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Abstract

We apply the equivariant degree method to a Hopf bifurcation problem for a symmetric system of neutral functional differential
equations, which reflects two symmetrically coupled configurations of the lossless transmission lines. The spectral information of
the linearized system is extracted and translated into a bifurcation invariant, which carries structural information of the solution set.
We calculate the values of the bifurcation invariant by following the standard computational scheme and using a specially developed
Maple® package. The computational results, as well as the minimal number of bifurcating branches and their least symmetries are
summarized.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A tendency to create “elegant designs” very often results in the appearance of symmetries in related physical models
(and, as a consequence, in mathematical models/dynamical systems). A priori it is clear that dynamical processes
are typically less symmetric than the corresponding models. In addition, symmetries usually give rise to multiple
solutions exhibiting different symmetry properties which, in turn, may have an enormous impact on the performance
and predictability of the final project. For example, a symmetric configuration in transmission lines can increase
dramatically the vulnerability of a network due to periodic fluctuations and surges. In this way we arrive at the
following questions:

(a) What is a link between symmetries of a system and symmetric properties of the actual dynamics?
(b) How can one measure, predict and classify symmetric properties/minimal number of solutions to a system?

In the present paper, we illustrate how the new topological tools, such as the equivariant degree theory, provide a way
to answer the above questions (a) and (b), and at the same time, help to better understand the topological nature of
symmetric phenomena.
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Table 1
Examples of the equivariant classification of the Hopf bifurcation with D4 symmetries

E; €0, €1, €3 (%, B,) # Branches
Eo 0.1,1 (Dg) — (Zs) — (Dy) — (Dy) + (Z)) 1
Eo 1.1,0 —(D4) + (D1) + (D)) — (Z1) 1
Ey L1l —(Dg) + (Zs) + (D)) + (D) — (Z)) 1
E 0,0,1 —(Z!) + (D)) + (DY) — (Z7) 6
E| 0,1,0 (Z%) + (DY) + (DY) — (Z5) — (D) — (D) — (Dy) — (Dy) +2(Zy) 6
E| 0.1,1 —(Z) + (DY) + (D) — (Zy) — (D) — (D}) — (Dy) — (D) +2(Z)) 6
E 11,0 —(Z) — (DY) — (D) + (Z3) + (DY) + (D) + (D)) + (D) — 2(Zy) 6
E 11,1 (Z4) = (D9) = (D9) + (Z3) + (D) + (DY) + (Dy) + (Dy) — 2(Zy) 6
E3 0,11 (DY) = (Z9) = (D3) — (D1) + (Z1) 2
Es 10,1 (D) +(Z) 2
Es 1,1,0 —(DY) + (DY) + (Dy) — (Z1) 2
E; 11,1 —(D) + (Z%) + (DY) + (D)) — (Zy) 2
Table 2

Examples of the equivariant classification of the Hopf bifurcation with Ds symmetries

E; €0, €1, €2 (o)1 # Branches
Eo 1,0,1 —(Ds) +2(Dy) — (Zy) 1
Eo 1,1,0 —(Ds) +2(Dy) — (Zy) 1
Eo 11,1 —(Ds) 1
E| 1,0,0 —(Z3) — (DY) — (D1) + (Z1) 8
E 1,0,1 —(Z3) + (D)) + (D1) — (Z1) 8
E 11,0 —(Z3) + (D)) + (D1) — (Z1) 8
E 11,1 —(Z%) — (D}) — (D)) + (Zy) 8
E> 0,0,0 (Z2) + (DY) + (D) — (Z1) 8
E> 1,0,1 —(Z2) + (D) + (D1) — (Z1) 8
E> 11,0 —(Z) + (D) + (D1) — (Z1) 8
E> 11,1 —(Z2) — (DY) — (D)) + (Z1) 8

Our effort to understand the impact of symmetries is connected to difficult topological problems underlying the
foundation of the equivariant nonlinear analysis. The equivariant analysis deals with symmetric (or the so-called
equivariant) operator equations, for which the existence, multiplicity, stability and topological structure of the solution
set is analyzed by studying topological invariants associated with the corresponding operators. Such symmetric systems
appear naturally (in a form of various types of differential equations) in mathematical models, related to chemical
diffusion, biological oscillation and population dynamics. The equivariant degree theory, being one of the most effective
methods of the equivariant analysis, as it turns out, enables us to “decipher” the mystery of symmetries. For example,
the recently developed new equivariant degree techniques (cf. [3-5]) provide practical hints, which allow concrete
computations for a wide range of applications. Moreover, the above techniques can be used by applied mathematicians
without deep knowledge in equivariant topology and homotopy theory. The goal of the present paper is to study the
Hopf bifurcation phenomena (i.e. the appearance of small amplitude nonconstant periodic solutions) in symmetrically
coupled systems of the lossless transmission lines, by means of the equivariant degree method.

After the introduction the paper is organized as follows. Section 2 collects a minimum preliminary notions from the
equivariant topology required for a proper presentation of the method. In Section 3, we establish a general framework for
a treatment of neutral functional equations, especially an effective computational formula (cf. (22)), which translates the
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Table 3

Examples of the equivariant classification of the Hopf bifurcation with S4 symmetries

E; £0, €1, €2, €3 W(2o)1 # Branches
Eo 00,11 (S4) = 2(D3) — (D2) — (Z4) + (Z3) +2(D1) + (Z2) — (Z1) 1
Ey 01,00 (S4) — 2(Dy) 1
Eo  0,1,0,1 (S4) = 2(D4) + (Z4) — (Z3) + (D) + 2(Z2) — (Z1) 1
Eop 1,000 (S4) = 2(D4) — 2(D3) + (D2) + (Z4) + (Z3) + 2(Dy) — (Z2) — (Z1) 1
Eo 1,0,0,1 —(84) + (Z4) + (Z3) + (D) — (Z1) 1
Ey  1,1,00 —(S4) +2(Dy4) 1
Ey 1,101 —(S4) +2(D4) — (Z4) + (Z3) — (D1) — 2(Z2) + (Z1) 1
Ey  LLLI —(S4) +2(D4) +2(D3) = (D2) — (Z4) — (Z3) — 2(D1) + (Z2) + (Z1) 1
E; 00,00 S :
Ei 0,100 (87) = 2(D9) 4
E; 01,10 (S7) — 2(fo) —2(D3) + (D3) + (DY) + 2(Zy) — (Zy) 4
E, 0,1,1,1 (84) —2(fo)—2(D§)+(D§)+(ZZ)+(23)+2(Df)—(Zz)—(Z|) 4
Ei 1010 —(83) +2(D3) + (D3) — 3(D}) + (Z1) 1
E) L1,1,0 —(SD+2(fo)+2(D§)—(D§)—(Df)—2(Zz)+(Zl) 4
E;  LLL1 —(54‘)+2(D§f)+2(D§)—(DS)—(Z;)—(Zg)—Z(Df)+(Zz)+(Zl) 4
Ey 00,10 (DY) — (D3) — (DY) — (D2) + (Z§) — (Z) + (DY) + 3(D1) — (Z) — (Zy) 24
E,  00,1,1 (D) — (D3) = (D) — (D2) = (Z9) — (Z}) + (Z%) + (Z3) + (D)) + (Z5) + (Z2) — (Z1) 24
E> 0,1,1,0 —(DY) — (D3) + (DY) + (D2) = (Z3) — 2(Vy) — (Z5) — (D) — (D) + 5(Zy) + 2(Z2) — (Z1) 24
Es 0,1,1,1 —(D§) = (D3) + (DY) + (D2) + (Z§) + (Z3) = 2(Vy) + (Z) + (Z3) + (D1) — (Z5) — (Za) — (Zy) 24
Ey 1,000 — (DY) — (D3) — (DY) — (Z§) — (Z5) + (D) + (Z3) 24
E> 1,0,1,0 —(D}) + (D3) + (DY) + (D2) — (Z3) + (Zy) — (D}) — 3(Dy) + (Z;) + (Zy) 24
Ey 1,011 —(D) + (D3) + (DY) + (D2) + (Z) + (Zy) — (Z5) — (Z3) — (D1) — (Z3) — (Z2) + (Z1) 24
Ey  1,1,00 (DY) — (D3) + (D9) + (Z) +2(V]) — (Z4) + (Dy) — (Z) 24
Ey  LLL1 (DY) + (D3) = (DY) — (D2) — (Z§) — (Zy) +2(Vy ) — (Zh) — (Z3) — (D1) + 2(Z5) + (Za) + (Z1) 24
Ez 00,11 (DY) — (DY) — (DY) — (D3) — (Z$) — (Zs) + (Z%) + (Z3) + (DY) + (Z5) + (Z2) — (Zy) 27
Es3 0,1,0,0 —(DY) + (D) — (DY) = (Z§) — 2(Vy) + (Zy) — (D)) + (Z5) 27
E; 0,110 —(D}) — (DY) + (D) + (D) — (Z%) — 2(V;) — (Z4) — (DY) — (D1) + 5(Z5) + 2(Z2) — (Zy) 27
E; 0,11 —(D}) — (D) + (DY) + (D) + (Z§) + (Zy) = 2(V;) + (Z8) + (Z3) + (D)) — (Z5) — (Z2) — (Z)) 27
Es3 10,1,1 —(DY) + (D3) + (DY) + (D3) + (Z$) + (Zy) — (Z4) — (Z3) — (D) — (Z5) — (Z2) + (Z1) 27
E3 1,100 (DY) — (DY) + (DY) +(Z5) +2(Vy) — (Z4) + (D) — (Z3) 27
E3 1,1,1,0 (D3) + (D3) — (DEZ) —(D5) + (Z3) +2(Vy) + (Z5) + (DY) + (Dy) — 5(Z5) — 2(Z) + (Z) 27
E;  LLL1 (D) + (D3) — (D) — (D5) — (Z3) — (Zs) +2(Vy ) — (Z4) — (Z3) — (D) + (Z5) + (Z2) + (Z1) 27

