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FEs ist niitzlich, wenn wir lernen, uns tber
die richtigen Dinge zu wundern. Oft wundern
wir uns tuber das Erstaunlichste nicht, weil es
uns seit langem bekannt ist und darum selbst-
verstandlich scheint.

(Carl Friedrich von Weizsécker,
Aufbau der Physik)
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Chapter 2

Local rings and finitely determined germs

In the present Chapter we develop the local algebra needed for understanding the local theory of
differentiable and analytic manifolds and spaces.

2.1 Algebras of germs of functions

Let M be a manifold, or, more generally, a topological space, and let z(®) € M a fixed point. We
introduce an equivalence relation between functions with values in a field K! which are defined in a
neighborhood U of 2(%) . This is the appropriate language for encoding local properties of functions.

Definition. Let f1, f» be functions that are defined in a neighborhood of U; and Us , resp. of z(®) € M .
We say that f; and fo define the same germ in z(©) (and write fi ~,© f2) if there exists a
neighborhood U C U; NUs of z(® such that f1|U = f2|U.

It is a trivial exercise to show that ~_ defines indeed an equivalence relation. For the equivalence
class of a function f at the point z(®) we write f, , deleting quite often the point of reference
2(©) if this can not cause any confusion (such that we identify without saying the germ f,o), with its
representative f , allowing to shrink the domain of definition U = U (z(®)) of f, if necessary).

Regarding exclusively C*°—functions on the differentiable manifold M , we denote by

o0
CM,.'E(O) or 5M7w(0)

the set of the equivalence classes which obviously carries in a natural way the structure of a commutative
K-algebra with unit. In the case M = K" we write simply &, ,©) or £, etc. In the (real or complex)
analytic case we use correspondingly the symbols O,/ .0 or O, @ or Oy . In order to distinguish
the real and the complex case, we add to these notions, if necessary, upper indices R and C, resp. In
particular, if K = R, C, the symbol

Ono = (950 = K(z1,...,2,),

in the literature usually written as K{z1,...,z, }, denotes the ring of convergent power series in n
variables with coefficients in the field K. Plainly, we have Oy ) = Op if dimgk M = n.

Very often it is necessary to investigate formal power series: one is, e.g., first trying to solve an
analytic problem formally and proves, a posteriori, that these solutions, or at least one of them, are
convergent. These formal power series build a commutative K-algebra with unit 1 which we denote by

(’3n70 or K{zy,...,zn }

(in the literature mostly denoted by K{{z1,...,z, }}). The “tilde” stands here for the operation of
“completing” in a suitable sense (namely with respect to the so called m—adic topology where m denotes
the mazimal ideal - see the next Section). Some authors use for this completion a “roof”—symbol which
we, however, reserve a la Grauert—-Remmert for the “normalization”.

1We write K instead of K or just k in order to indicate that in most of our applications we are dealing with the field
C of complex numbers and for a while also with the field R of real numbers.
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2.2 Maximal ideals and local rings

Let now R, be one of these K-algebras C,‘fo, On,0 resp. (5n’0. It is obvious that one can associate
to each element f € R, a “value” f(0) € K (this is the value at 0 of any representative of f
resp., in the cases O, and 6n)0, the constant term cp, . o in the formal power series expansion
=2 enn ¥, a¥ = a" -...-xpm, v = (vi,...,V,) ). It is clear that the map

€:R7L—>K7 f}_)f(o)a
is a K-algebra-—homomorphism. Since the field of constants K can be embedded into R,, via

Kscr——c¢c-1€R,

and the composition K — R, — K is is the identity map, € is surjective.
In particular the set of elements f € R,, with value f(0) = 0 is equal to the kernel ¢=1(0) of the
homomorphism ¢, hence an ideal which we write as

m=m, = m(R,);

it satisfies the congruence R, /m, = K. Clearly, the symbol m stands for mazimal ideal.

Definition. An ideal m in a commutative ring A with unit 1 is called maximal if the following holds
true:

) mGA,
ii) if a C A is an ideal with m G a then a = A.
Indeed, we have the following

Theorem 2.1 For the “geometric” rings R, considered above, the ideal m,, is mazimal.

This immediately follows from the (elementary) property of any field K to possess only the two
(trivial) ideals 0 and K, the surjectivity of the homomorphism ¢ and the following

Lemma 2.2 Let ¢ : A — B be a surjective homomorphism of rings and ag = £~ 1(0). Then, there
s a canonical bijection

{a C A ideal with a D ag} +— {b C B ideal }
where ay corresponds to the null ideal in B .

