (H)/S"| copies of finitely many disjoint circles (see remark 2.6) and |W (H)| acts freely
on Qy, the number ny|W (H)/S'| counts the copies of circles in the zeros having isotropy H
in Q. Using the classical S'-degree (e.g. see [11]), the integer deg , (f|q#, ) counts the
number of circles in the zeros of f having isotropy Z; in Q. The first sum then counts the
total number of circles in the zeros of f in Q. The summand in the second sum counts the
copies of circles in the zeros of f which have isotopy H, where the number n(H, H) is given
by (10). Thus, we obtain from the numerator the number of circles in the zeros of f in Q¥
with precise isotropy H. Divided by the number |W (H)/S'| of copies in W (H), this gives
the count of zero orbits with precise isotropy H.

This degree can be extended to infinite-dimensional Banach representations for compact
equivariant fields. The resulting degree satisfies all classical properties of an equivariant degree
theory, among which the existence property plays an important role for our purpose:

ng #0in(11) = 10N Q" £4.

nH

3. Stability analysis and the bifurcation diagram

We now consider the coupled system (1) and the corresponding linear variational equation (2)
about the zero solution. For t > 0, it is convenient to rescale the time ¢+ — ¢/t so that the
linearized equation takes the form

y(®) =tf 0)y@) +cCyt — 1). (12)
The characteristic operator A(A) : C* — C" for (12) is
AN = (A —1f (0], — tke™C, (13)
and the corresponding characteristic equation is
det AW = [ (A=f/(0) — tke ™€) =0, (14)
§eo(0)

where o (C) denotes the spectrum of C.

Since C is assumed to be a symmetric matrix, we have o (C) C R. In this case, each
of the factors on the right side of (14) can be analysed using well-known methods for scalar
delay equations with real coefficients [19,20]. Thus, let £ € o(C) C R and consider the
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Figure 1. Bifurcation diagram of the characteristic equation (14). The curves indicate
the parameter values for which the characteristic equation has a root on the imaginary
axis. The curves separate the «—p parameter plane into regions in which the number of
characteristic roots with positive real part is a constant, the value of which is indicated
in the figure. Hence ‘0’ indicates the region where the origin is stable, which is bounded
from above by the straight line L1 and from below by the curve C2.

corresponding factor in (14). If A = u + iv is a characteristic root, then separating real and
imaginary parts leads to

u—oa—pBe"cosv=0
{v+,Be‘” sinv =0, (15)
where @ = tf/(0) and 8 = t«§. For purely imaginary roots, we have u = 0, giving
—a — fcosv =0,
1
{v+ﬂsinv=0. (16)
For v = 0 the solution is the line L1 defined by 8 = —«, which corresponds to parameter

values for which A = 0 is a characteristic root. Over the intervals v € (km, (k+ 1)), k € Z,
the solution can be expressed in the parametric form («(v), B(v)) = (v/tan(v), —v/ sin(v)),
which gives parametric curves for which there exists a pair of purely imaginary characteristic
roots of the form A = +iv. These bifurcation curves are depicted in figure 1. Knowing
that the zero solution is stable for § = 0 and @ < 0, and because characteristic roots can
cross the imaginary axis only for parameter values belonging to the bifurcation curves, one
can then move vertically in the parameter plane, increasing the number of roots with positive
real parts appropriately each time a bifurcation curve is crossed. Implicit differentiation on
bifurcation curves shows that the characteristic roots on the imaginary axis move to the right
as | B| increases, yielding the picture shown in figure 1.

The region of stability is indicated in figure 1 by the label ‘0’. It is bounded from above
by the straight line L1 and from below by the curve C2. The latter is given by the parametric
branch (¢, 8) = (v/tan(v), —v/sin(v)), v € (0, ), and meets the line L1 at the point (1, —1).
This is for one particular spatial mode corresponding to the eigenvalue &. One can then repeat
the same argument for all eigenmodes & € o (C). If a parameter pair (, B) is varied to leave
the stable region by crossing the line L1, a bifurcation of steady states may occur, whereas
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crossing the curve C2 may lead to a bifurcation of periodic solutions. The codimension of
these bifurcations is related to the multiplicity of the eigenvalue & given by the critical value
of B = tké.

3.1. Effects of network structure

Suppose we start with stable systems (f'(0) < 0) without coupling, so we are initially on the
negative «-axis. As the coupling strength « is increased from zero, stability may be lost via
a stationary or an oscillatory bifurcation through the first eigenmode & to hit L1 or C2. The
important observation is that this first bifurcation depends only on the extremal eigenvalues
& of the coupling matrix C. Hence, the number of relevant parameters is greatly reduced
and one needs to check only the two extremal eigenvalues of the coupling matrix regardless
of the network size. In this way it is possible to classify networks by defining equivalence
classes according to the extreme eigenvalues: networks having the same smallest and largest
eigenvalues will have identical stability properties with regard to the class.

In special cases it is possible to give more precise statements. For diffusively coupled
systems such as (5) or (6), the coupling matrix C equals the negative of the Laplacian matrix.
Therefore, in case the connection weights a;; are non-negative, all the eigenvalues of C are non-
positive, the largest one always being zero. In fact, for connected networks, the eigenvalues
are strictly negative, except for a single zero eigenvalue (see e.g. [21]). In this case, it is
the smallest eigenvalue of C (i.e. the largest Laplacian eigenvalue) that determines the first
bifurcation. As far as the network structure is concerned, this is the only relevant quantity.

For systems of the form (3) or (4), C is given by the adjacency matrix A, which can have
both negative and positive eigenvalues even when all g;; have the same sign. Thus both &,
and &, should be considered for the first bifurcation. For sufficiently small t, the bifurcation
occurs in the vicinity of the origin of the «-f parameter plane of figure 1. Since the line
L1 intersects the origin where the curve C2 has a gap, the likely bifurcation is a stationary
one and the eigenvalue responsible for the bifurcation is the largest positive eigenvalue of A.
This agrees with the observation of section 3.2 below that oscillatory bifurcations arise from
sufficiently large delays, for the class of scalar systems studied in this paper.

