Binomial approximation to the Markov binomial distribution

V. Cekanavicius* and B. Roos!

Vilnius University and University of Hamburg

2nd November 2006

Abstract

The Markov binomial distribution is approximated by the binomial distribution.
Estimates of accuracy are obtained for the total variation and local norms. The results
include second-order estimates and asymptotically sharp constants.
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1 Introduction and notation

The Markov binomial distribution is a generalization of the binomial one. Depending on
the choice of parameters, both distributions can be close or even equal. To the best of our
knowledge, the closeness of both distributions was not investigated in detail, though there
are some general results for the binomial approximation of the sum of dependent variables,
see Serfling (1975), Soon (1996), and Boutsikas and Koutras (2000). Apparently, the results
of Soon (1996) and Boutsikas and Koutras (2000) cannot be applied to the Markov binomial
distribution directly. Note also that numerous papers are devoted to compound Poisson
approximations of the Markov binomial distribution, see Dobrushin (1953), Serfling (1975),
Wang (1981), Serfozo (1986), Cekanavicius and Mikalauskas (1999), and the references
therein. For papers dealing with related problems, see, for example, Campbell et al. (1994),
Erhardsson (1999), and Vellaisamy (2004).

We need the following notation. Let I denote the distribution concentrated at an

integer k € Z and set I = Iy. Throughout this paper, we use the abbreviation

U=1-1.
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In what follows, let V' and W be two finite signed measures on Z. Products and powers of
V', W are understood in the convolution sense, i.e. VIW{A} = > 2 V{A—k} W{k} for
a set A C Z; further W% = I. Here and henceforth, we write W{k} for W{{k}}, (k € Z).

The total variation norm and the local norm of W are denoted by

Wil= > W{k}, Wl =§€1€112>\W{k}!,

k=—o00

respectively. The logarithm and exponential of W are given by

o~ DM e w SR
ln(I—i—W):ZTW Gf W] <1), e :exp{W}:ZHW :
k=1 k=0
Note that
VWleo <IVIIW oo, — IVWI<IIVIIIW, ] < el

We denote by C' positive absolute constants. Sometimes, to avoid possible confusion, we
supply constants C' with indices. The letter © stands for any finite signed measure on Z
satisfying ||©|| < 1. The values of C' and O can vary from line to line, or even within the

same line. For z € R and k € N={1,2,3,...}, we set

(2) :%x(x—l)...(:c—k:—kl), <‘g> 1

Let Bi(n,p*) denote the binomial distribution with parameters n € N and p* € [0,1]. Let
£0,&1,...,&n, ... be a Markov chain with the initial distribution

P(& = 1) = po, P(§ =0) =1 — po, po € [0,1]

and transition probabilities

P& =11 =1)=p, P& =0|&-1=1)=gq,
P& =1|&-1=0)=7, P& =0|&-1 =0) =D,

p+q=q+p=1, p,q € (0,1), 1€ N.

The distribution of S,, =& + -+ + &, (n € N) is called the Markov binomial distribution.
We denote it by F,, that is P(S,, = m) = F,{m} for m € Z; = NU{0}. We should note
that the definition of the Markov binomial distribution slightly varies from paper to paper,
see Dobrushin (1953), Serfling (1975), and Wang (1981). Sometimes &y is added to S;, or
stationarity of the chain is assumed. For example, Dobrushin (1953) assumed that pp = 1
and considered S,,_1 4+ 1. However, if p = @, then Dobrushin’s Markov binomial distribution

becomes a binomial distribution shifted by unity. Therefore, we use the definition above
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which contains the binomial distribution as a special case. Moreover, it obviously allows
the rewriting of our results for S,_1 + 1.

Further on, we need various characteristics of S,,. Let

_ 2d(p — G q —
v = qqu ,,QZW, Alzﬁ(a—m(qw)),

A, 3 2q+q(q — _ q+qlg—
o = n+D a— -l L p))—u—po)(q—mw

Note that ¢ + ¢ > 0. It is known that

ES, = nn+4-A(p-9",
VarS, = n(vz+u —vi)+ Ar — A7+ 24,

SHAR - (-3 - A1 - 24,

q
q+

+(p—9)"|2nA;

see Cekanavicius and Roos (2006b). If p and g are uniformly bounded away from unity,
then (p — @)™ is at least of exponentially vanishing order. Therefore, na can be viewed as

the main part of ES,,.