spectral equivariant information provided by the characteristic equation into a bifurcation invariant expressed in terms
of the equivariant degree. In Section 4, we derive and discuss two systems of symmetrically coupled (internally and
externally) lossless transmission lines. Motivated by the two generic couplings, we consider in Section 5, a symmetric
system of FDEs, for which a detailed analysis of the main steps preceding the computation of the associated Hopf
bifurcation invariant is given. Section 6 summarizes concrete computational results (in the case of the dihedral groups
D, (n=4,5), octahedral group S4 and icosahedral group As) of the bifurcation invariants in tables (see Tables 1-4),
where minimal numbers of bifurcating branches with their least symmetries are also indicated.

transmission line models. The Maple routines used in this work were created by Adrian Biglands.

The authors are grateful to Eric Woolgar for his helpful discussions and suggestions related to the derivations of the
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Table 4
Examples of the equivariant classification of the Hopf bifurcation with A5 symmetries

Ej €0, €1, €2, €3, €4 0 (o)) # Branches
Eo 1,0,1,0,1 —(As) 4+ 2(Ds) + 2(D3) — (Zs) — (Z3) — 4(Z2) + 2(Z) 1
Eo 1,1,1,0,1 —(As5) +2(Ag) +2(Ds) — (Zs) — 2(Z3) — 3(Z>) +2(Zy) 1
E 0,0,0,0 (A9) + (DY) + (D3) + (ZH + (Z) + (Vi) + (ZY) — (Z3) — (Zy) — (Za) 55
E 0,0,1,0,0 (Ag) — (D) — (D3) — (L) — (Z3) + (V) — (Z8) — (Z3) 55
—(Z5) — (Z2) +2(Zy)
E; 0,0,1,1,0 (Ag) — (D3) — (D3) + (Z3) + (Z2) + (V) + (Z5) + (Z3) 55
+(Z5) + (Zo)
E, 1,0,0,0,1 —(Ag) — (DY) — (D3) + (Z) + (Z2) — (V;) + (Z5) + 3(Z3) 55
+3(Zz‘) +3(Z>) — 4(Zy)
E 1,0,1,0,1 —(Ag) + (DY) + (D3) — (Z) = (Z2) — (V;) — (Z%) — (Z3) 55
—(Zy) = (Z2) +2(Zy)
Es 0,0,0,0,0 (AD + (AD) + (Ds) + (D3) + @) + Z2) + (V) = 2(Z2) 50
E» 0,0,1,1,0 (AD) + (A}) — (Ds) — (D3) + (Z9) + (Z2) + (Zs) + (V}) 50
+(Z3) +2(Zr) — 2(Zy)
E» 0,1,0,1,0 —(A]) = (AD) + (Ds) = (D3) — (Z§) = (Z2) — (Zs) — (V;) + (Zy) 50
E> 1,0,1,0,0 —(A}) = (A) + (Ds) + (D3) + (Z2) + (Z2) — (V) + 4(Z%) 50
+2(Z5) + (Z>) - 3(Zy)
E3 0,0,0,1,0 (DY) +(D3) — (Z3) — (Zs) + (V) = (Zy) — (Z3) — 4(Z5) — (Z2) + 3(Z1) 44
E3 0.0,1,0,0 —(DY) — (D) — (Z) + (V) = (ZY) — (Zo) + (Z1) 44
E3 0,1,0,1,0 (DY) — (DY) — (Z) — (V) — (Z%) + (Zy) 44
E3 1,0,0,1,1 —(D) — (D3) — (Z3) — (V) — (Z) + 2(Z5) 44
E3 1,0,1,0,0 (DY) + (D) + (Z2) — (V) + (Zy) + (Zo) — (Z) 44
E3 11,1,1,0 (DY) — (D3) — (Z2) — (Zs) + (V) = (Z) — 2(Z5) — (Z2) + 2(Z1) 44
E4 0,0,0,1,0 (DY) +(D3) — (Z2) — (Zs) + (V) = (Zy) — (Z3) — 4(Z5) — (Z2) + 3(Z1) 44
Ey4 0.0,1,0,0 —(D3) — (D) — Z2) + (V) — (Z4) — (Z2) + (Z1) 44
E4 0,1,0,1,0 (DY) — (D) — (Z2) — (V) = (Z5) + (Z1) 44
E4 1,0,0,1,1 —(D) — (D3) — (Z2) — (V) — (Zy) + 2(Z5) 44
E4 1,0,1,0,0 (DY) + (D3) + (Z2) — (V) + (ZY) + (Z2) — (Z) 44
E4 11,1,1,0 (DY) — (D3) — (Z2) — (Zs) + (V) = (Zy) — 2(Z5) — (Z2) + 2AZy) 44

2. Preliminaries
2.1. Definitions and notations

Hereafter, G = I' x S', where I' is a finite group and S' is the unit circle group. For a closed subgroup H of G, we
denote by (H) the conjugacy class of H in G, N (H)—the normalizer of H in G, W(H) = N (H)/H—the Weyl group
of H in G, and ®(G)—the set of all conjugacy classes in G (which admits a natural partial order: (K)<(H) if K is
conjugate to a subgroup of H).

Let V be an orthogonal (or isometric Banach) G-representation. For x € V, denote by G, = {g € G : gx = x} the
isotropy group of x and call the conjugacy class (Gy) the orbit type of x in V. For a G-invariant subset X C V, put
XH :={x € X : G, D H} and call it the H-fixed point subspace.

Let @ be an open bounded G-invariant subset of R @ V, where we will always assume the trivial G-action on R,
and f : R® V — V a continuous equivariant map in Q, meaning f(gx) = gf(x) forall g € G and x € Q. fis
called Q-admissible if f(x) # 0 for all x € 0L, and such a pair (f, Q) will be called an admissible pair. Similarly, a
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homotopy % : [0, I]x RV — Viscalled an Q-admissible G-equivariant homotopy, if i; := h(t, -) is an Q-admissible
G-equivariant map for all ¢ € [0, 1].

2.2. Primary equivariant degree with one free parameter

Consider the set
®1(G) :={(H) € (G) : dim W(H) = 1}.

Itis easy to check that the elements of @ (G) are the conjugacy classes (H) of the so-called ¢-twisted I-folded subgroups
of I'x S'withl=1,2,3,...,ie.

H=K" :={(7.2) e K xS':9(») =7},

where K is a subgroup of I and ¢ : K — S is a homomorphism. In the case of a 1-folded ¢-twisted subgroup K ¢!,
we will denote it by K¢ and call it simply a rwisted subgroup of I' x S'.
Denote by

A1(G) = Z[P1(G)]

the free Z-module generated by @1(G), i.e. any element & € A1(G) can be written as a finite sum o« = ng, (Hy) +
np,(Hy) +---+np (H),ny, € 7.