3.2. Effects of delay

In the absence of delays (7 = 0), the characteristic equation for (2) is

[] &= r©—«x&) =o0. (17)

§ea(C)

from which the characteristic roots can be directly read off as . = f/(0) +«&, & € o (C). The
roots are real for real network eigenvalues &; hence the only critical root is A = 0, which occurs
when f/(0) = —k&. The corresponding critical curve is a straight line on the parameter plane
of f(0) versus x&, which is identical with the line L1 of figure 1. Thus, one has stability below
this line and one real positive characteristic root above, for a given spatial mode corresponding
to £. In particular, Hopf bifurcations do not occur.

To see the effects of the delay, we fix the other quantities «, & and f’(0) and notice that the
values of «, 8 in figure 1 then change only along the ray emanating from the origin with slope
m = x&/f’(0). The delay T parametrizes the distance of points along the ray to the origin.
Hence, to use the delay as a bifurcation parameter, one goes along the ray starting from the
origin and obtain bifurcations as the curves given in figure 1 are intersected. Such rays only
intersect with L1 at the origin or else completely coincide with L1; moreover, they intersect the
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other curves if the slope m is sufficiently large. Since the latter curves correspond to pairs of
purely imaginary characteristic roots, large values of the delay cause oscillatory bifurcations.

To summarize, stationary bifurcations given by L1 of figure 1 are independent of the delay,
whereas the remaining set of curves correspond to oscillatory bifurcation resulting from the
delay. In the following sections we will consider both stationary and oscillatory bifurcations in
our symmetry analysis. Stationary bifurcations will be relevant for both delayed and undelayed
systems, whereas oscillatory bifurcations will be a feature of delayed systems only, in the
context of scalar systems that we consider.

4. Symmetries and equivariant bifurcations

By a symmetry of a dynamical system, we mean a group of elements acting on the phase space
that keep the system invariant. More precisely, given a system of form

dx

i F(x) (18)
withx € R" and F : R” — R", and an action of a group I" on the phase space R”, an element
y € I' is called a symmetry of (18) if (18) remains unchanged after applying the action of y
on both sides. Since a group action is linear, it commutes with the linear operator %; thus y
is a symmetry of (18) if and only if y F(x) = F(yx) for all x € R".

Let S, be the group of all permutations of n symbols. For ¥ € §,,, consider its natural

action on R" by (x1,...,x,) = (xxq), ..., Xs@m)). Consider a subgroup I C §,,.

Lemma 4.1. Let « # 0. Then I' is a symmetry of systems of form (1) if and only if

g):(i)(xl d X2y, Xy) = 8 (Xz(l), XE(Q2)s+vs X):(n)), (19)

forall ¥ € I'" and (x, xp, ..., x,) € R".

Proof. Let ¥ € I" and apply its action on (1). We obtain

Xziy(@) = fxsn @) +kgi(xsay(t — 1), x50t = T), ..., X5t — T)). (20)

Comparing with (1), we see that (20) is the same system as (1) if and only if

kgi(xsy(t — 1), x5t = T), ..., Xz — 1))
=kgxn(X1(t — 1), 020 —1),...,x,( — 1)).
This leads to (19), since x # 0. O

Remark 4.2. Note that a necessary condition for (19) to hold is that the coupling matrix C in
the linearization (2) satisfies

Cij = C(i)n())> v el. (2])

For the specific systems (3)—(6) it can be checked that (21) is also a sufficient condition, since
(19) reduces to ajj = asiz(j) vV erl. <o

In what follows, we will study the bifurcations that destabilize the zero solution under a
group of symmetries I' C S, of the system (1) using the equivariant degree. Exact values of
associated bifurcation invariants are calculated using the EDML (Equivariant Degree Maple
Library) Package, by calling

showdegree[I'|(no, ny, ..., n., mo,my, ..., my), forn;,m; €7, (22)
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where the n; and m; are integers to be determined by the critical spectrum of the linearized
system at the equilibrium. The integers r and s in (22) are predetermined by I" and are equal
to the number of all distinct (non-trivial) irreducible representations of I" over reals and over
complex numbers, respectively. In what follows, we use Vy, V), ..., V, for the distinct real
irreducible representations and Uy, U, . .., U, for the complex ones, where V and U, are
reserved for the trivial representations.

4.1. Steady-state bifurcations

In reference to figure 1, suppose that the parameters (o, §) are varied to leave the shaded
stability region by crossing L1 at some point («,, 8,). Then,

o, = —fB, = 1£§,, (23)

for an eigenvalue &, € o (C). For 7,k > 0, &, is the maximal eigenvalue of C. Let E(&,) be
the generalized eigenspace of &,. Given the ["-action on R”, we decompose R” into pieces of
V,”SZ

R'=Vyx Vi x---xV,,
where every V;

ViZV,'X”'XVi (24)
n; times

is a product of n; copies of V; for some integer n; € NU{0}. Also, since E (&,) is a ['-invariant
subspace of R”, we can decompose E(§,) as:

E(Eo)ZEO X El X X Er’
where every E; is given by

E,':V,'X“'XV,‘ (25)

—
e; times

i.e. as a product of e; copies of V; for some integer ¢; € N U {0}. Using (24)—(25), define

u; :=n; —e;, (26)
fori =0, 1,...,r. Then, the bifurcation invariant around («,, B,) is given by

wo := showdegree[l'](ng,...,n,, 1,0,...,0) — showdegree[I'](ug, ..., u,, 1,0,...,0).
(27)

Running the EDML package we obtain the value of wg, which is of form
c1 (K1) +c2(Kp) + -+ -+ ¢, (K)p),
for integers ¢; € Z and conjugacy classes (K;) of subgroups K; in I".

Theorem 4.3. Let («,, B,) be such that o, = —B, and &, € o(C) be given by (23). If wy
given by (27) is of form

wy = c1(K1) +c2(Kp) +---+¢,(K)),

for some c; # 0, then there exists a bifurcating branch of steady states of symmetry at least
(Ki).
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Proof. By the existence property of equivariant degree, it is sufficient to prove that the
value of the bifurcation invariant for the steady state bifurcations around («,, 8,) is indeed
given by formula (27), since if this is the case, then any non-zero coefficient in the value
indicates a bifurcating branch with the corresponding symmetry. The formula (27) follows
from theorem 8.5.2 in [22], but we give an alternative and more straightforward proof in
Appendix A for completeness. O

Corollary 4.4. Assume the hypotheses of theorem 4.3, and suppose furthermore that the
subgroup K; satisfies
§ € o (Clrx)), VH2K;. (28)

Then there exists a bifurcating branch of steady states of symmetry precisely (K;).