2 Results

It is known that S, has seven different limit laws, see Dobrushin (1953, Table 1). Typical
limit distributions are the compound Poisson and the normal one. Consequently, we can-
not expect that the binomial approximation is good for all values of parameters p and g.
However, if p = g then the Markov binomial distribution coincides with the binomial one.
Therefore, our aim is to get bounds, which are equal to zero if p = 7.

What is known about the closeness of F;, to the binomial distribution? We formulate a
consequence of a more general result of Serfling (1975, Eq. (2.4b)). For arbitrary p* € (0,1),

the estimate

1F, = Bi(n, p*)l| <2 E[P(§ = 1]¢-1) — p| (1)
j=1

holds. For a better understanding of (1), let us take p* = a. Then from (1), we obtain
|~ Bi(n,a)] < 20fp — 7/ (1+ — ) )
— Bi(n,a)|| < 2nlp—7 — ).
" n(q+q)

Estimate (2) may be good in the case |p — q| = o(n~!) only. Note that the factor n is due
to the summation in (1). Our purpose is to show that, under additional assumptions, it

can be replaced by a smaller factor. Let

p< — v < —. (3)
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Assumption (3) was introduced by Cekanavicius and Mikalauskas (1999). Though certain
smallness of p and q is required, nevertheless both parameters can be constants. Thus, even
if (3) is satisfied, the limit distribution of S,, can be the normal one. On the other hand, it
also allows a compound Poisson limit distribution, which occurs when ng — A and p — P.
If p = 0, we have the Poisson limit distribution, see Dobrushin (1953, Table 1). Our first

result is the following theorem.

Theorem 2.1 Let condition (3) be satisfied. Then

HFTliBl(n’a)H < Cl|P*§| min(lap+n§)7

1
F, — Bi(n, < Golp—7 '(—7, ﬂ.
| i(n,a)lloo >|p — g| min N
The right-hand side of (2) is always less or equal to C1|p —g|. Thus, in comparison to (2),
we get an estimate which has no factor n.

Due to the method of proof, absolute constants in Theorem 2.1 are not given explicitly.

However, we can calculate asymptotically sharp constants.

Theorem 2.2 Let condition (3) be satisfied. Then

, 4 lp—1 _ —
F, — Bi(n,a)|| — —| < C3lp— ( - +7,>, 4
10 = Bt )| = 2 3 sl ~al(lp 1l + (4)

: 1 |p—q| lp—1| o1
Fn_B1n7a oo T T — = < 4 7<p_q +7,> S
10 = Bim, @l — =0t T (p—al+ (5)

Note that if, in addition, [p — g| = o(1), ng — oo, then the right hand sides of (4) and (5)

are of order o(|p — q|) and o(|p — q|/\/nq), respectively.

The accuracy of approximation can be improved by the second-order estimates.

Theorem 2.3 Let condition (3) be satisfied. Set W = Bi(n,a)(I + 2 'ninU?). Then
. _ N 1
15 =Wl < Colp—al(lp -~ almin(e’a”, 1) + 4 @min (L)), (6)
|F=Wlao < Colp—al(Jp — gl min (n%% \/%q) + (p+ ) min (1, nlq)) (7)
Note that the estimate in (6) is always less or equal to Clp — q|(p + q).

So far we considered one-parametric binomial approximation. It is possible to make use
of both parameters of the binomial distribution Bi(N, p), where N and p are chosen in order
to match two moments of S,,. The main benefit of two-parametric binomial approximation
is that the estimates become comparable with the ones obtained in the normal approxima-
tion. Such two-parametric approach was used for independent and dependent indicators by
Barbour et al. (1992, p. 188), Cekanavi¢ius and Vaitkus (2001), and Soon (1996), respec-
tively. However, in Soon’s paper, N and p depend on the variance of independent indicators

rather than on the variance of the approximated sum.
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Since we want to fit two moments of the Markov binomial and binomial distributions,
one should note that this is not always possible. Indeed, one can check that the Markov
binomial distribution can be so close to a compound Poisson limit distribution that its sec-
ond factorial cumulant becomes positive. Meanwhile the binomial distribution has negative
second factorial cumulant. Therefore, we use some additional assumptions. Let p < ¢ and
nvy; > 1. Then vo < 0 and v2 — v > v > 0. Now we can define N € N and p € [0, 1] in the
following way:

2

na J na2

-9, 0<d<1, Np=na.