The Z-module A1 (G) is a range of values of the so-called primary equivariant degree G-Deg defined on admissible
pairs (f, Q) (2 C R® V and Vis an orthogonal G-representation) and satisfying all the standard properties required
from a “reasonable” degree theory. Moreover, the primary equivariant degree theory admits an axiomatic approach
(see [5,3] for details). Being limited in size, we will list below only those properties which are directly referred to in
the present paper.

e Existence: If G-Deg(f, Q)= Z(H) ny (H)is such thatny, # 0 forsome (H,) € @1(G), then there exists x, € Q
with f(x,) =0and G,, D H,.

e Homotopy: Suppose that & : [0, 1] x R@® V — V is an Q-admissible G-equivariant homotopy. Then, G-Deg
(hy, Q) = constant, where h; := h(t, -).

e Multiplicativity: Let A(I') denote the Burnside ring of I" (see [12,16]). There exists a multiplication: A(I") x
A1(G) — A1(G) such that for an orthogonal I'-representation V,, and a continuous equivariant map f, : V, —
V,, one has

G-Deg(f X fo. @ x ) = I'-Deg(f,, %) - G-Deg(f, Q),

where # C V, is the unit ball, f,(x) # 0 for x € 0B and I'-Deg stands for the equivariant degree without free
parameters (see [12] for details).

Remark 2.1. (i) The so-called basic maps b : R® ¥~ — ¥, associated with orthogonal irreducible G-representations
¥ (with nontrivial $'-action), are the simplest homotopically nontrivial equivariant maps for which G-Deg can be
easily evaluated (cf. [5,2,3]). To be more specific, define O := {(t,v) e R® ¥ : -1 <t <1, |v]|<2}andb: O — 7V~
by

b, v) ;=1 — vl +it)-v, @v)eRDY,
and call the primary degree
deg,- := G-Deg(b, )

the basic degree associated with the irreducible G-representation #". The same notion can be applied to the case without
free parameter. Namely, we call degy - := I'-Deg(—1d, %) (where # C V, is the unit ball) the basic degree associated
with the irreducible I'-representation 7.

(i1) By adopting the notion of fundamental set (cf. [1]) to the equivariant context, the concept of the primary equivariant
degree can be extended to admissible pairs (f, 2) with Q C R@® W and f : R@ W — W being a condensing vector
field on the Banach G-representation R @ W (cf. [9,12]). We will use for it the same symbol.
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3. Symmetric Hopf bifurcation for neutral functional differential equations

We present a general framework for studying symmetric Hopf bifurcation problems for a system of neutral functional
differential equations.

Let V be an orthogonal I'-representation and 7 >>0 a given constant. Denote by Cy . the Banach space of continuous
functions from [—1, 0] into V equipped with the usual supremum norm [|@[lec = sup_. << [9(0)|, ¢ € Cy 1. Note
that the I'-action on V induces a natural isometric Banach I'-representation on Cy ; (as well as on R @ Cy ;) given by

Ge)(O) :==7(p0), yel, 0€[-1,0]
For a continuous function x : R — V and ¢ € R, define x; € Cy ; by
x () =x@t+0), 0¢€c[-r0]

We consider the following one-parameter family of neutral equations:

d
E[x(t) — b, xp)] = [, x0), ey

3

where x : R — V is a continuous function,” and b, f : R@® Cy ; — V satisfy the following assumptions:

(A1) b, fare continuously differentiable;
(A2) b, fare I'-equivariant;
(A3) b(2,0)=0, f(2,0) =0 forall « € R.
Also, to prevent the occurrence of the steady-state bifurcation, assume
(A4) det Dy f (o, 0)|]y # O forall « € R.

In addition, assume that

(A5) b satisfies the Lipschitz condition with respect to the second variable, i.e.
Fe 0k <1, st b, @) — b, Y<Kl —Ylloo 2
forall o,y € Cy r, 0 € R.
For x, € V, we will use the same symbol to denote the constant function x,(¢) = x,. We call (o, x,) € R® V a

stationary point to (1), if f («, x,) =0. By assumption (A3), («, 0) is a stationary point for all € R. A stationary point
(o, x,) is said to be nonsingular if Dy f (o, x,)Iy : V — V is nonsingular.

3.1. Characteristic equation

In what follows, V¢ denotes a complexification of the orthogonal I'-representation V over R. Then V¢ has a natural
structure of a complex I'-representation given by y(z ® x) =z ® yx, forz € C and x € V. Also, a I'-isotypical
decomposition of the real representation V'

V=WweVie -V, 3)

where Vo=V and V; is modeled on the real irreducible I'-representation 7;, gives rise to a I'-isotypical decomposition
of the complex representation V¢

Ve=Up® U & - & Ui, “)

where Up = (V) and U; is modeled on the complex irreducible I'-representation % ;. Note that the number s of
isotypical components in (4) is different in general, from the number r of isotypical components in (3), depending on
the type of the irreducible representations % ; (cf. [6]).

3 Formally speaking, we do not require in (1) that x (¢) is differentiable, but only x(#) — b(«, x;) to be continuously differentiable.
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Let («, x,) be a stationary point of (1). The linearization of (1) at («, x,) leads to the following characteristic equation,

dete An)(2) =0, Q)
where

) () = A = Dib(@, x0) (" )] = D f (3 %0) () (©6)

is a complex linear operator from V¢ to V¢, with e* (0, x) = ey and D, (o, x,)(z ® x) =z ® Dy f(a, x)x for
7@ x € V€ (cf. [17]).

A solution 4, to (5) is called a characteristic root of system (1) at the stationary point (o, x,). It is clear that (e, x,)
is nonsingular if and only if O is not a characteristic root of (1) at the stationary point («, x,). We say that a nonsingular
stationary point (o, x,) is a center if it has a purely imaginary characteristic root. A center (o, x,) is called isolated if
it is the only center in some neighborhood of (o, x,) in R V.

Put Ay (A) := Ag,0)(4). By assumption (A2), the complex linear operator A, (4) is also I'-equivariant. Consequently,
for each isotypical component U; of V¢ in (4), we have A, (4)(U;) € U;. Denote

Doy j(2) = Do(Dly;- (7
Let A be a characteristic root of system (1) at the stationary point («, 0). We will use the following notations:

Ej(%) :=ker Ny () C VS,
m (/) == dime E; (1) /dim¢ % . 8)

The integer m ; (1) will be called the % ;-multiplicity of the characteristic root /.
In what follows, we will assume that

(A6) System (1) has an isolated center (c,, 0) for some «, € R, with the corresponding purely imaginary characteristic
rootif,, for §, > 0.

With the above definitions in hands, we will discuss the Hopf bifurcation problem for Eq. (1). Namely, we are
interested in detecting and classifying (according to their symmetry properties) branches of small amplitude nonconstant
periodic solutions to (1) bifurcating from the isolated center (o, 0).

To this end, we will associate to the problem in question the so-called local bifurcation invariant, being a pri-

mary equivariant degree, and follow the standard steps of the degree-theoretical treatment of the Hopf bifurcation
phenomenon.

3.2. Normalization of period
By making a change of variable x () = u(ft) with f := 2x/p, we obtain
d 1
P [u(®) — b(o, u; p)] = 7 S uyp), )
where up€Cvr is defined by
g (0) = u(t + B0). 0 €[~,0].
Evidently, u(?) is a 2n-periodic solution of (9) if and only if x(#) is a p-periodic solution of (1).
3.3. T x S'-equivariant setting in functional spaces

We use the standard identification S! ~ R/27nZ and denote W := H'(S'; V) the first Sobolev space of 2n-periodic
V-valued functions, C(S'; V) the space of continuous 27-periodic V-valued functions equipped with the usual
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supremum norm. Note that the space W is an isometric Hilbert G-representation with the action given by
(7, D) (t) =puE’r) foryeT, e s

Put R? := R x Ry.
Foru e W,v € C(Sl; V), t € R, define the following operators:

L:W— L>SY V), Lu@t)=u@),
JiW > CEShV), ) =),

2n
K:W— L*SY V), Ku@) = i/ u(s)ds,
2n 0
Np:RLx C(SY V) — LA V), Ny(a, Bov)(®) = £ v p),
Ny :RE x C(8'; V) — LA V), Np(o B v) (1) = b(x, vy p).

where u=u a.e. (cf. [14]). It can be easily shown that (L + K)_1 S LSt V) — W exists and the map # : [R{i xW —
W given by

1
B

is a condensing map. Indeed, the map .7 is a sum of two maps, where the first map

F (@, fyu) = (L+K)™! [ Ny (o, p,u) + K(u — Np(a, B, u))} + Np(o, f, u) (10)

(o, B, u) ~ (L+K)~! [% Ny(a, p,u) + Ku — Np(a, B, u))} ;

is completely continuous, and the second map (o, 5, u) — Np(c, B, u) isaBanach contraction with constant k (0 < k<1)
(see assumptions (A1) and (AS)).

