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Problem 1. Let H be a finite dimensional Hopf algebra with an invertible antipode. We Set £ = End(H).

1. Explain how to identify H® H* and F (as vector spaces). Explain how to identify E® FE with End(H® H).

Solution. Let (e;) be a base of H and (e') the dual base of H*. We consider the following pairs of isomorphisms:

rE - HH* d H®oH* — E

[ Yifla)ee a h@A — (x+— hX(zx))
They are clearly mutually inverse one from the other and this shows how to identify E and H @ H*. We
consider the following pair of mutually inverse isomorphisms:

E®E — FEnd(H® H)
f®@g = heh— f(h)®g(h)

EndHoH) — E®E

and ei®ej®ek®el s (ei®ek)®(ej®el)

Where for the second one, we use the first identification. O

2. We consider E as an algebra for the convolution product (in particular the unit is ng = 7 o €). Prove that
the following formula defines a comultiplication on E:

Ap(fz©y) =Y (102q)A(f(ye))(1 @ S(z)).
()

What is the counite eg?

Solution. We want to show that (A ® idg) o A = (idg ® Ag) o Ag. Let us compute:

=Y Ap(fu) (= @ y) ® fiz)(2)
(f)

= > (1®@zn)Afu)(yr@)(1 @ S(r) @ fio)(2)
()

= Y (1@ za) A (Y@ mE) 1)1 @ S@3) @ ynyze) f 2y T6) @S We) o)
(f): (=)

= > (L@ z0)A(f(2y@)23) 1) (1 © S(2)) © ya)2@) f(292)26) @5 (Ye)26)
(f(zy(2yz(3)))s(x),(y)

= > Fy@mE)0) @ 20) f(2y@)26)@5(@6) @ y)2@ f (2922 6) 35 (Yo 2 @)
(f(zyyz(3))),(2),(y)



(ldE X AE) o AE(f)(l‘ Ry Z)
= Y @) @ (1@ ya)Afe)(2ye) 1@ Sys)))

(£):(y)

= > fFy@ @) o) ® (L ya)Alra) f(2y@)T @) @) (@) (1@ Sy
(f(zy@)z(2))): (), (x)

= Z Fzy@)r2) ) ® (1@ ya))(xa) @ v2)) f(2y@2)T@3)) @) @ f(2y@)2

(f(zy2y(3))),(y),(x)

= > Fyere)m © vy f(2Ye)26)) 25 (36) @ ywre f(2yee)e
(f(zyyz(3)))\(2),(y)

Hence we have: (A ® idg) o A = (idg ® Ag) o Ag. I claim that f — €(f(1)) is a conunity. Indeed we
have:

(e@idm) o Ap(f))(1@y) = (e(1) @ 1)(e®idp) o A(f(y1))(1© S(1)) = f(y)

(idr @) o Ap(f)(z®@1) = Ap(f)lz®@1) =) (1@ e(rm))(idp @ €) o A(f(z(2))) (1 ® e(S(2(3))))
(z)

= e(x)f(2(2))e(S(x3))) = f(2).
This proves that e : f — €(f(1)) is a counity for Ag. O

. Prove that F endowed with the A g and the convolution (that we denote p1 5 or %) is a bialgebra.

Solution. We want to prove that e and Ag are algebra morphisms. We start with eg:

en(fxg)=epo(f@g)oA)) =e(f(1)g(1) = ex(fer(9)-
For A, this is a little longer: we want to prove: Ag(f * g) = Z(f)’(g) Ty *90) @ f2) * 9(2)

Ap(f*g)(z®y) *Z L@ za)) A((f * 9)(yz(2))) (1 ® S(2(3)))
=Y (1 @za) A Y0z 9WeTE)) 1 ® Sau))

And:

Z Ja) *90) ® f2) * 92y (z @ y)
():(9)

= > fo)an @) @ fo () e ve)
(£):(9),(2),(y)

=Y Fmr@)m9Were) ) @ 2a o re)@S@e)@waese) @S (@)
=3 fmze)m9Were)a) @ 2o f o Te) o) 9Wew) @S (@ s)
=Y fwmr@)m9lere)o) @ 2o fBnre)@9ue ) e S (@ w)

=3 (1@ z0) A Y ze)IWe@rE)) 1@ S(zw))

(2)
Hence E is a bialgebra. O



4. Prove that the following formula define an antipode on E:

Se(f) 2533(1 (SofoS Hxwe))zs).
(z)