Proof. By theorem 4.3, there exists a bifurcating branch of steady states of symmetry at least
(K;). Let (H) be the symmetry of this branch of solutions. Then, (H) > (K;). Up to the
group conjugacy, we have H 2 K;. We need to show H = K;. Assume to the contrary that
H 2 K;. Then by (28) we have that, when restricted to Fix(H), the characteristic operator
A(0)|pixca) : Fix(H) — Fix(H) is an isomorphism for (¢, 8) in a neighbourhood of («,, B,).
By the implicit function theorem, there can be no additional solution in neighbourhood of the
trivial solution x = 0 € Fix(H ), which is a contradiction. O

4.2. Hopf Bifurcations

Assume that («, 8) leaves the shaded stability region of figure 1 by crossing C2 at some point
(cty, By). Since C2 bounds the region from below and t,x > 0, the first parameter pair
that crosses C2 must be related to the minimal eigenvalue &, of C. Let &, € o(C) be the
corresponding eigenvalue, i.e.

Bo = TK&,. (29)

That is, &, = &nin becomes critical. Consider the complexification C" = C ® R” of the phase
space R” and extend the I"-action on C" by defining

yz®x)=zQ® (yx), for yeTl, xeR" (30)

The (generalized) eigenspace E (£,) remains I'-invariant as a complex subspace of C". Thus,
we decompose E(§,) into irreducible representations Uy, Uy, . . . , U as:

E(&) = Fo x F1 x -+ x Fj,
where every F; is given by
———
m times

that is, a product of m; copies of U; for some integer m; € N U {0}. Then, the bifurcation
invariant around («,, B,) for Hopf bifurcation is given by

| := showdegree[l'](0,0, ...,0, —mg, —my, ..., —my). (32)
Running the EDML package, we obtain the value of w; being of form

ci(Hy) +cy(Ha) + -+ - + ¢4 (Hy),
for integer coefficients ¢; € Z and conjugacy classes (H,) of subgroups H; C T" x S'.
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Theorem 4.5. Let («,, B,) be such that («,, B,) € C2 in figure 1 and w, be given by (32). If
wy = c1(Hy) + c2(Hp) + -+ + ¢4 (Hy),

contains a non-zero coefficient c; # 0 for some (H}), then there exists a bifurcating branch of
oscillating states of symmetry at least (H;).

Proof. Using equivariant degree theory, the bifurcation invariant is computed by (see [12])
| = showdegree[I'](ko, k1, ..., &y, to, t1, ..., 15),

where k;’s are related to the positive spectrum of the right-hand side of (12) in the constant
function space, and the ¢;’s are the crossing numbers which are equal to either m; or —m,
depending on the direction of the crossing of the critical characteristic roots.

Consider (12) in the constant function space. Then,

(rf’(O)Id+ r/cC)x =0, xeR"
The positive spectrum o, of the linear operator (zf’(0)Id + T« C) is

or={tf'0) + k€ : Tf'(0)+7kE > 0, £ €0 (O) ={o+B(E) :a +B() >0, § €0 (O)},

which is an empty set, since the curve C2 lies in the area « + 8 < 0. Since the integer k; is the
total number of copies of V; in E(u) for u € o, we have k; =0 foralli =0,1,...,r.

The crossing numbers are positive if the critical characteristic roots cross from the right
to the left of the complex plane; and negative otherwise. As (a, ) crosses C2 at («,, B,) from
the shaded region in figure 1, the count of characteristic roots with positive real part increases
by 2, thus all non-zero ¢;’s are negative and equal to —m ;. g

Theorem 4.5 gives an existence result of bifurcating branches together with their least
symmetry. To sharpen to the precise symmetry, one can work with orbit types that satisfy
certain maximal condition. Here, we recall the concept of dominating orbit types from [12]
and introduce a new complementing definition of secondary dominating orbit types.

Definition 4.6. Let {U4,, s, ..., U,} be the set of irreducible I"-representations that occur in
C", where C" is the complexification of the phase space R” of the system (1). Let I/ ; be the
I' x Sl-representation induced from U;, for j = 1,2, ..., m (see (7)). Collect maximal orbit
types from L_{j, for j =1,2,...,m, and denote this collection by M. An orbit type (H) € M
is called dominating if (H) is maximal in M. A non-dominating orbit type (L) € M is called
secondary dominating if all orbit types (H) € M satisfying (L) < (H) are dominating. ¢

Proposition 4.7. Let («,, B,) be such that («,, B,) € C2infigure I and&, be the corresponding
eigenvalue of C given by (29). Assume that w; defined by (32) contains (H) with a non-zero
coefficient. Then the following hold:

(i) If (H) is a dominating orbit type, then there exists a bifurcating branch of oscillating
states of symmetry precisely equal to (H).

(ii) Suppose that (H) is a secondary dominating orbit type, and for every dominating orbit
type (H) with (H) < (H) there exists a flow-invariant subspace S C R" such that
(a) S contains every state of symmetry H; and
(b) & & o (Cls).
Then there exists a bifurcating branch of oscillating states of symmetry precisely being
(H).
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Proof. Statement (i) follows from [12], and (ii) follows from the implicit function theorem,
in the same spirit as corollary 4.4. More precisely, let (H) be a secondary dominating orbit
type with a non-zero coefficient in w;. By theorem 4.5, there exists a bifurcating branch of
oscillating states of symmetry at least (H). Let (H) be the precise symmetry of this branch
and suppose that (H) < (H). By definition of secondary dominating orbit types, the only orbit
types that are strictly larger than (H ) are dominating orbit types. Thus (H) is dominating, and
so there exists a flow-invariant subspace S in R” satisfying (a) and b). Consider the restricted
flow on S. The bifurcating branch of oscillating states, by condition (a), is contained in S.
However, by condition (b) and the implicit function theorem, there can be no bifurcation taking
place in S. This leads to a contradiction. ]

5. Bidirectional ring configuration

In this section, we study the bifurcations of the system (1) on a particular class of networks,
namely bidirectional ring configurations. That is, we assume g;’s satisfy (19) for I' = D,,. If
the system has one of the specific forms (3)—(6), this assumption can be weakened to (21). In
either case, the coupling matrix C in (2) satisfies (21), which in case of dihedral configuration
implies that C is a circulant matrix® with ¢; j = c1,(s+2—j) for 1 < j < n. In particular, C is a
symmetric matrix.