Remark 3.1. Note that, (o, 3, u) € Ri x W is a 2m-periodic solution to (9) if and only if u =% («, 5, u). Consequently,
the occurrence of a Hopf bifurcation at («,, 0) for Eq. (1) is equivalent to a bifurcation of 2n-periodic solutions for
(9) from (o, 5, 0) for some f3, > 0. On the other hand, if a bifurcation at («,, f,,0) € R%r x W takes place in (9),
then we necessarily have that the operator Id — D, % (o, f3,,0) : W — W is not an isomorphism, or equivalently,
ilp,, for some [ € N, is a purely imaginary characteristic root of («,, 0), i.e. detc Ay, (ilf5,) = 0 (cf. conditions (A4)
and (A6)).

3.4. Dominating orbit types

In order to take advantage of the information provided by the local bifurcation invariant we need to introduce the
following important concept.

Definition 3.2. An orbit type (H) in Wis called dominating, if (H) is maximal (with respect to the usual order relation
(see Section 2.1)) in the class of all ¢-twisted one-folded orbit types in W (in particular, H = K ).

In what follows, the dominating orbit types will be used to estimate the minimal number of different periodic solutions
(as well as their symmetries) to system (1) (see Theorem 3.4).

Remark 3.3. (i) Assume there is a solution u, € W to (9) (for o = &, and some f3 > 0), for which one has G,, D H,.
If (H,) is a dominating orbit type in W with H, = K% for some K C I and ¢ : K — S!, then, by the maximality
condition, (G,,) = (K @1y with [ > 1, and the corresponding orbit G (u,) is composed of exactly |G/ G, | different
periodic functions (where |Y |1 denotes the number of § L orbits in Y). It is easy to check that the number of S!-orbits
in G/G,, is |[I'/K| (where | X| stands for the number of elements in X).

On the other hand, let x,, be a, say, p-periodic solution to (1) canonically corresponding to the above u,. It follows
from the definition of /-folding and I" x S'-action on W that x,, is also a p/ [-periodic solution to (1). The pair (x,, p/I)
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canonically determines an element «/, € W being a solution to (9) (for o« = a, and some B satisfying the condition
Gy, = H,. In this way we obtain that (1) has at least |I'/ K| different periodic solutions with the orbit type exactly (H,)
(considered in W).

(i1) Due to the maximality property of dominating orbit types and the fact that the isotropy groups increase under pro-
jections, the dominating orbit types can be easily recognized from the isotropy lattices of the irreducible representations
of W.

3.5. Sufficient condition for Hopf bifurcation

For convenience, we identify Ri with a subset of C, and given (o, ff) € Ri put A=o+if (in particular, 1, =0, +if,).
Take an isolated center (o,, 0) provided by condition (A6). Then, there exists 6 > 0 such that

a(l):=1d — D, F(,0): W — W (11)

is an isomorphism for 0 < |4 — J,| <. By implicit function theorem, there exists p € (0, min{1, §}) such that u —
F (A, u) # 0 forall (4, u) satisfying |4 — ,| =0 and 0 < |lu|| < p.
Define the subset 2 C Ri x W by

Q= {U,u) e RE x W : |4 —Jo| <9, llull <p} (12)
and put
0y =QnN (IR%F x{0}) and 0O,:={(4u) € Q: ull = p).
Next, take a G-invariant function ¢ : Q — R satisfying the conditions:
{ ¢c(A,u)>0 for (A u)e ap,
G(4,u) <0 for (4,u) € Q.

(Following Ize, such a function is usually called auxiliary). An auxiliary function can be easily constructed, for
example,

(A u) = A= Zol(llull = p) + llull — g; (Z,u) € Q. 13)

Define the map - : Q— R® Wby
FCou) =GO u),u —Fu), (Au) e (14)

(see formula (10) and Fig. 1).
By construction, . is G-equivariant and ©-admissible condensing field. Put (cf. Remark 2.1(ii))

w(4o) := G-Deg(F:. Q) € A1(G), (15)
and call w(4,) the local G-invariant for the I'-symmetric Hopf bifurcation at the point (4,, 0).

Following the same ideas as in the proof of the Theorem 3.2 in [7] (see also [10,5]), one can easily establish:

Theorem 3.4. Given system (1), assume conditions (A1)—(A6) to be satisfied. Take F defined by (10) and con-

struct Q according to (12). Let ¢ : Q — R be a G-invariant auxiliary function (see (13)) and let . be defined
by (14).

(1) Assume (cf. (15)) w(4y) # 0, i.e.

w(/ll,)=ZnH(H) and npg, #0 (16)
(H)

for some (H,) € ®1(G). Then, there exists a branch of nontrivial solutions to (1) bifurcating from the point
(2, 0) (with the limit frequency L, for some | € N). More precisely, the closure of the set composed of all
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Fig. 1. Auxiliary function for Hopf bifurcation.

nontrivial solutions (J, u) € Q to (9), i.e.

{(Zu) € @ F(4,u) =0, u # 0}
contains a compact connected subset C such that
(V0,00 €C and CNJ, #9¥, CcCRLx wh,

(%o = 0y + 1 f,) Which, in particular, implies that for every (a, , u) € C we have G, D H,.

(i) If, in addition, (H,) is a dominating orbit type in W, then there exist at least |G/H,|s different branches of
periodic solutions to Eq. (1) bifurcating from (a,, 0) (with the limit frequency If, for some | € N). Moreover,
for each (o, 3, u) belonging to these branches of (nontrivial) solutions one has (G,) = (H,) (considered in the
space W).

Remark 3.5. (i) It is usually the case that there is more than one dominating orbit type in W contributing to the lower
estimate of all bifurcating branches of solutions.

(i) In addition, if there is also a coefficient ng # 0 such that (K) is not a dominating orbit type, but ny = 0 for
all dominating orbit types (H) such that (K) < (H), then we can also predict the existence of multiple branches by
analyzing all the dominating orbit types (H) larger than (K). However, the exact orbit type of these branches (as well
as the corresponding estimate) cannot be determined precisely.

To apply Theorem 3.4 to classify symmetries of periodic solutions to concrete symmetric FDEs, we use a sequence
of reductions that allows us to establish an effective formula for computing/estimating w(4,).

3.6. Computation of the local I x S'-invariant and its first coefficients

We will present a computational formula of the local I' x S!-invariant w(/,), based on the homotopy and multi-
plicativity properties of the primary equivariant degree (cf. Section 2.2). For details and justification of the derivation,
we refer to [3].

Using the standard linearization argument and homotopy property of the primary equivariant degree, it can be verified
that

(4o) = G-Deg(&Fo, ), A7)

where &, (4, uy) := (¢(4, uy), uy — Dy F (4, 0)u,) and Z is defined by (10).
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On the other hand, the Hilbert I' x S'-representation W = H'(S'; V) permits an S!-isotypical decomposition

o0
w=vedw. (18)
=1

where V := WS stands for the subspace of the constant functions in W, which is naturally a real I'-representation,
and the subspace W; is defined by

Wi = (e (x, +iy,) : Xn, yn € V1,

which is isomorphic to V¢ as a complex I'-representation. Taking into account (3), (4) and (18), we have the following
G-isotypical decomposition of W:

,
w=@Pvied v (19)
J.l

i=0

where V; ; stands for a G-isotypical component of W; modeled on a G-irreducible representation ¥"; ; (j=0,1,...,5).
Put

ai(2) =1 — Dy F (0, 0)ly,. aj () :=1d — D, F (% 0)ly,, for |2 — 2| <.