2 - 2
vi — 1y vi — 19

v |

From the definition of Vars$,, it follows that the main part of the second factorial cumulant

of S, is equal to n(ve — v?)/2. Now

1

) _,2\2
§|7’L(l/2 _ I/%) —|—N]A52| — 5 (1/2 Vl)

(a® + 0(va — 1) /n)

< Cog°.

Thus, we see that N and p are indeed chosen to match two factorial cumulants (and con-

sequently moments) of .S,, closely.

Theorem 2.4 Let condition (3) be satisfied, p <G and nvy = 1. Then

5Bl < C(yLa-n+ ), )

) g—p 0 /q
1F, — Bi(N,p)|loe < CS( Lo ﬁ). 9)

It is clear that (8) is at least of order O(n~'/2). Thus, in this case, it becomes comparable
to the classical Berry-Esseen bound in the context of independent summands. If p = g,
then the right-hand sides of (8) and (9) are equal to zero. Therefore, the closeness of p and

q is also reflected in the bounds.

3 Auxiliary results

In what follows, C(k) denotes a positive constant depending on k.

2k\F/2
Ik < (50) s 10t <

Lemma 3.1 Lett € (0,00) and k € Zy. Then we have
’ te

lT%e ]| < (10)

3
te
The first inequality was proved in Roos (2001, Lemma 3). The second bound follows from
formula (3.8) in Deheuvels and Pfeifer (1988) and the properties of the total variation norm.

Here and throughout this paper, we set 0° = 1. The third relation is a simple consequence

of the formula of inversion.
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Lemma 3.2 Forn € N and p* =1—¢* € (0,1), we have

4 C
U+ pU)"| — ———— S — 11
I+ 90" = —m | < s (1)
1 C
U%(I + U oo — ——————| & —m———. 12
U0+ U)o~ = (np*q*)w\ o T (12)

Lemma 3.2 was proved in Roos (2000, Lemma 8), see also Cekanavicius and Roos (2006a,
Prop. 3.5 and Rem. 3.1). We now give some facts about F,. It is known that, if condition
(3) is satisfied, then F), can be expressed as F,, = AW + ALWs, see Cekanavicius and
Mikalauskas (1999, p. 215). The properties of Aj 2 and Wiy are given in the following

lemma.

Lemma 3.3 Let condition (3) be satisfied. Then

A = T+4+1U+wnU?e, (13)
A = I+V1U+%Uuomp—m(pwwf”@, (14)
(=1 . .
InAy = V1U+V22U2+Z(;V{UJ+Cq\p—q\(p+q)U“@, (15)
j=2
Ay = 2p-7le, 5 =C(s)[p—gl*e O (ifn>s>0), (16)
1
W, = I+ AU+Clp—7l(p+7q)U?6, W1=I+§@, (17)
mW, = AU+Clp—qlp+qU?0, Wy =Clp—gUe. (18)

For any finite signed measure V on Z and any t € (0,00), we have
”VetlnAln < CHVeO‘m’lUH. (19)

Estimate (19) also holds if the total variation norm on both sides is replaced by the local

one.

Proof. Estimates (13), (14), (16), (17), (18), (19) can be obtained from the explicit formulas
for A1 9, Wi o in Cekanavicius and Mikalauskas (1999, p.p. 214-215) and are already proved
in Cekanavicius and Roos (2006b). For the proof of (15) note that (13), (14) and the trivial
fact |U|| = 2 imply that
31/1 —|=772
AN —T= TU@’ A —1—-—1nU=Clp—qlqgU"®.

Consequently, for j > 2,

J

(M =1y =AU = 3 (=D (A~ T =)
i=1

J i—1 . .
= Cl-qa Y () vie
i=1

. L 3viN\Ii—2 . ) o 1\7—2
Cjlp —qlgUu 1/1< 5 > 27720 = Cjlp — q|g°U (10> €]
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and
S~ D™ (1) — O — gt S (L) e — o —aidute.  (20)
—~ 1Y —JU%) = Clp - 1|7 Z(lo) = Clp - g[7*U®e.
Jj=2 j=2
Estimate (20) combined with (14) completes the proof of (15). O

Lemma 3.4 Let condition (3) be satisfied. Then

X (—=1)tlgd . ©° 1)J+1

v DTy W, Cwm
j=3
Proof. Note that, due to (3), we have

1 P p—al - _
al <012, 1 < —, |dd -1/ <C0jE—L 023731y 1+ g)%
Now the proof is obvious. (I

Lemma 3.5 Let condition (3) be satisfied. Then, for any finite signed measure V on Z
and any t € (0,00), we have

|Vexp{tIn(I +alU)}|| < C|Vexp{0.1t1U}|, (21)

|V exp{tIn(I + aU) + 0.5tU?}|| < C||V exp{0.1t11U}|]. (22)

The estimates remain valid if the total variation norm on both sides is replaced by the local

one and a is replaced by vy.