Solution. We want to prove that:
pro (Sp®idg) o Ag =npep = pg o (idg otimesSg) o Ag
. Let us compute:

(ng o (Sg ®@idg) o Ar(f))(x)
= Se(foy) (@) fio)(z2)

= S(zw))(So fa) o S~ (z@)s) f2) (T4)
= S(x1))S(fay (S~ (@) 2(3) f2) (@)
= S(x1))S((f(zaS™ (z(2))2) 1) )fﬂ(g)S Ha@) o) (f(2aS ™ (22) @) @5 (S (2(2)) )
= S(x))S(f (@S (z(3))) 1) 23)S ™ @) f (@65 (m(3)))2)S(S ™ z(2)))
= S(x1))S(f (255~ (z(3)) 0))e(@(@) f (255 (2(3))) 2y (2)
= S(21))S(f(255™ (2(3))) () f (255~ (2(3))) 2 €((4))T(2)
= S(z))e(f (@55 (x3)))e(@ () (2)
= e(z@))e(f(2aS™ (22))))e(z(3))
e(z))e(f(zae(z(3)S ™ (22))
= e(z))e(f(z35™ (z2)))
= €(z(1))e(f(e(22)))
= e(z))e(z2))e(f(1))
= e(z)e(f(1))
=ng oep(f)

(tg o (idg ® Sg) o Ap(f))(x)
= fa)(z@)Se(f2)) (z(2))
= f)(@1))8(z(2)) (S © fiz) 0 S (m(3)))w (4

FS™H@e)z@) (1) (@) Sz F(S™ (@(5))7(2)) (2)) S (@(3)) 2 (6)
=f(‘%w5Mz)nS(1ﬁ( Has)T @) @S ()T @)z e)
= e(z3) f(S™ (@ @)r@) )S(F(S™ (z@)r@)@)S (X)) 25
= e(z(3))e(f(S™ (@(0)z2))S (1)) (5)
= e(f (S M (w(s))2)S (1)) T (4)
= e(f(e(z(2))))S (1)) (3)
= e(f(1)S(z))e(z2)z(s)
= e(f(1))e(x)
=ng o ep(f)



5. Prove that the maps py : E — H and py~ : E — H**P defined by:

pu(f)=f(1) and  pu-(f)=e€of

are morphisms of Hopf algebras.

Solution. We just need to show that pyy and pg~ are morphisms of algebra and coalgebra. Let us compute the
for multiplication:

pu(fg) = fg(1) = f(1)g(1) = pu(f)pu(g)
pa(noe)=noe(l) =1
pu-(fg)(x) = €o fg(x)
= e(f(z1)g(x2))
= e(f(z1))e(g(z2))
= (pu-(f)pu-(9))(x)
pr+(noe) =e(1)e

= €.

For the comulitplication:

(pr @ pr)(AE(f)) = Ap()1 1)
(1®1)A(f(1))( 1)
A(f(1) = Alpa(f))eopu(f) = e(f(1) = ex(f)
(pH*®pH*)(AE(f))(x®y) (e@e)Ap(f)(z@y)
= (€@ ) (1 @21)) A(f(yz(2))) (1 ® S(z3))
= e(xq))e(f (yl‘(z ))e(3)
(( x))

=AY (pu-(f))(z ®y)

6. Prove that the map py ® pr~ o A is the identification of the first question.

Solution. The ismorphism in the direction H @ H* — E is easy to write down so let us it to evaluate py ®
pr~ o Ag(f). Let x € H we want to prove:

(pr ® pE~ 0 AR(f))(7) = f(2)

pa ®@pu- o Ap(f)(x) = pu(fa)) @ pu-(f2))(z)
= [i(De(f2)(x))
= (i[d®e)((1 @ DA(f(z))(1® S(1)))
= f(x)



7. We define a linear form on £/ ® E via the following formula:

e(fog)(1)).