A circulant matrix with first row entries ¢y, cy, . .., ¢,—1 has eigenvalues
%'j=C0+61Qj+CQQ§+-'-+C,,,1Q’;~71, j=0,1,2,...,n—1, (33)
. . . 2 —1 ..
with corresponding eigenvectors v; = (1, ¢;, 05, - - -, Q;? )T, where 0j = exp(2mij/n) are

the nth roots of unity. Moreover, if the circulant matrix is D,-symmetric, then &§; = &,_; for
0 < j < n, which is essentially induced by the D,-symmetry. In fact, we have

E(%) =V,

. n
EE)=E¢,—j))=V; for0O<j <5, (34)
E(é%) = V(%+2), if n is even

(see example 2.2 for notations V;). An eigenvalue § € o(C) is called simple if E(§) is
irreducible. To a critical eigenvalue &,, we associate an index set

I'={i:&=%&)} (35)

(in case n is even and §2 = &,, we put 7 + 2 into / instead of 5), which collects all indices of
irreducible representations that have to do with the critical eigenvalue &,.

5.1. Steady-state bifurcations for bidirectional rings

Recall that D,, acts on the phase space R" by

N1, X2, ooy X)) = (Xpy X1, X2, ooy Xp1) (36)

(X1, X0, ooy Xp) = (X, Xn—1y - ooy X1), 37
for x = (x1, x2, ..., x,) € R". Using characters of representations, R" can be decomposed
into irreducible representations of D,,. In case of even n, we have

R"=Vo x Vi x Vo X oo X Vi1 X Viy (38)

6 Recall that an n x n matrix is called circulant if every row is the right shift of the previous row (mod 1). A circulant
matrix C = (c;;) is also denoted by circ[c11, c12, . .., c1,] using the entries of its first row.
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and in case of odd n, we have

R":VOX)}lXVZX"'XV% (39)

(see example 2.2 for notations V;). It follows that the non-zero n;’s in (27) are (see (24))
no:m:n2:~--:n%,1:n%+2:1, if n is even, 40
ng=ny=ny=---=n.1 =1, if nisodd. (40)

The integers u;’s in (27) are determined by the critical eigenvalue &, and the corresponding /
(see (35)). Based on (34) and the definition (26) of u;, the non-zero u;’s are

{uizl, fori €{0,1,2,...,5—1,5+2}\ 1, ifniseven,

wi=1, forie{0,1,2,....55 )\ I, if nisodd.

Thus, the bifurcation invariant w, can be computed using (27), accompanied by (40)—(41).

(41)

Example 5.1. (Simple critical eigenvalues for bidirectional rings.) Let C be a coupling matrix
satisfying (21) forI" = D,,. Then C is determined by (5+1) or (%) different entries depending
on whether 7 is even or odd, respectively. These entries decide which eigenvalue is maximal.
Let &, € o (C) be the maximal eigenvalue. Assume that £, is simple, i.e. E(&,) is irreducible.
Then the index set / is a singleton and there are only possibly 7 or % different values of wy,
depending on whether 7 is even or odd. As an example, for n = 12, we have

—2(D12) +2(Dg) +4(Ds) — 2(D3) +2(D3) — 2(Dy) — 2(Dy)
~2(Za) +2(Z), if & = &,
(D) — (Dy), if & =&,
g = | (P2 + (D) +2(D1) = 2(Dy). =6
—(D3) + (D3), if & = &,
2(Dy) — 2(D3) — (Zg) + (Z) — 2(Dy) +2(Dy), if &, =&,
—(Dy) + (D), if &, = &,
(Dg) — 2(D3) + (Zs3), if & = &.

These values, combined with fixed point subspaces of subgroups of D, (see table 1), lead to the
classification result summarized in table 2. Toillustrate, incase §, = &;, we have two orbit types
(Dy) and ([)1) with non-zero coefficients in wy. Using table 1, we have that & & o (Clgix(a))
for all H > Dy, thus by corollary 4.4, there exists at least one bifurcating branch of steady
states of symmetry precisely (D). Since (D) consists of 6 isotropy subgroups: n*Dn* for
k=0,1,...,5, we derive the form of the solution for each of these isotropies. The same can
be applied to (Dy).

Note that the possible values of wy do not depend on the entries of C directly, but rather
on the maximal eigenvalue. For example, if every cell is connected only with its 2 nearest
neighbours, then &, = & if the coupling is excitatory; and £, = & if it is inhibitory. That
is, this configuration does not allow &, to be &; fori € {1, 2, 3,4, 5}. However, if each cell i
is connected to its 4 nearest neighbours, with coupling strength d; to cells (i &= 1) and with
strength d; to (i & 2), then every eigenvalue can be maximal for some choices of d;, d,. See
figure 2 for their precise relation. o

Besides those values listed in (42), wg can take other values if &, is non-simple. For example,
the coupling configuration with four nearest neighbours allows double critical eigenvalues as
shown in figure 2, when the relation between d, d, follows one of the lines there. In this
case, one can work out the index set / and compute wy individually. The same result using
theorem 4.3 and corollary 4.4 applies.
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Table 1. Fixed point subspaces of K C D, and eigenvalues of the coupling matrix
Clrixx) : Fix(K) — Fix(K) (up to conjugacy classes of subgroups).