Proof. For any ideal a C A satisfying ag C a the image e (a) C B is an ideal. If b C B is an ideal
then also ¢71(b) C A, and we have ap C £71(b). Since ¢ is surjective it immediately follows that
e(e71(b)) = b. If conversely ap C a we get e '(e(a)) = a +kere =a+ ap = a. O

In all cases considered up to now, A = K@ m as K-vector spaces, and an element f € A has a
(multiplicative) inverse in A if and only if f(0) = e(f) # 0, i.e. if f & m. Then, one says that f is
invertible or a (multiplicative) unit in A . This is equivalent to saying that the principal ideal

fA := {h € A: there exists g € A with h = fg}

generated by f coincides with A . (Otherwise, the element f is called a nonunit). — It is easy to draw
from this the following consequence:

Corollary 2.3 For the rings R, as above, m,, is the unique mazimal ideal.
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Indeed, each ideal different from m,, is either contained in m,, , or it contains a unit, hence coincides
with R, . (]

This phenomenon occurs so often that it deserves a special notion.

Definition. A commutative ring A with 1 is called a local ring if it has precisely one maximal ideal
m4 . We then also say that the pair (A, my) is a local ring.

Remark. Clxzy,...,x,] is not a local ring for n > 1. The polynomial ring possesses in fact exactly as
many maximal ideals as we have points in C", i.e. the ideals

m, = (1 — a1,..., 2y — ay)Clzy,...,2,], a= (a,...,a,) €C".
Remark. Whenever an ideal a in a ring A is generated by the elements f1,..., fi, i.e. whenever
k
a = {f € A: there exists g1,...,9x € A with f = Z figi},
j=1
we write
k k
a=(fi,....fi)Aora=> fiA=>Y Af;.
j=1 j=1
If there is no risk of confusion, we sometimes write also (fi,...,fx) as shorthand instead of
(f1,..., fr) A. Similar notations are used by us for finitely generated (sub—) modules on A.

Definition. Let A be a local commutative K-algebra with 1 and m C A its unique maximal ideal. A
is then called a local K—algebra if the canonical homomorphism K — A/m of fields is an isomorphism.

Remark. The K-algebras C;%, Ono, Ono have this property as well as their quotients by proper
ideals. Of special interest to us are the analytic K—algebras

A= 0pp/a, aCm=m(O, ) an ideal ,

since they represent analytic singularities in an algebraic way.

In the geometric rings R, we can characterize the maximal ideal and its powers in still another
way. Observe that one can associate to each element f € R, not only a value f(0) € K (even in the
formal case) but also the partial deratives

R, — R,
D" : a\ulf
D'f: ————
fo= / ozt ... Oz

and also there values at 0. In particular, we have

m, ={f€R,: f(0)=0}={f€R,: D°f(0)=0}.

More generally, one can prove the Theorem stated below. One should have in mind here that for two
ideals a, b in a commutative ring R the product ab will be generated, by definition, by all products
fg, f€a, geb. The ideal power a” is nothing else but the r—fold product of a with itself.

Theorem 2.4 The ideals m]

n

r > 1, are generated by the monomials

v o __ %1 v e —
R N A B Y i o ZE N S

One has
m, ={f€R,: D'f(0) =0 forall |[v| <r}.
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Proof. In the case » = 1 we have only to show that m, is generated by the coordinate functions
Z1,...,Z, . But this has been already proven in Chapter 1 (HADAMARD’s Lemma 1.9). From this, the
first claim follows by induction on 7. The second is an easy consequence of the LEIBNIZ rule

|
it = X () ooty = (5) = e w e e
A<p : :

which implies
DtV dm, <= p =v.

Therefore, m C {f € R, : D*f(0) = 0, |u| < r}. For the opposite inclusion, we proceed by
induction on 7, the case © = 1 being already done. So, suppose that D*f (0) = 0 for all u with
|| < r. By induction hypothesis, we know that f € m” such that we can write

f= Z $ng~
[p|=r

It suffices to show that all functions g, vanish at the origin. Therefore, choose an arbitrary multiindex
v with |v| = 7. Due to our assumption, D”f(0) = 0. On the other hand,

D”( Z x“g“) = z D" (zt g,) = Z Z (K) D> st DA,
lul=r |ul=r |ul=r A<v

and each term D*z* on the right hand side vanishes at the origin unless A = p = v. Consequently,
g,(0) = 0. |

The property of an arbitrary ring to be local is in fact equivalent to the assumption that the invertible
elements form the complement of an ideal. To prove this we need the validity of ZORN’s Lemma from
which one can deduce the following result.

*Theorem 2.5 FEvery proper ideal a in a (commutative) ring A with unit is contained in a mazimal
ideal m of A.

Without proof.

Before we formulate and prove the above mentioned equivalence we show another useful general
result.

Theorem 2.6 Let A be a commutative ring with 1, and let I be the set of nonunits of A, i.e.
fel,ge A= fg # 1. Then, we have

I:Ua,

where a runs through the set of all (proper) ideals in A.