Prove that r admits an inverse 7 for the convolution product (on F ® F).

r(f®g)

Solution. We look for an application7 : E ® E — K such that:

cpep(f ®g) = ex(f)er(g) = e(f(1))e(g(1) = e(F(1)g(1))

Let us recall that if a and b are two linear form on E @ E, then a * b is given by the following formula:

(fog) =

=7rx*xT

*7(f®9)

T

(a*b)(f ®g) = alfa) ®91)b(f2) ® 92))

We claim that 7(f ® g) = f(S71(g(1)). Let us compute:

(fy @ 9)r(f2) ® 9¢2))

T

xr(f®yg) =

r
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The other direction:

r(f1) ® 90))T(f2) ® 9(2))

(fog) =

rx7T

(f(l)(g(l)(l)))ﬁ(f@)(571(9(1)(2))))

w

e®€)((1® g(1)1)) A(F(S™H(9(1)a)g(1)(2))) (1 ® S(g(1)(3))))

~—

~—
—~~ o~ —
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8. Prove that the following equality holds: 7 x 1 = 3> * r where * denote the convolution on E ® E.



Solution. Let us compute:

rxpup(f @ g)(r) = e(fa) o 90)(1))(f)9¢2)) ()

= €

And:

pgxr(f ®g)(x) = gy fay(@)e(fi2) © 92)(1))
fg(1)($(1))f(1)(3€(2)) €(f2)(9¢2)(1)))
= g(z@)) ) fo) (T@)e(fio) () 9(z@) (25 (2@3))))
= 9(x@) 0 f(20)9(Z@) @25 (@@)T6) v e(zu f (@ 9(@@) @S (26)16) @5 (2))

(z(2 )<1>f (2(1)9(2(2))(2)5 (2(3))2(5) )€ (x<4>) (5(z)))

(@) f@a)9(@@) @S (2)2w))

(w(2)) 1) f( 9($(2))(2)6($(3)))

9@ 2)) )

1
2
2

)(
9\ZL(2)
9\ (2)
9\T(2))(

)
)

Z(2 Z(1)
6(f(fﬂ(l)g( @)@
=r*pp(f@g)(z

)

9. Prove that the following relations hold:

ro(pug ®idg) =z *re3ro (idp ® pg) = ri3 * 112

where the notation 7;;, means that r is applied to the ith and kth tensors and ¢ is applied everywhere else.

Solution. The left-hand sides are easy to undersand:

ro(pe®@idp)(f®@g®h) =r(fg®h) =e(fg(h(1))) = e(f(h(1)1)))e(g(h(1)2))
ro(idp ® pp)(f ®g@h) =r(f ®gh) = e(f(gh(1))) = e(f(g(1)h(1)))

Let us compute the right hand-sides:

(r13#723)(f @ g ® h) = r13(f(1) @ g(1) @ h1))r23(fi2) ® 9e2) @ hy2))
—E(f(l (hy(1)))er(g(1))elg2) (h)(1))er(f2))
f(1)(h(1)(1) y(1)e(g(2)(h(2)(1)))e(fr2) (1))
(@) ))e(g(h(1)(2)) 2))e(f(2)(1))
(D)) 1))e(g(h(1)(a))2))e(h(1) 1) f (h(1)(2)) 2) S (h(1)3)))
)2)@)e(f(h(1)(2))(2))e(S(h(1)(3)))e(g(h(1) ) 1)) e(g(h(1)(a)) (2))
)@)))e(h(1)(3))e(g(h(1)4)))
(h(1)2)))
g h).

YR
)e(ga
Je(g(h
)e(g(h
(2)
)

)
)
)
)
= (1)
= )(1))((
= )y)e(f(
= e(f(h(1))))e
ke ®@idg

(1
h(1
(g
(f®



And:

(ri3*712)(f ® g ® h) = r13(f1) @ g1) ® h1y)r12(fi2) ® 9e2) @ hyz))

e(fay(hy(1))erlga))e(fi2)(92)(1))er(hz)

—f(f(l)(h(l)u)))6 g(1 )(1)) (f(z)(g(l)(Q))) e(h(1 )(2))

= e(f(g(1)2)h(1)(2)) (1)) elg(1) (1)) e(n(1) (1) f(g(1) 2yn(1) (2)) 2) S (R (1) (3)) )e((1) (4))

= e(f(9(1)2h(1)2))))e(g(1)a))e(h(1)1))e(f(9(1)2)h(1)2))(2))e((1)(3)))e(h(1) 1))
e(f(9(1)2yh(1)(2)))e(g(L)1y)e(h(1) (1)) e(h(1)(3)))e(h(1)(4))

= e(f(g(DR(1)1)))e(h(1)(2)))

= €(f(g(1)h(1))).