K  Fix(K) o (Clrix(k))
Dy {xi=x2="--=x12} &0

De {x1=x2="---=x12} &o

Do {xi=x3=-=xi;,02=x4 = = x12} 50, &6

Ze {xi=x3=---=Xx11,%2=x4 =---=x12} 0. &6

Dy {x1 =x3=Xx4 =X¢ =X7 =2X9 =X10 = X12,X2 = X5 = X3 = X11} &0, &4

Zy  {x1 = x4 = X7 = X10, X2 = X5 = X§ = X11, X3 = X¢ = X9 = X12} &0, 4,84
D3 {x1 = x4 = X5 = X8 = X9 = X12, X2 = X3 = Xg = X7 = X10 = X11} 60,&3

D3 {x; =x3 =x5 = X7 = X9 = X1, X2 = X6 = X10, X4 = Xg = x12} &0, &3, &6
Zz {x1 =Xx5 = X9, X2 = X6 = X10, X3 = X7 = X|], X4 = Xg = X2} &0, &3, &3, &6

Dy {x1 = X6 = X7 = X2, X2 = X5 = X§ = X1, X3 = X4 = X9 = X|0} &0, &2, 64

Dy {x1 = x5 = x7 = x11, X2 = X4 = Xg = X10, X3 = X9, X6 = X12} &0, 62, 64, &6

Zo  {x1 = X7, X2 = X8, X3 = X9, X4 = X10, X5 = X11, X6 = X12} 0.2, %2, 84,84, &6

Dy {x1 = x12, X2 = X11, X3 = X10, X4 = X9, X5 = Xg, X6 = X7} &0, 61,62, 63, 64, &5

Dy {x1 = x11, X2 = X10, X3 = X9, X4 = X8, X5 = X7} &0, &1, 62, 63, &4, 65, &6

zZ, RZ 0.61,861,.82,60,83, 83,864,864, 85,85, &

5.2. Hopf bifurcations for bidirectional rings
The complexification of E(&;) for &§; € o (C) satisfies
E“(§) = Uy,
E(§j) = E°(§,—j) =U; forO0<j <3 43)
E€(§2) =Uzsa), ifniseven
(see example 2.2 for notations I{;). It follows that the non-zero integers m ;’s in (32) are
mj=1, forjel, (44)
where [ is given by (35). The bifurcation invariant @, can then be computed using (32) together

with (44).

Example 5.2. (Simple critical eigenvalues for bidirectional rings).Following example 5.1, we
take C that satisfies (21) with I' = D,. The (5 + 1) or (%) different entries of C decide
which eigenvalue is minimal. Let &, € o (C) be the minimal eigenvalue. Assume that &, is
simple. Then the index set [ is a singleton and there are only 3 or % different values of wy,
depending on whether 7 is even or odd, respectively. Again for n = 12, we have

—(D1), if§, =%

—(Zy) — (DY) — (DY) +(Z3), if& =&,
—(Z) — (DY) — (D) + (@Y, i & =6,
w; = {—(Z) — (DY) — (DD +(Z), if & =&,
—(Z'%) — (D) — (D) + (Z4), if & = &4,
—(Z3) — (DY) — (DY) +(Z3), if & =&s,
—(D}), ifE, =&

813




Nonlinearity 28 (2015) 795

Fatihcan M Atay and Haibo Ruan

Table 2. Summary of distinct forms of steady states bifurcating from the equilibrium
x = 0 of the system (1) forn = 12.

Critical eigenvalue Symmetry Form of bifurcating steady-states Figure
(for distinct a, b, c,d, e, f, g € R)
o Diz (a,a,a,a,a,a,a,a,a,a,a,a)
&1 orés Dy (a,b,c,d,e, f, f,e.d,c,b,a)
nDin~! (a,a,b,c.de, f, f.e.d, c,b)
n*Din~2 (b,a,a,b,c.d,e, f, f.e.d, c)
n3Dm’3 (c,b,a,a,b,c,d,e, f, f,e,d)
r]4D1n’4 d,c,b,a,a,b,c,d,e, f, f,e)
n°Dyn~> (e.d,c,b,a,a,b,c.d,e, f, f)
D, (a,b.c.d.e, f.e.d,c,b,a,g)
nDyn~! (g.a.b,c.d e, f.e.d.c.b.a)
n?Din~2 (@, g.a.bcd e fedc,b)
n>Din~3 (b,a,g,a,b,c,d,e, f,e,d,c)
n*Din~* (c.b.a,g.a.b.c.d. e, f.e d)
n°Din~3 d,c,b,a,g.ab,cde, fe
& D, (a,b,c,c,b,a,a,b,c,c,b,a)
nDan~! (a,a,b,c,c,b,a,a,b,c,c,b)
n*Dyn~? (b,a,a,b,c,c,b,a,a,b,c,c)
D, (a,b,c,b,a,d,a,b,c,b,a,d)
nDzr]’l d,a,b,c,b,a,d,a,b,c,b,a)
1721327]’2 (a,d,a,b,c,b,a,d,a,b,c,b)
& Ds (a,b,b,a,a,b,b,a,a,b,b,a)
nD3n~! (a,a,b,b,a,a,b,b,a,a,b,b)
l~)§ (a,b,a,c,a,b,a,c,a,b,a,c)
nDsn~! (c,a,b,a,c,a,b,a,c,a,b,a)
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Table 2. (Continued.)

Critical eigenvalue Symmetry Form of bifurcating steady-states Figure
(for distinct a, b, ¢, d, e, f, g € R)

&4 Dy (a,b,a,a,b,a,a,b,a,a,b,a)
nD4n~! (a.a,b,a,a,b,a,a,b,a,a,b)
n*Dyn~? (b.a,a,b,a,a,b,a,a,b,a,a)

& D (a,b,a,b,a,b,a,b,a,b,a,b)

To find dominating and secondary dominating orbit types, consider the maximal orbit types in
U;’s. They are

(D12) inUp;

(ZY). (DF) (DS) in Uy

(Zy), (D) (DF) in Uy

(Z,), (DY), (DY) inUs;

(ZY,). (D)) (Dy) in Us;

(Zy), (D) (DY) in Us;

(D) in Us.