It can be shown that

1 1 .
a; (1) = 3 Dy f(a, 0)lv;, aji(A) = T VAVRTUTHN (20)

where A=0o+iff € C.
Combining the multiplicativity property of the primary degree with the so-called Splitting Lemma (see [5,3]), one
obtains:

®(4o) = G-Deg(Fo, Q)
= [ [ -Degai (o), Bi) - Y G-Deg(a;1(7), 2N (RE x Vi), @1)
i=0 gl

where %; denotes the unit ball in V;. Moreover, based on the values of the basic degrees deg -, and deg,.,/»j , associated
with #7; and 77 ; (cf. Remark 2.1), and the so-called /" ; ;-isotypical crossing numbers t; (o, p,) (cf. [3]), formula
(21) can be reduced to the following one:

.
oGo)= [] [TWegs )™ 3" tj1(20, B,) degy ., (22)
HET— i=0 il
where o_ denotes the set of all negative eigenvalues of @;_ a; (L), m; () is the ¥";-multiplicity of u given by
mi () := dimg (E; (@) /dimg 77, (23)
where E;(p) is the eigenspace of u when restricted to V;, and t; ;(a,, f,) can be obtained via the % ;-multiplicity of

iB, (cf. (8)) by

. du .
t.i(a0, B,) = —sign P m;(ilB,), (24)

=0

where u (o) stands for the real part of solution to (5) for x, = 0.

Remark 3.6. Although the entire value of the invariant w(4,) should be considered to fully classify the symmetric
Hopf bifurcation branches for system (1), in order to simplify our exposition (by reducing the number of additional
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Fig. 2. Symmetric model of transmission lines: internal coupling.

cases), we will restrict our computations to the coefficients ny, =n Ko which will be called first coefficients, and we
will denote the corresponding part of the invariant w(4,) by w(Z,);. Thus, by (22)

oG =[] H(deg SLCE Zt,l(ao,ﬁo)deg, (25)

pueo— i=0

In fact, the first coefficients turn out to be sufficient to detect the solutions corresponding to the dominating orbit
types.

4. Symmetric configurations of lossless transmission line models

In this section, we consider two simple (but generic) types of symmetric configurations for the lossless transmission
line models, and derive the corresponding symmetric neutral functional differential equations, which give insight of
reasonable symmetries one could expect in suchmodels.

4.1. Configuration 1: internal coupling

Consider first a cube of symmetrically coupled lossless transmission line networks between two recipients and two
power stations. Assume all coupled networks are identical, each of which is a uniformly distributed lossless transmission
line with the inductance L, and parallel capacitance Cy per unit length. To derive the network equations, we place the
x-axis in the direction of the line, with two ends of the normalized line at x = 0 and 1 (see Fig. 2).4

Denote by i/ (x, t) the current flowing in the jth line at time ¢ and distance x down the line and v/ (x, 1) the voltage
across the line at # and x, for j =1, 2, 3, 4. It is well-known that (see, for instance, [13]) the functions i Jo=1qJ (x,1)
and v/ := v/ (x, t) obey the following partial differential equations (Telegrapher’s equation)

L

Ox for 26)
ov/ il (

S T w

4 This example of internal coupling can be easily generalized to a coupling of N recipients and N power stations with an N > 2.
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When these networks are coupled symmetrically in the way shown in Fig. 2, the vertical lines have coupling terms
from the preceding and succeeding lines at each end x = 0 and x = 1, thus it gives rise to the boundary conditions

E=v}+ (ij + iR,

do!
zl‘+zf=f(v})+cd—t1,
E=v}+ (3 +i)R,

2 227

2, 4 2 dvy
ll+ll—f(v1)+C?,
vé—v(z), US Vo>
v}—vf, vf:vl,

where i} =i (t) :=i/(8.1), v} =v}(1) := v/ (8, 1) for § € {0, 1}, E is the constant direct current voltage and f (v{)
is the current through the nonlinear resistor in the direction shown in Fig. 2.
For mathematical simplicity, we assume that:

(E1) the boundary value problem (26)—(27) admits a unique solution (v*, l*) (v,{ (x, 1), t},{ (x,t)),forj=1,2,3,4
such that 0i] /0x = 0vy /Ox = 0 (the so-called equilibrium point).

Thus, the equilibrium point (v,{, i,{), Jj =1,2,3, 4 satisfies the following equilibrium equations:
E=vl+ (! +iDR,

do!
il +id=foh+c—=,

dr
28
E=v]+ (@ +iDR, (28)
d 2
i +it = f0) +C .

Now, subtract the first four equations in (27) by (28), we obtain
0=v)— v+ (i} —il +if —iDR,
il —il+i} —i2=foh - fol )—|—C—(v1 — )y,

29
O=U0—U*+(l — +lo—l4)R, (29)
. 3 d
—i2if =it = D)~ fOD +C (0 — ).
By changing variables, .%"g = vg - Ui, @fg = i§ - ii (for 0 =0, 1), and putting
(@] = @] +v]) — Fd) = F]) - Fd), G0

the boundary conditions (27) reduce to

0=20+ )+ YR,

dz|
Y+ Y3 =g X)) +C_d;]’
0=27+ (¥ + R,

sy

Y+ Yt =g(A3
8( ar

xi=a3, ai=a¢,
1i=27, a7=a1
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For simplicity, we replace the symbols Z (’3 and % (’3 with vé and i g, respectively (for 6 =0, 1),

0=} + (i§ +iDR.
do!
i}+i?:g(v})+cd—;,
0=v3 + (ij +iDR.
0 0 2 31
2 4 2
= C—
i+ g(v ) + a

1_.2 3_ .4
Vo =y, Uy =TVp,

ol =03 2 =t
1= Ur=r
Our goal is to reduce the boundary value problem (26) and (31) to a system of symmetric FDEs. To this end, recall
that the general solution to (26) (the so-called d’Alembert solution) takes the form:

v (x, 1) = % (¢! (x — at) + ¥/ (x + ar)],

. 1 . . (32)
il(x, 1) = % [¢) (x —at) —y/ (x +an)],
where
_ ! p= |Ls (33)
= Un.c. TG

are, respectively, the propagation velocity of waves and the characteristic impedance of the line, and (i)j e Cl((—o0, 11;
R), Y/ € CL([0, 00); R) (see, for instance, [15]).
Next, we will essentially use the identity

i i 2 i 1 y 1
T, ) +il (x,t——)=i/(x—-1,t—=)+i/ [x+1,t——], (34)
a a a

supported by the following simple computation:

“p ¢ (e 0)) o ()

R O S TS ) e T S )
) R L ) R G )
R e R R ) R )

el D)l ormr ) o)

:ij(x—l,t—é)—ij<x,t—§)+ij<x+l,t—é>.

In particular, by substituting x = 1 in (34), we have

lj<2,t—l)=i{(t)+i{<t—z>—ié(l—l). (35)
a a a

Return to the boundary conditions (31). Using (32), we obtain:

o' (—ar) = R—_b W(m) _ 2R

/? —
I
—
+
Q

i(%(o,

R
iy (t)

3 3 _
¢(at)——lﬁ() Rtb
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Consequently,
dov!
1 -1 -3 1
C?:ll +iy — g(vy)
1 1 3
o' —at)—vl A —at) —v}

= - + 3 —g])
1 1 1 3 1 3
(—a(t—2)) —v (—a(t—2)) —v
— d) - a 1 + (Z) - a 1 _g(vll)
_mpia = = Zhide—p -l gEpie—D - Fhije—pH-v
= b + b —g(y). (36)

Similarly, we also have

22_;!;[,-11 (t_s)w% (f—§>‘g(”‘l (t_s))}

R_b[v}(r—§>—wl(1+a<r—§)> vt -2 -y A +ac-2) (1( 2))}
+ - g t

R+b b b

IR=-b[ 2 ; 2 1R—b_, ;
=—— t—= t—=)|--—— t—1 “(at — 1

bR+b[v‘< a>+vl< aﬂ bRer[lﬁ(a )+ (a )]

wrre(10-0)) 6
_R+bg n\'7a))