10. Prove that the dual of F is naturally isomorphic to D(H).

Problem 2. Let A and B be Hopf algebras over a field K. A Hopf-pairing is a linear map 0 : A ® B — K such
that for all a,a’ € Aand b,b’ € B

o(ad' @b) = o(a® b)) - o(a’ @ b)) (1 ®b) = €(b)
o(a®@bb') =o(aq)y®@b)-olap) V) ola®1) = €(a)
1. Prove that A ® B becomes an associative, unital algebra with unit 14 ® 1p, if we set

(@@ b)(@ V) = olay Sb)) - olafs) © biy)aaly © bt

Solution. Let us proves that the product is associative: Let a,a’,a” € A and b,V € B. We compute
((a@b)(d @b))(a" @b"). Applying the definition we get

o(afyy ® S(by)) - olags) ® b)) - olatyy @ S((b)b) 1)) - o(afs) @ (be)b)s))
- aa(g)afy @ (b)) 2)b"
aa(y)afy) @ bz)bio)b”  [A alg. hom. + coass. + S anti-alg. hom.]
—o(alyy ® S(bay) - olalay @ bisy) - o(al )ty @ S(Bly,)) - () o) © S)
o((af3)) ) ® b)) - o((afs))2) @ bs)) - aaa)afa) @ b)bia)b” [0 Hopf pairing]
=0 (a(yy ® S(b))) - o(afs) @ bes)) - olafhy @ S(b(yy)) - o(aly @ S(bez)))
a(alyy @ bay) - 0(als) @ bg)) - aa(galzy @ bbb [coass]

Similar considerations (one has to use that S is a anti-coalgebra homomorphism) show that (a ® b)((¢/ ®
b')(a" @ ")) is equal to

o(afyy @ S(biyy)) - alafs) @ biz)) - o(afyy @ S(bay)) - oafy @ S(b))
o(a(z) @ b)) - o(asy ©bey) - aa(z)a(z) © bbb
We show (a®@b)(1®1)=a®b
o(1® S(b(l))d(l ® b(3))a1 ® b(2)1 = 6(5(()(1)))6(5(3))@ ® b(g) =a®b.

Analogously one shows (1 ® 1)(a®b) =a®b. O



. Show that A ® B becomes a Hopf algebra with

Ala®D) := aq) ® by ® agp) ® b e(a®b) :=¢€(a) - €(b)
Sla®b) = O’(a(l) & b(l)) . U(a(g) ® S(b(g)))S(a(g)) & S(b(g)).

Solution. A is clearly a coassociative comultiplication on A ® B with counit € so we still have to show the
bialgebra axiom:

A((a®b)(a' @b)) = Ala®b)A(d @ D). (1)
Note the equality

0(a® S(b1))ba) = ola®ba)S(be))) = o(a®@e(d)l) = e(a)e(b). )]

The right-hand side of (??) is equal to

o(afyy @ S(bay)) - alagz) @ b)) - o(aiy @ S(bw))) - oage @ b))
a(1)a(z) ® ba)b{1) © a2)a(s) D bs)ba)

=0 (a(1y ® S(by)) - o(a(z) ® bz)S(b))) - o(a(s) @ b))
a(l)a’g) ® b(g)bl(l) ® a(g)a’(4) ® b(5)bE2) [Hopf pairing]

@)
= U(a(1 ® S(b))) - 6(6623)) (b)) - a(a'(5) ® b(s))

a(1)a(9) ® b2)b{1) @ a(2)@(4) @ biaybiy)
=0 (afy) @ S(by)) - olags @ b))
a(1)a(z) ® ba)b(y) @ agyaqz) @ bez)blyy  [counits]
The last line is equal to A((a ® b)(a’ ®D)).

The last thing we have to show is the antipode property, we will only show S(a(1)y ® b(1))(a) ® b)) =
€(a)e(b)1 ® 1. The left-hand side is by definition

o(aq) ® b)) - ola) @ S(bes)))(S(a@) ® S(be))(aw) @ b))
=o(a@) ® b)) - ola@) ® S(b))) - olaw) @ S(S(b)))) - olae) ® S(be)))
S(a(g)) 5) ® S(b3))bes) [def. of mult. and S anti-alg. hom.]
=0o(a@) ® b)) - olag) @ S(bs))S(S(bw)))) - olas) @ (b))
S(a))aw @ S(b))be) [Hopf pairing]

o(aq) ® b)) - o(a) @ e(buy)l) - oai) @ S(be))