Among these orbit types, we find the dominating orbit types: (D13), (D{zz), (Z’llz), (thz),
(thz), (%’142), (Z’fz), (l?g), (ﬁg), (fo), (D7) and the secondary dominating orbit types:
(DY), (D), (D4), (D). The values of w; together with the dominating and secondary
dominating orbit types lead to the classification result summarized in tables 3-5 using

proposition 4.7. o

Remark 5.3. Depending on the isotropy, different cells may possess different period. As an
example, for ﬁg (and its conjugacy copies) in table 3, consider the two diagrams in the bottom
row. The cell at 2 o’clock and the cell at 8 o’clock do not change colour (black) as the time
% elapses. This means they have half the period as other cells. More precisely, for isotropy
nkﬁgn’k with k = 0, 1,2, 3,4,5, the cells 3 + k and 9 + k have half the period as other
cells. Similarly, in table 4, for isotropy nkfon’k with k = 0,1,2, the cells 2 + k, 5 +k,
8 + k, 11 + k (black in diagram) have period %; for isotropy nk [)g r/’k with £k = 0, 1, the
cellsl +k,3+k,5+k,7+k,9+k, 11 +k (black in diagram) have period % In table 5, for
isotropy nkDfm’k withk =0, 1,2, thecells2+k, 5 +k, 8+ k, 11 +k (black in diagram) have
period Z. o

6. Near-neighbour coupling and simulation examples

In this section we consider the 12-cell ring with all possibilities of first- and second-closest-
neighbour couplings. More precisely, each cell i coupled to its two nearest neighbours on
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Table 3. Summary of distinct forms of oscillating states bifurcating from the equilibrium
x = 0 of the system (1), where cells are coupled to their nearest and next nearest
neighbours (part I).

Critical Form of oscillating-states

EigenvalueSymmetry(for some period 7') Figure
o Dy @), x(@), x(0), ..., x(1)

& Zy  a@x )+ 35 @+ )

SZih e (@), xi (r+ 10 xy e+ L) L xy (e + )

gorks D (1), x2(1), x3(1), x3(t + D), xat + D), v + D,
X+ D) xo+ D) a3+ 1) x50, x2(), x1(1)
nDEn™L G (0), x1(0), x2(0), x3(0), x3( + 5) ;0o (e + D),
xit+ D)+ D) 00+ D) xs+ D), x3), x20)
1P DIn™2 (e (1), x1(1), x1.(), x2(), x3(), x3(t + £), ;2 (t + D),
xit+ D) x+ D0+ D) e+ D), x0)
DI (x3(0), x2(8), x1 (1), x1 (1), x2(1), x3(1), x3(t + 5,
nt+ D e+ D e+ D, ne+ D)0+ 1)
7 DI~ (3t + L), x3(0), x2(0), x1(1), x1(6), x2(8), x3(8),
s+ D o+ e+ D e+ D e+ L))
P DI (xa(t + 1), xa(t + 5, x3(0), xa(0), x1 (1), 11 (1),
0, x30), x3¢+ D) v+ D+ D), xi e+ L))

D (1 (), x2(1), x3(0), x2(t + D), xy (0 + D), xa (),
xi(t+ D) xa+ D), x3), xa(), x1 (), xa(t + 1))

nD§n™h (et + 1) x1 (). x2(0). x3(1). xa(t + D). xy (0 + 5,
x40, 01+ D) 0+ D), x50, 2200, x1(1)

DI (x1(0), x4t + 5). x1 (1), x2(0), x3(1). 120 + ),
xi(t+ D) xg(0), xi e+ D)ol + 5, x3(0), x2(0)

DN~ (a(6), x1 (1), xat + ), x1 (1), x2(0), x3(0), X2 (2 + ),
xi(t+ D) xg0), xie+ D)ol + 5, x3(0)

m* DI~ (e (), x2(0), x1.(), x4t + T), x1(6), x2(6), x3(8),
0+ D)0+ D), @), x1(t+ L), 0t + 1))

DI (ot + L), x3(), x2(0), x1 (1), xa(t + 1), 21 (1),
x(), x3(), 2t + L), 1+ D), xa (), 1t + 1)
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Table 4. Summary of distinct forms of oscillating states bifurcating from the equilibrium
x = 0 of the system (1), where cells are coupled to their nearest and next nearest

neighbours (part II).

Critical Form of oscillating-states
Eigenvalue Symmetry (for some period 7')

& z3 i@, @+ L) e+ 2, @+ 30,
xi@.x+ D) x @+ 20, e+ 3h)

cZBe ! (). 1+ 3D i+ 45 e+ D,
x1@). x(t+ 30, x @+ 25 o+ D)

DY 1), 220, x1(t + ), i+ D), o (0), 21 (0),
x1(®), x2(0), x1(t+ D) x (0 + D), xa(0), x1(0))
nDIn™t (@), x1(0), x2(), 21t + D), x (0 + D), xa(0),
x1(0), x1(0), x2(0), x1 (¢ + D), x1(0 + 1), x0(0))
D¢ (e (), x1(0), x1 (1), x2(), x1 (£ + 5), x1 (¢ + L),
x2(0), x1 (1), x1 (), x2(0), x1 (t + T), X1 (1 + 1))

DY 1), 220, x1 (), x1t + L), e+ D) e+ D),
.00, 0@, 0@+ 5, 00+ 5.+ 5)
nDYn™t G+ D) xi (), x2(0), x1 (), x1 (¢ + D), 2t + D),
) x1(t+ L), x0 (0, x200), x1 (), x1(t + L), xo(2 + L))
D72 (ot + L) xit+ D) x1 (), x2(0), x1 (), 11t + D),
0+ D) @+ D)0, 0, 110, 11t + 1))

& z}, (), x(t+ ) x e+ 1), x 0+ 20,
xi®, 1+ 5, @+ 3
sZhs™ (@), xi(t+ 30, v+ ) x e+ D),
xi@®, 1t + 3, xe+ D)
D¢ 1@, x1¢+ D) e+ D@, x @), x e+ 5,

xit+ D)@, @), x1t+ 5 xi e+ 5, x ()

nD¢n™t (@), x1 (1), x1(t+ L), x1 (0 + 5 x (), X1 (),
xit+ Dxi+ D@, @), @+ 5,
xi(t+ %))

D¢ (1 (), x2(0), x1 (1), X2t + T), X1 (), 22 (1),
x1(0), x2(t + ), x1 (1), 220, x1(0), x2( + 1))

nDEn™t (et + D) xi (1), xa (1), x1(0), xa (e + D),

x1(0), x2(1), x1 (), x2(t + 1), x1 (1), x2(8), x1 (1))

+
G

|

I
+2
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Table 5. Summary of distinct forms of oscillating states bifurcating from the equilibrium
= 0 of the system (1), where cells are coupled to their nearest and next nearest
neighbours (part III).