Combining (36) and (37) results in
dvl R —b dv} 2 2R 1 1 1
Pl et et N (PR _ 2 (2 7 PR W N BT
|:dt T R¥b @ ( a>:| R+b[’°( a)+l0 a)| T pr
I1R-b[ , , 2 3(, 2
+bR+b Y1 a t a

R—b 2

1 1
i (r - 5) =, 1¢7( —an = y*(ar = )]

On the other hand, since by (32),

= %m% — (1 +at) — Y*(ar — 1)]

. vl — %W(l +at) + Y (at — 1)]

b
1 1 2
:ZU%—%[I//Z(Hm)Jrzv% (r—;) —<Z)2(3—at):|
1 1 2 1
:Zv%—zv% <z—;> +%[¢2(3—m)—1//2(1+m)]
1 1 2\ . 1
:Zv%—zv%<t—;>+lz<2,t—a>,

it follows from (35) that

1 1 1 2 1 2
2f, Y _ L oo L oof < 22 2f, =
if (t a) V1T 3 U (t a) + 7 [ll(t)+ll (t a>:|‘ (39)
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1159
Symmetrically, a similar statement is valid for i(‘)1 ,1.e
1 1 1 2 1 2
4 4 4 -4 -4
t——|)= r— = —|ij@ t—=11. 40
l°< a) " T w ‘< a>_%2[H()+ll< a)} “40)
Using the boundary conditions (31) and (39)—(40), we have
1 Ny 1, 1, 2\ 1 5 dv?
— — )| == _ t— — — Cc —
10( >+10< a) bvl bv1< a>+2|:g(v1)+ ”

(-2 <2 (-3)]

a

41
Therefore, by substituting (41) into (38) and using the last equality from (31), we obtain

dvi  R—b dv| 2
Cl—++———FL(t=-=
dt  R+b dt a

2R |1

> Lo 2 R (2)+(jdv%+_ 2,2 dv? L2
—— |-y — v —— |- |gW — v - — —
N R G R+b |8 S G

dr
2 1, 2R=b (2 Wy R=b tz
b T bR+ a) ST R a
R [dv} dv? 2
c—— | =L (o=
R+b| ar ' ar a
2

which, after rearrangement, yields:

cldvu, R dv1+_R——bdv} o2\, R dv? 2
dr R+ b dt R+b dt a

21+2R—b1t 2

b ' " bR+b ! a

2
b R+b
L R—b ([ 2 R 2
—8(U1)—R—+bg<vl (f_5>> R+b [8(”1)4'8( <—;>>:|

By the same argument, we obtain:

(42)

c dv1+ R dv1+R bdv%t 2 n R dv} 2
dr R+b dt R+b dt a
2

2,2 %5;220 %) 2

b T R\ ") b RTb

TG Py LY P K lewh+ (-2
8y R+bg U1 u R+ 8V 8 P .

(43)
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In terms of matrices, system (42)—(43) can be rewritten as

d d
C [51 3 ¥O = S xt - r)] — —S3x(t) — Sux(t —r) — SsG(x(1)) + SeG(x(t — 1)), (44)
where
2 HON gl ()
r==. x(r)z[; : G(x(r»:[ ) ]
a v3(1) | gi@)
- R - bh—R R
o R+b o_| R+D R+b
1_ R 1 b 2_ R b—R 9
LR +b . R+b R4+b
- 2 2 R 2R—-b 2 R
B b bR+b | 2 | bR+b bR+b|_2
$5=1, & 2 =550 %=1, g 2R—b | "5
Lh R+b b bR+b bR+b
- R bh—R R
3 R+b | _ | R+b R+b | _
S5 = R 1 =S8, Se= R b_R =95.
LR +b R+b R4+b

Multiplying (44) by S, ! (recall that b # 0 (see (33))), we arrive at
i(t) t—r)]= 2 t 2 t—r) lG((t)) 1 G(x(t ) 45
dt[x —QX(—r]——be()—bCQX(—r—C X +CQ x(t —r)), (45)

where Q = Sl_lSz.
Note that system (44) embodies the symmetric situation, namely the internal coupling, in the following way: let
1
I' := D; acton V := R? by permuting the coordinates of vectors x = [32] € V, then system (44) is symmetric with
respect to the I'-action on V.

4.2. Configuration 2: external coupling

A second example of symmetric coupling was considered in [17] , where N recipients are mutually coupled via
lossless transmission line network which are interconnected by a common resistor R, between neighboring recipients,
and extensively connected with N power stations (Fig. 3).

Denote by i/ (x, t) the current flowing in the jth line at time ¢ and distance x down the line and v/ (x, 1) the voltage

across the line at # and x, for j = 1, ..., N. The same Telegrapher’s equation (26) holds for i/ (x,t) and v/ (x, 1).
However, the boundary conditions need to be modified for this external coupling. For j =1, ..., N, we have
E=v}+ilR,
i J dv{ i—1 j (46)
i = f(vy) +C$ =) = (1)),

j j+1 ;
vi —v{T =1/ ()R,

where 1°(r) := IV (r), vVt := v!, I/°s are the so-called coupling terms (see [17]).
For mathematical simplicity, we assume that (cf. (E1)):

(E2) the boundary value problem (26) and (46) admits a unique equilibrium point (v,{, ii' ) = (vi (x,1), z},{ (x, 1)), for
j=1,..., N.
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Fig. 3. Symmetric model of transmission lines: external coupling.

By a change of variables provided by (30), the boundary conditions (46) can be translated to
0=vj +i]R
dv? 1

.J j 1 -1
l{:g(v{)+cd—;—R @' —20] +0/7h).
4

(47)

We are now in a position to reduce the boundary value problem (26) and (47) to a symmetric system of FDEs. By
(47) and (32), we have

. R—b .
J(—=at) = J 1),
¢’ (—at) R blﬁ(a)
and
Cd—l){:ij—g(vj)+i(J+l—2v +U l)
dr 1 1 Ro 1 1
I (1 —at) — v’ o
¢l(—a =ty —v] 1
= ba l—g(v{)+R—0<j+l—2 +v1 1)
(R—b/R+ b)) (@t — 1) — v NN
= ., — )+ — (’ —20] +0]7).
Similarly,

cR- bd{t 2
R+b dt a
b

_R—b 2\ R-b [ ; 2 1 R—b/ iy i

N U if- = L (1+ — vl 4y )
TR+b'l ( a) R+bg(”‘ a)) TR Ro " u
R—bvlt=2)—yla—-1) R-b (,;( 2
= — 8 Ul t— —
R+D b R+Db a
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L LR=b (2 Wiy R (i (2
b T T b REb a) SV T Rps\ U a

Therefore,

dv/  R—b dv] 2
Cl—+————\t—=)|=
dr R+b dt a

+ RLO (v{Jrl - 2v{ + v{_1> + RL(, II:—:—Z (v{+1 - 2v{ + v{_l) . (43)
In terms of matrices, we rewrite (48) as
i[)c(t) —ax(t—r)]= —L Px(t) — L oPx(t —r) — l G(x(1)) + l oG (x(t — 1)), (49)
dr bC bC C C
where
) vy (1) gw{ (1)
r==, xo=| : |, Gxmy=| = |,
’ o) sl (1)
1+ 2 b 0O .- 0 _b T
R, R, R,
R+b : ) . :
b b 2b
L "%, 0 0 TR 1+ ®,
Note that system (49)isa I := DN-symmeltric system in the following sense: consider I" acting on V := R by
v
permuting the coordinates of vectors x = | : € V, then system (49) is symmetric with respect to the I'-action
oN
onV.

5. Hopf bifurcation results for symmetric configurations of transmission line models

Being motivated by the two generic models of symmetric couplings (cf. (45) and (49)), we will present below a
general symmetric system of functional differential equations and discuss several crucial elements in computations of
its associated bifurcation invariant, which are the prerequisite for the usage of our Maple© package.

5.1. Statement of the problem

We combine the two different coupling models discussed in Section 4 in the following symmetric functional differ-
ential equation

%[x(t) —oQx(t —r)]=—Pix(t) —oQPrx(t —r) —aG(x()) +aaQGx(t —r)), (50)
where a and r are positive constants, o is the bifurcation parameter and
x!(1) g(x' ()
x2(1) i g(x*(1) .
x(t) = : eR", Gx@)) = : e R".
x"(t) g(x" (1))

In addition, we assume

(H1) g : R — R is continuously differentiable, g(0) = g’(0) = 0;
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(H2) A finite group I' acts on R" by permuting the coordinates of vectors x € V := R”, meaning geometrically it
permutes the vertices of a certain related polygon or polyhedron;

(H3) () Q, P1, P, are n x n-matrices, which commute pairwisely;
(i) Q, P1, P, commute with the I'-action on V;

(H4) ol - [I1Q1I < 1.