S(a(z)) 4)® S(b 3))1)(5) [antipode]

o(a) ® b)) - €(ags))e(bay) - o(a) © S(bz)))

S(ay)au) @ S(be))bi)  [Hopf pairing]

a(a@y @ b)) - o(aw @ S(be)))S(aw))as) @ S(bs))buay  [counits]
=o(ag) ® b)) - o(az) @ S(b2)))e(a@))l @ e(bs))l  [antipodes]
=c(aq) ® b)) - o(ap) @ S(be)))1 ®1  [counits]

D (@)1 ®1



3. Let H be a finite dimensional Hopf algebra over K. Show that the evaluation V* ® V' — K defines a Hopf
pairing o : (H*?)* @ H — K.

Solution. Remember the definition of A : H* — H* @ H* andp : H* @ H* — H*, for f,g € H* and
a,b € H we have:
(A(f),a®Db) == (f,a){f,b), Le. Ay~ = ply.
(f-g,a) = flaq))g(he)

Seto(f®a) := (f,a) and note that we consider (H*?)*, i.e. H* with multiplication (feg,a) = f(a(2))g(a))-
Note also the convention (f @ g,a ® b) := (f,a){(g,b). We have

o(feg®a)= flaw)glaw)) =o(f @aw))o(g®aqy)
o(f®@ab) = (ug(f),a®@b) = (f),a){f2),b) = a(f) ® a)o(f2) @)
ole®a) =e€(a)
o(f®l)=f1)=e)
so o is indeed a Hopf pairing. O

Problem 3. Let G be a finite group and D(G) the Drinfel’d double of the group (Hopf) algebra K[G] over a field
K. Assume also |G| { char K. Due to this assumption, the category C of finite dimensional left D(G)-modules
over K can be shown to be semisimple.!

1. Determine the isomorphism classes of simple objects in C for an abelian group G.

Solution. Let us consider V a simple D(G)-module. We know from the lecture that a D(G)-module is the
same as a G-graded vector space V = ©ycqVy, together with a G-action, such that g.v € Vg1 forv € V.
We suppose G abelian hence the G action preserves the V,’s. As'V is simple, this shows that all the V;,’s are
trivial but one let us say for go. Once more, as V' is simple, we have V, is simple.

We conclude that simple D(G)-modules are pairs (V, g) withg € G and V' a simple G-module. As G is finite
and abelian, we know that the simple G-modules are all 1-dimensional and hence described by their character
in a very explicit way. O

2. Determine the isomorphism classes of simple objects in C for G = S5, the symmetric group on three letters.

Solution. LetV be asimple D(G)-module. We have V' = @ 4cVy = @cca®gecVy = BecnVe whereQ isthe
set of conjugation classes of G. The same analysis as before shows that the V.’s are preserved by the G-action.
So that all of them but one is trivial. G = S5 has 3 conjugation classes: ¢; := {id}, co := {(12), (23), (13)}
and cs = {(123), (132)}.

e Suppose V =V,,, then asV is simple, V., is a simple G-module (as we shall see there are three different
isomorphism type of simple S3-module: 1 of dimension 2 and 2 of dimension 1).

!Equivalently one can consider the category ;D of Yetter Drinfel’d module (left module and right comodule), where the compatibility
condition reads: h(1yvo ® h(2yv1 = (h(2)v)(0) ® (he2)v)(1)h(1)-



* Suppose V =V, = V(12) @ V(23) & V(13). The action of elements of G provides isomorphisms between
Vi12), Vi23), Vi13). On the other hand, the subgroup G' := {(12),id)} stabilize V(15). Hence V12)
can be seen as a G'-module. One easly see that Vi12) has to be simple as a G'-module and that V is
entirely determined by V(2. As we shall see there are exactly two simple G'-modules both of them are
1-dimensional.

* Suppose that V = Ve, = V(123) ® V(132). The same reasoning shows that V(193) is a simple G" -module
with G” = {(123), (132),id}. As we shall see there are exactly three simple G"-module. All of them
are 1-dimensional.

To sum up we have 3+ 2 +3 = 8 simple Yetter-Drinfel’d Ss-modules, 4 of dimension 1, 2 of dimension 2 and 2
of dimension 3. O

. Determine the isomorphism classes of simple objects in C for general G.

Solution. We can apply the same reasoning, the simple objects in C are parametrized by a conjugation class c
and a simple Stab(g)-module where g is an element of c. O
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