Critical Form of oscillating-states
Eigenvalue Symmetry (for some period 7') Figure
& /oA (), x1 e+ )0+ 20, LT
xi@®), x1t+ %), x@+2)) 3
SZih el (). i+ ) e+ 5, +7T
xi@),x(t+F), L x+ ) .
D (1), x2(0), x1( + D), x1(0), 20, x1 (0 + D),
x1(0), x2(0), x1 (£ + £), x1(0), x2 (1), x1 (¢ + £)) o1
nDin~l G+ L) x (@), xa ), xi(t+ D), xi (), x2(0), AER
xi(t+ L), x1(0), xa(0), x1 (¢ + D), x1(8), x2(0)
1PDin™2 (), x1(t+ L), x1 (1), xa(0), 21t + D), x1 (1),

x(0), x1(t+ L), x1(0), x2(0), x1 (¢ + L), x1(6)

Dy (x1(8), x2(8), x1 (1), x1 (1), x2(2), x1(2),
x1(1), x2(t), x1(), x1 (1), x2(2), x1 (1))
nDan™" (i (@), x1(0), x2(0), X1 (2), X1 (1), X2(2),
x1(1), x1(8), x2(2), x1 (), x1 (1), x2(1))
n2Dan™2 (2 (), x1(), x1 (1), x2(8), x1 (), X1 (1),
x2(1), x1(2), x1 (), x2(8), x1(2), x1 (1))

& 7 G (), x1 (¢ + 35), 2y (¢ + 0 ) X1(t+ 12)
xl(t+ﬁ)’x1(l+12)sxl(f+ Ly, x @t + L),
xl(l+%),x1(t+%),xl([+ 12),X1(t+ 12)

§212§ @), xie+ 2 = ) x(t + ,2) x1(t + 12)
X+ 12) X1+ 12T) x1(t+ 85y, xi (1 + 12)
)Cl(t+ |2) .Xl(t‘l' 12) Xl(f+ 12T) )Cl(t+ )
£ D, 1@, xi(t+ D@, @+ 5@+ D)) +1

both sides with coupling strength ¢; ;+; = d; and to its second-nearest neighbours on both
sides with coupling strength c¢; ;1» = d», as well as possibly having a self-feedback loop with
strength ¢;; = ¢o. Each coupling strength is allowed to be positive, negative, or zero. We
illustrate some of the ensuing dynamics in the context of a concrete model mentioned in the
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Figure 2. The largest eigenvalue of the coupling matrix C for a circular arrangement of
12 cells where each cell is connected to four others, with coupling strength d; to its two
immediate neighbours on each side and with coupling strength d, to the second-nearest
neighbours.

Introduction, namely the nonlinear neural network model (3). We will also make reference to
the diffusively coupled system (5) by choosing ¢ appropriately.
Since the coupling matrix C is circulant, we calculate its eigenvalues using (33) as

& = co+2d, cos(%j) +2d, cos(%j), i=0,1,2,...,n—1. (45)

We then determine the largest and smallest eigenvalues of C in terms of the coupling strengths d;
and d,. Figures 2 and 3 graphically show which of the &; are the largest and smallest eigenvalues
of C for the complete range of coupling strengths d; and d,. The figures are symmetric images
of each other with respect to the origin since replacing (d;, d») by (—d;, —d,) is equivalent
to multiplying C by —1, which reverses the roles of smallest and largest eigenvalues. Note
from (45) that the self-coupling coefficient ¢ simply shifts the eigenvalues without altering
their magnitude order. Hence, by changing ¢y one can make either the smallest or the largest
eigenvalue the dominant one that determines the first bifurcation, in the context of the stability
diagram of figure 1. As depicted in figures 2 and 3, every eigenvalue &; of C can arise as
the dominant one by appropriate choices of the coupling strengths d; and d,. (Note that for
7 < j <11, §; is identical to &;5_;, by (45).) Therefore, the present setting of coupling with
two closest neighbour pairs permits a systematic investigation of the whole range of dynamics
listed in tables 2-5.

We consider the model (3) with g(x) = arctanx and a;; = 0 Vi. Thus f(x) = —x,
so that f'(0) = —1 and g’(0) = 1. In the coupling matrix C we have ¢y = 0, and we
fix the remaining coupling strengths as d; = 0.25, d, = 0.5. The eigenvalues &, to & are
{1.5,0.933013, —0.25, —1, —0.75, 0.066987, 0.5}. We take t = 1 initially.

We first consider excitatory coupling by setting x = 1. The dominant eigenvalue is
& = 1.5; so the system settles to a non-zero steady-state solution starting from random
initial conditions, as shown in figure 4. This is also the behaviour of the undelayed system,
which persists under the presence of delays. If we include a self-coupling term ¢y = —1.5,
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Figure 3. The smallest eigenvalue of the coupling matrix C for a circular ring of size
12, in terms of the coupling strengths. (See the caption of figure 2 for explanation.)

3 - - - - 04

x;(t)
<
xi(t)

Figure 4. System (3) with excitatory coupling (x = 1) approaching a uniform steady-
state solution from random initial conditions (left). The negative of the final state is also
a stable equilibrium which can be observed for a different choice of initial conditions.
Adding self-coupling yields the diffusively coupled system (5), which exhibits a stable
oscillatory pattern of two clusters (right): cells {2, 3, 6, 7, 10, 11} form a synchronized
cluster (blue curve) that oscillate in anti-phase with cells {1, 4, 5, 8, 9, 12} (red curve).

as in the diffusively coupled system (5), all eigenvalues of C are shifted by —1.5. Now a
negative eigenvalue, namely &3 = —2.5, becomes the dominant one responsible for bifurcation.
Consequently, the network splits into an oscillatory pattern (figure 4). It is worth noting that,
although diffusive coupling is expected to drive the system to a spatially uniform solution, in
this example it breaks a uniform equilibrium and replaces it with a non-trivial spatial pattern
of two clusters of synchronized oscillators.