Remark 5.1. (i) Since Q, P;, P, are pairwisely commuting matrices, they can be diagonalized simultaneously. In
other words, Q, Pj, P> share the same eigenspaces with respect to a certain choice of a basis of V. We will use the
symbols &, { and 7 to denote the eigenvalues of Q, P;, and P,, respectively, corresponding to the same eigenvector
v € V. Further, assume that { and 7 satisfy the following condition:

(HS) In the case {5 > 0, /{7 # ((2k + 1)/2r) 7 for any k € Z.
(ii) By assumption (H4), system (50) satisfies (A5).
(iii) It is clear that system (50) is symmetric with respect to the I'-action on V and («, 0) is a stationary point for all «.

In this way, we are dealing here with a I'-symmetric system of functional differential equations, and we are interested
in studying the nontrivial periodic solutions that bifurcate from the stationary point.

5.2. Characateristic equation and isolated centers
By linearizing system (50) at x = 0, we obtain
d
E[x(t) —aQx(t —r)]=—Pix(t) —oaQPrx(t —r).

Substituting x = e“vfor e C,0# v eV, we have
2ty — 002Xy = — PreMv — aQ Pye™ v,
ie.
[A1d — aQie™™ + Py +aQPre v =0.
Therefore, we have the following characteristic equation for system (50)
dete Ao)(4) =0, (51)
where
Ai0)(2) = (A1d — 2 Qie™") + P| + 0 Q Pre ™.

Next, we need to find possible values of o such that (51) has a purely imaginary root i  for some f§ > 0, so we could
detect the potential bifurcation points (o, 8, 0) € Ri x W.

By Remark 5.1(i), when restricted to the same eigenspace of Q, Py and P, the characteristic equation (51) reduces
to the following algebraic equation

G+ e —al(h—n) =0. (52)
By replacing in (52) A with i § for some f§ # 0, and separating the real and imaginary parts, we obtain
Ceos(Br) — Bsin(Br) = —nac, 53
{sin(fr) + fcos(fr) = Pal.
which leads to
B(C +n) . o
— if
wn(pry={ -y oz S
S if f% = (.

However, it can be verified that under the assumption (HS), the second case in (54) cannot occur.
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Hence, we have the following (note that 5 # 0)

. Bl A+m [P+ B2 = [+ B
Sm(ﬁ’):écuﬁzviﬂwz’ COS(ﬁ”Zémﬂz 2+ B2 G

where 6 € {£1} depending on the range of r. Also, observe that in the case & = 0, (53) does not permit any nonzero
solution of . So we suppose ¢ # 0, then (53) yields:

o [+
aZE/nMﬁZ' (56)

Using (56), we simplify (55) to

WPLAM gy = 2B = D)
C+p C+p

Clearly, assumption (A6) is satisfied for system (50). We summarize the corresponding information in the statement
following below (the needed arguments can be easily deducted from graphing (54)).

sin(fr) = (57)

Lemma 5.2. Given system (50) satisfying (H1) and (H3), fix a triple of reals {, n and & as in Remark 5.1(i) satisfying
(HS). Then the equation

B+
B —n

has infinitely many positive solutions f;’s (k € N), such that

tan(fr) =

(a) 0< By <P fork <l
(B) lim— o0 B = 00
(c) for each By, the point (0, 0) is an isolated center for system (50), where

2, 2
I LS . S S
Vo + B

Moreover,

(1) Inthe case {n >0, by putting k, := | (r/{n/m)+ %J , where the symbol | - | stands for the greatest integer function,
we have

(1d) Ifk, =r/{n/m, then

2k—1  k
( n,—n) for k <k,,

B, € 2r r

k k 2k+1
-, n) fork>k,
r 2r

(1d") Otherwise,
2k—1  k

T, —T for k<k,,
B, € 2r r
k (k—l 2k — 1

n’
r

n) for k> k,.

(2) In the case {n <0 and { + n <0, we have
Qd) e (BEn En) fork e N.

(3) Inthe case {n <0 and { + n > 0, we have
GBd) if C+n< —{n, then Py € ((k/r)m, ((2k +1)/2r)m) for k € N;
(3d’) otherwise, p, € ((k — 1)/r)m, (2k — 1)/2r)7) for k € N.
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5.3. Negative spectrum o_ and V"i-multiplicity

To use the computational formula (25), we need the information on the negative spectrum o_ of the linear operator
B:_,ai(/y) and the 7";-multiplicity m; (u) for each u € o_.
Under assumption (H1), system (50) gives rise to (cf. (20))

r

1
P aitio) = —g Def(20.0)=

i=0

1
= (PL+0,QP3):V =V,
Bo

for each isolated center (o, 0) (4o = 0o +if,).
Under the notations of Remark 5.1(i), we will assume for a fixed triple of &, {, # that

(H6) {+apln # 0.

Then, system (50) satisfies the assumption (A4).
Recall o, = g\/ (Cz + ﬁ )/ (n? + ﬁ ) (cf. (56)), thus the negative spectrum g_ of @ —0 @i (4o) is determined by

1 1
0_ = #:E (C-i-%f’?)'ﬁ C+aa£7’)<0}

2
= —BD(CJrocofn) <c+5‘/ 2) }

= :E (o) P+ B o2+ 2 <o)

= :E C+aln) : C+5n<0} (58)

where we used the fact that sign({,/n? + ﬂg + 511,/(2 + ﬁg) =sign({ + on).

In all the examples considered in the sequel, the following condition is satisfied

Condition (R). (i) Decomposition (3) contains isotypical components modeled only on irreducible representations
of real type (in particular (cf. (3) and (4)), r = s).

(ii) For each p € o_ there exists a single isotypical component V; := Vi, in (3) which (completely) contains the
eigenspace E ().

Therefore, formula (23) of the ¥;-multiplicity m; (1) reduces to

[ dimg E(u/dimg ¥, i =i,
m(")_{o, i # iy (59)

5.4. Crossing numbers tj | and V" ; 1-multiplicity
To proceed with the computational formula (25), we also need to evaluate the crossing numbers ;1 (0%, f8,), in

particular (cf. (24)), to determine (sign(d/d«) u(e,)), and the ¥ ; ;-multiplicity m ; (i B,).
By substituting 4 = u + iv in (52) and separating the real and imaginary parts, we obtain

e (u 4 {) cos(vr) — e vsin(vr) = Ca(u — 1), (60)
e (u + ) sin(vr) + e v cos(vr) = Eav.
By implicit differentiation of (60) with respect to « at o, u =0, v = f§,,, we obtain
du dv
A a(%) - B a(“o) = -
d (61)

u dv
B a(‘xo) + A a(“o) = ﬁoé»
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where

A=r(lcos(p,r) — B,sin(f,r)) + (cos(f,r) — a<&), ©2)
B =r({sin(f,r) + f,cos(f,r)) + sin(f,r).

Substituting (57) into (62) leads to

A= —szzmr(éz + B2 + L+ m],
; 4 g 63)
B =" [B,r (> + B2 + o (L + ).
&+ B
Thus, it follows from (63) and (61) that
du 1
a(aﬂ) A2 + Bz( '/IéA + ﬁoéB)
3‘052
REE Y [V('? )+ s z +ﬁ2 nl+ B )(C+n)} (64)

Lemma 5.3. Let (o, 0) be an isolated center for system (50) and i the corresponding characteristic root. Assume
that for o close to o, the characteristic roots have the form u(o) + iv(x). Assume, finally,

i r=1;
(i) g>1.

Then,
. du .
sign [ — (o) ) = sign(ay).
do
Proof. Directly from (64), it suffices to show

T, 0) i=r* + 2 + nl+ PO+ 1) >0.

1
C+8;
Put

22 1 2
O, ) ="+ B, + m——5 0l + )+ ).
&+ B,
By assumption (i), 7" (17, {) = @(n, {) for all i, {, thus we only need to show
P(n, ) > 0.