Proof. Noting that a < 0.1, we obtain

t
tln(1+aU)+§U o+ 1 UQZO 2/-2Q 4 91U2@:C@+tV1U+O.O8tV1U2@.
7j=2

Moreover, applying (10), we get

oo
1 0.9t "
exp{0.9t, U + 0.0801 U0} < 1+ 5 =[0.08t 02 expd =21y
|
7". r

e’ 0.24r\7
<1 (:500)
+Z /27 \0.90¢

The last estimate and the properties of the norms are sufficient for the proof of (22).

Estimate (21) is proved similarly. O

4 Proofs

Proof of Theorem 2.1. Let B=1-+aU, M; =nlnA; +InWi, and My =nlnB. We
have

| Fy — Bi(n, a)|| < [[ATW1 — B™|| + ||AG||[|[W2]|.
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Applying (19) and Lemma 3.5, we get
1 /
e il M CR o
0
1
|10 = 2t dr < O 01y - et
0

Now it suffices to apply Lemmas 3.1, 3.3, and 3.4. The estimate for the local norm is proved

similarly. (I

Proof of Theorem 2.3. Let B and M; be defined as in the proof of Theorem 2.1. Taking

into account (22) and arguing as in the proof of Theorem 2.1, we get
HA?Wl _Bn exp{””2 UQ}H < CHeO'ln”lU[Ml —pInB -2 Uﬂ H

< C’\p—@\(p—i—ﬁ)(min (nq,\/zfq> + min <1, n1q>)

Further,
n nvy o _nvy o _(nl/g)2 9 1 n nvy o B
|57 (eo{ "0t} - 1= "0t | = vt [ e {0 -y
1
< C(nVQ)Q\\U4eO‘1”V1U” < C’(n§|p —§|)2min (1, W>

Combining the last two estimates, we get (6). The local estimate is proved using (10). O

Proof of Theorem 2.2. Due to Theorem 2.1, without loss of generality, we can assume

that ng > 1. Let

V2me (¢ +79) 2 2renv(1—1y)
b |p—§| _ 7”L|1/2’ 1
1

V2rngg 2 v2r (o (l— 11))32

Then

|Fy — Bi(n,a)| — 8| <

n — Bi(n,a) <I+ %U2> H

7”Ll/2

+ H (Bl(n V1) H + ‘HWQ U2Bi(n7V1)H - b‘.

Taking into account Lemma 3.5, similarly to the proof of Theorem 2.1, we get

|22 U2 (Bi(n, 1) — Bi(n, ) || < || Ay 0% 1m0 | < cl—a”
’ ’ Vg
Now the proof of (4) follows from (11) and Theorem 2.2. The estimate (5) is obtained with

b replaced by b; and the total variation norm replaced by the local norm. ([l
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Proof of Theorem 2.4. We give only a sketch of the proof. Due to assumption p < g

we have v5 < 0. The following estimates can be obtained:

2
vi — g ~ o~ 1 18
172014, <C , < -, AL > —,
” p (r+79), p 1 nvy + Ay 9
- 9+ 211 A1 /n + A2 /n? ﬁé _ oq
!p—alz‘—p 2/ 1/ +*‘<C<|P—Q|+*>7
vy — n n

. . , . B 1\j-3
NG —nadl = nal ! — o] < Ong (G - Dlp -l (5)

< Cjng*(g-p+ %q) G)j_37 (j >3),
i (_1]?j+1 Uj(N? — naj) = Cng? (G—p—F 6q)U3@,

n

Jj=3

nln Ay +In Wy — NIn(I + jU) = CngQ(q—er %)Ui”@
+Cq(g — p)U?0 + Cég°U%0.

The proof of the theorem is now similar to the one of Theorem 2.1. O
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