We now change the coupling from excitatory to inhibitory by setting k = —1.2 (figure
5). We keep d; = 0.25, d, = 0.5 and ¢y = 0 as before. The extreme eigenvalues of kC are
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x;(t)

60 80 100 0 20 40 60 80 100
t t

Figure 5. System (3) with inhibitory coupling (x = —1.2). When t = 1, the network
approaches a two-cluster steady-state solution from random initial conditions (left). The
clusters are the same as in the oscillatory pattern of figure 4. Increasing the delay to
T = 3 yields spatially uniform synchronized oscillations shown on the right.

—1.2§y) = —1.8 and —1.2&; = 1.2. For the present value of t = 1, the positive eigenvalue
leaves the stability region first, so the systems settles into a two-cluster steady-state solution
in accordance with &. When we take v = 3, however, the negative eigenvalue becomes
responsible for the bifurcation and the system exhibits spatially uniform periodic oscillations,
in accordance with &,. Here, in the absence of diffusive coupling, the delay apparently plays
an important role in driving the system to a spatially uniform state, albeit an oscillatory one.

Although a rigorous stability analysis of the emerging spatio-temporal patterns is beyond
the scope of the present study, repeated numerical simulations starting from random initial
conditions manifest their stability. However, in many cases several stable patterns co-exist, SO
stability should only be inferred in a local sense.
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Appendix A. Proof of theorem 4.3

Theorem 4.3 Let («,, B,) be such that a, = —p,, and let &, € o (C) be given by (23). If wy
given by (27) is of form

wo = ¢ (K1) +ca(Kz) +---+cp(K)p)

for some c; # 0, then there exists a bifurcating branch of steady states of symmetry at least
(Ki).

Proof. The parameter pair (o, B) escapes the shaded region in figure 1 by crossing over L1
through («,, B,) (see figure Al).

Let ¢ : [A_,A,] € R — R? be a parametrization of the crossing curve such that
c(A) = (ax_, B2), c(Xy) = (ap, By) and c(Ay) = (a4, By). Then the initial bifurcation
problem becomes a bifurcation problem around A,. More precisely, we have a I"-equivariant
map F : RxR" — R"suchthat F(1,0) = 0forall A € [A_, A,]. The spectrum of D, F (A, 0)
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/

Figure A2. An isolating box €2, around the bifurcating point A = A,, where the red line
is the equilibrium, the blue curves are potential bifurcating solutions and the plus signs
‘+’ are the signs of auxiliary function ;.

belongs to C_ (the left half of the complex plane) for all > € [A_, A,], and as A crosses X,, the
spectrum of D, F (X,, 0) intersects with iR at 0.
Without loss of generality, let AL = +4 and A, = 0. Define a box around the bifurcation
point (0, 0) € R x R” (see figure A2):
Qpi={(,x) 1 Al <4, |lxll < p},
where p > 0 is such that F(4+4, -)isa homeomorphisrgon {x eR" : ||x|| < p}.
Without loss of generality, let p = 2. Define F; : 2; — R x R” by
FiO,x) = (IAxll = 2) + x|l = 1, F(A, x)) := (&1(A, x), F(&, x)).
Note that ¢; > O for ||x|| = 2 and ¢; < O for ||x|| = 0. Functions with this property are called
auxiliary functions on £2,. Thus, by construction, zeros of 7, in €2, are contained properly in
Q, ie. .7-"1_1(0) N Q2 C 2, and if F(A,x) = 0, then x # 0. In other words, zeros of F;
correspond precisely to non-trivial zeros of F in €2;. The bifurcation invariant wy is defined by
wy = F—Deg (f[, Q]).
To compute wy, we perform several homotopies on F. Define 7, : @ — R x R” by
Fo(h, x) := (IMxl = D+ [lx[ + 1, F(&, x)) := (&2(r, x), F(&, x)).
Since & > O for ||x|| = 2, we have F; and F, are homotopic on £2; by a linear homotopy.
Thus, by homotopy invariance, we have I'—Deg (F, Q) = I'—Deg (F3, ;). Also, {&; > 0
for |A] < % Thus, all zeros of F, in 2| are contained in the following subset of 2;:

1
Q={(A,x) : 3 <A <4, x| <2}C Q.

In other words, F, does not have zeros in 2 \ €2,. By (the double negation of) the existence
property, we have

I'—Deg (5, Q1 \ ) = 0.
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It then follows that
I'—Deg (F,, 21) = I'=Deg (F,, 2,) + —Deg (F3, Q2 \ 23) = I'—Deg (F>, Q»).
Moreover, JF, is homotopic to F3 : Q, — R x R” defined by

F3(h, x) = (52(A, x), D F (2, 0)).
Decompose R” into the sum of the critical eigenspace and the eigenspaces of the rest (all
negative) eigenvalues of D, F(X,, 0), say R" = Ry x R;. Then, for x = (x, x2) € Ry X Ry,
the liﬂear map D, F(A,0)(xy, xp) is homotopic to (Ax;, —x3). Thus, F3 is homotopic to
Fy: Q2 — R x R” defined by

Fa(h, x) = (LA, x), (Axy, —x2)), forx = (x1,x2) € Ry X R;.
Note that 74 (XA, x) = 0 only if x = 0. Substituting x = 0 into {; (A, x), we have (A, 0) =0
if and only if A = +£1. That s,

F0)N Qs ={(=1,0), (1,0)}.
It follows that

I'—Deg (F, Q) = I'—Deg (¥4, ) = I'=Deg (F4, N_;) + I'=Deg (F4, V),
where N_; (respectively N) is a small neighbourhood of (—1, 0) (respectively (1, 0)). On
N_1, we have that F, is homotopic to (1 + A, —x;, —x;). By suspension, we obtain

I—Deg (Fi, N_;) = [~Deg (~1d, B;(R")),
where Bj(-) denotes the unit ball. On the other hand, F; is homotopic to (1 — A, x;, —x;) on
N1, so by multiplication, we have

I'—Deg (F4, N1) = —I'—Deg (—1d, B{(R))).
Therefore,

wy = '=Deg (—1d, B;(R")) — I'—Deg (—Id, B;(Ry)).
Using showdegree, it is expressed as
wo = showdegree[I'](ng, ny,...,n,,1,0,...,0) — showdegree[I']

X (ug, Uy, ..., u, 1,0,...,0),

where n;’s and u;’s are defined by (24)—(26).
The statement then follows from the existence property of degree. |
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