Case 1161 =0, 9(0,0) = 2 + (1/( + B2)) B2 = BA(E + L+ B/ + ) 20
Case 2: 1f n # 0, then we can write (17, {) = (1, 1)) for a unique t € R. Thus,

1
o, i) =n* + B2 + —/32(”7 + B2)(t + Dn.

Seeking a contradiction, assume
¢(’707 Z‘()17()) go (65)
at some (1, t,1,,) and put

II/(t) = @(7707 ”70)~
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Since lim;_, 1~ V(1) = 71(2) + ﬁg +1, (;) 0, it follows from (65) that ¥'(¢) has a nonpositive minimum value at some

min- An elementary calculus argument implies:

b if n, <0,
Mo
Tmin = ﬂ
—=2 ifpn,>0.
Mo
Thus,
2
+ .
n%+ﬁ%+% ifn, <0,
lP(tmin) = (17 oﬁ )2
2+ B - 02—/30 if#,>0.
o

Clearly, in the case n, <0, ¥ (tmin) > 0, and for , > 0

n, — B,)* @
28,

and a contradiction arises, which asserts the conclusion. [

M+ Bs — =0,

py2 2
T(tmin) — 11(2) + ﬁtz) . (170 ﬁo) — (7]0 _Zﬁo)

2

To evaluate the ;1 -multiplicity m ; (i 8,), recall that 4, =i 8, is a solution to (5), i.e. detc Ay, (i f,) =0. In the case
of system (50), it is equivalent to (cf. (52))

(B, + Oetber —a,éiip, —n) =0.

Under Condition (R), we have each E(if,) is completely contained in a single isotypical component U; for some
J =Jp, in (4). Thus,

. dimg E(if,)/dimc %, j=jp,
mj(if,) = { ’ e (66)
0, J#Jg,
Without loss of generality,5 we can assume o, < 0, so by Lemma 5.3, sign (du/do)(«,) = —1. Therefore, by (24), we
have
dimc E(iB,)/dimc %, j=jp,
tj1(a, B,) = { ’ AR (67)
0, J# g,

6. Concrete results for selected symmetry groups and usage of Maple© package

In this section, assuming conditions (H1)—-(H6) and « < O to be satisfied by system (50), we will present quantative
results for some specific symmetry group I', where I takes values from the dihedral groups D4, Ds, the octahedral
group S4 and the icosahedral group As.

For the details and notations related to the lists of irreducible representations, basic degrees, multiplication tables
and identification of the dominating orbit types, we refer to [2].

Below we will briefly summarize our discussions presented in Sections 5.2-5.4, and describe the input data to the
Maple package used to compute the equivariant bifurcation invariant.

Recall that, by (25),

(L)1 = Or - 0G,

5 1In the case o, > 0, the value of t j.1(%0, B,) can be obtained simply by reversing its sign (cf. (24)).
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where

_ r m; ()
or = Huea_ ni:()(deg/’/f) ’

and
w6 =) tj1(%, B,)deg, € Ai(G).
j

By formula (59),

r

or=[] (deg%‘;)z“m i,
i=0

Note that (deg -, )2 = (I'), which is a trivial element in the Burnside ring A(I"). Therefore, by putting
gii= Y my,(w)(mod2), i=0,1,....r,
HET_

one obtains

r

or =] Jdeg, )"

i=0
Clearly, the sequence {¢y, €1, .. ., &} permits only possibly finitely many different values.
By formula (67),

w¢ =dimg E(if,)/dimc ﬁl{jﬁo de:g.gn,/»-jmfI .

We will use the notation tj, := dim¢ E(if,)/dim¢ % j, , which stands for the % j-multiplicity of i §,. Thus t, also
permits only possibly finitely many different values.
Therefore, we have the following formula for the local bifurcation invariant

r

oo =] Jieg, ) -1y, deg, . ©
i=0 !

The input data for the computation of the local invariant thus consists of two finite sequences:
{eo, €1, ..., &}, {to,t1, ..., 4}
which are forwarded to the following command from the Maple® package®:
®(4y)1 := showdegree(ey, €1, ..., &, to, t1, ..., t).

Since the value of t i depends only on the E i @@p,), we put E ig, = Ej, (i p,) and present our quantative results
in a form of a matrix

Ej/io 8> igy -+ 5 Eipy 021 # Branches

where we only list {¢;, &, ..., &, } C {0, €1, ..., &} for those g;,, which can realize the value 1.
Remark 6.1. Although by Lemma 5.2(c), we are potentially dealing with infinitely many bifurcation points, only

finitely many different values of w(4,); can occur, which is related to the fact that the value of ®w(4,); is determined
by only possibly finitely many different choices of the values of the two sequences {¢g, €1, ..., &-} and {to, t1, ..., t,}.

6 The package is available at (http://krawcewicz.net/degree).
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The case I' = D4. We have the D4-isotypical decompositions
V=S0@7V1®7 3, V =UU DU &Us,

thus {&;,, &i,, ..., &, } = {€0. €1, €3}, and there are three types of bifurcation points («,, f§,) correspondingly. Since
getting the complete list of the bifurcation invariants w(/,); for system (50) is a simple task of applying the Maple®
package for the group I' = D4 by

(/o) = showdegree[D4](eo, €1, 0, €3, 0, to, 11, 0, 13, 0),

we present in Table 1 only some selected results for the group Djy.
The case I' = Ds5. We have the following Ds-isotypical decompositions

V=o0@7V 1@V 2, V=UDU & U2,

thus {&;,, &5, ..., &, }=1{¢0, €1, €2}, and there are three types of bifurcation points (o,, f,) correspondingly. We present
the list of selected bifurcation invariants w(4,); for system (50) in Table 2. To treat the remaining cases, one can use
the Maple© package for Ds,

(/o) = showdegree[Ds](eo, €1, €3, 0, fo, t1, 12, 0).
The case I' = S4. We have the following S4-isotypical decompositions
V=70@7 1@V 3&7 s, Vi =U DU SU3sSUs,

thus {e;,, €y, ..., &i,,} = {€0, €1, €3, €4}, and there are four types of bifurcation points (o,, §,) correspondingly.
The list of selected bifurcation invariants w(4,); for system (50) is presented in Table 3. One can use the Maple®
package for the group I' = S4 to obtain the remaining invariants,

(o)1 = showdegree[S4](eo, €1, 0, €3, €4, 1o, 11, 0, 13, t4).
The case I' = As. We have the following As-isotypical decompositions

V=70V 18711720V 387 4,
V=W DU DUI)D U DU D Us,

thus {&;, &, ..., €, } = {€0, €1, €2, €3, €4}, and there are five types of bifurcation points («,, ff,) correspondingly.
A partial list of the bifurcation invariants w(4,); for system (50) is presented in Table 4, which was established by
using the Maple© package for the group I' = As,

(/o)1 = showdegree[As](so, €1, €2, €3, €4, to, t1, T2, 13, 14).

Let us explain quickly how to estimate, based on the value of w(4,), the minimal number of branches bifurcating
from (a,, 0) as well as their symmetries. In Fig. 4, we present the isotropy lattice (for twisted one-folded orbit types) for
W. The dominating orbit types (H) in W, which are (As), (D3), (V; ), (Z2), (Z2), (A}). (A}) and (D?), are indicated
by bold characters. They are maximal elements in this lattice under the usual partial order relation. We use the notation
(H)" to indicate that there are n S!-orbits in an orbit G (x) of the type (H). Consider, for example,

(o) = —(Ag) — (D) — (D3) + (Z&) + (Z2) — (V) + (Z%) + 3(Z3).

Then, we will definitely have 10 branches of periodic solutions with the symmetries (D5), 12 with the symmetries
(Zg1 ), 12 with the symmetries (Zgz), and 15 with the symmetries (V, ). Since (As) is the dominating orbit type larger
than the orbit types (A4), (D3), it follows that there must be at least one additional branch of periodic solutions. On
the other hand, the only dominating orbit types larger than (Z5) are (AZ’) and (Aﬁf), therefore, the nontriviality of
the (Zg)—coefﬁcient implies the existence of 5 additional branches of periodic solutions. All together, we predict 55
branches of nontrivial periodic solutions.
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Fig. 4. Twisted one-folded orbit types in W for I’ = As.
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