Proof. If f € I, then the principal ideal a = fA # A and hence I is contained in the right hand
side. If, conversely, f &€ I, thus fg = 1 for some g, so we have fA = A and consequently a = A
for each ideal a which contains f. O

Theorem 2.7 Let A be a commutative ring with 1, I the set of its nonunits. Then, the following
statements are equivalent :

i) I is an ideal ;

ii) the set of proper ideals a C A has a greatest element (with respect to inclusion) ;

ili) A possesses exactly one mazimal ideal.
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In the cases ii) and iii), the distinguished ideal is equal to I.
Proof. i) = ii) Due to the preceding Theorem.
ii) = iii) Let ag be such a greatest element. Then,
q0 = a
a£A
is the unique maximal ideal and, because of Theorem 6, ay = I.

iii) = 1) Let m be the maximal ideal. Then we have, according to the preceding Theorem, m C I. If
f€l, then a = fA # A and a must be contained in a maximal ideal, hence in m; therefore f € m.
O

With the help of this Theorem we are able to characterize mazimal ideals in general.
Corollary 2.8 The ideal m C A is mazimal if and only if the residue class ring A/ m is a field.
Proof. Because of the preceding Theorems the equivalence of the following statements is guaranteed:

a) m is maximal;

)
) A = A/m possesses only the ideals (0) and A;
)

=3

)
d

e) A isa field. O

A is a local ring with (0) as maximal ideal;

(¢]

each element in A\ {0} is a unit;

2.3 The Nakayama Lemma

The following Theorem is rather trivial and, therefore, only deserves to be named a “Lemma”. Never-
theless, we label it as a “Theorem” since, as we will see soon, it has extremely deep consequences.

Theorem 2.9 (Nakayama Lemma) Let (A, m) be a local ring, M a finitely generated A-module
and N C M a submodule satisfying

(%) MCN+mM.
Then, N = M . In particular, it follows that M = 0 if M = m M .

Proof . Together with M the quotient M/ N is finitely generated. Since from (x) it follows that M/ N C
m (M/ N) we can restrict ourselves to the case N = 0. Choose then a minimal system my,...,m, of
generators of M on A, r > 1; because of (x) we have

T

mT:E a;m;, a; €m,
Jj=1

hence
r—1
(1 —-a)m, = E a;m;j .
=1

Now, 1 — a, € m since otherwise 1 € m and m = A. Therefore,
r—1
my = Z bj mj s bj = (]. — ar)_laj,
j=1

and, consequently, the chosen system of representatives is not minimal if » > 2. For r = 1, we
conclude by the same argument that m; = 0 and M = 0. ]

The NAKAYAMA Lemma has a sharper formulation which is quite useful.
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Theorem 2.10 Let A be a local ring with mazimal ideal m, N, N' submodules of a fired A-module
M, N' finitely generated. If then N' C N + m N’ it follows that N' C N .

Proof. N” := N'N N implies N' = N” +mN’ and therefore, due to the NAKAYAMA Lemma,
N = N'CN. (Il

In applications, the following result is used quite frequently.

Corollary 2.11 Let M be a finitely generated A—module on the local ring A, and let w : M —
M/m M be the canonical residue class map. Then the following are equivalent :

a) mi,...,m, generate (minimally) the module M ;

b) the residue classes w(m;) = m;, j = 1,...,r, form a system of generators (a basis) of the
A/ m A-vector space M/m M .

In particular, from each system of generators of a finitely generated A-module M one can extract a
minimal one of uniquely determined length

cgaM = dimy /s M/mM .

Proof. a) = b) is correct by trivial reasons. Conversely, let the elements mq, ..., m, be given as in
b) and N = A(my,...,m,) C M the A-submodule of M generated by my,...,m,. For m € M,
one has w(m) = 3 ¢jw(m;) with ¢; € A/m. Now, choose representatives a; € A of the elements
cj; then m — >  a;jm; € kerw = mM, hence M C N + mM and therefore M C N C M, ie.
M = N. O

Similarly, one can see the following

Theorem 2.12 Any homomorphism M — M" of finitely generated modules on a local ring A 1is
surjective if and only if the associated A/mA-vector space homomorphism M/mM — M"/mM"
does.

2.4 Ideals of finite codimension

We deduce now from the version of the NAKAYAMA Lemma stated above the following Theorem which
will be applied several times in these notes.

Theorem 2.13 Let A be a local K-algebra with finitely generated maximal ideal m = (x1,...,2,) A.
Then, the following two statements for an ideal a C A are equivalent :

i) a is of finite codimension in A, i.e. dimg A/a < oo}
ii) there exists a power m* C a.

If 1) is satisfied, one can choose £ = dimg A/ a in ii).

Proof. The ideal m* can be generated by the monomials " - ... 2% |v| = vy + -+ v, = £. It
is easy to see that each element f € A modulo m’ may be represented as a polynomial on K in the
variables x1,...,z, of total degree < ¢ (c.f. the next Lemma). Thus, A/m’ is a finitely generated

K—vector space for all £. If now ii) is satisfied, there exists an epimorphism A/m’ — A/a of K-vector
spaces such that the ideal a is of finite codimension. If, on the other hand, i) is satisfied, consider the
infinite sequence of inclusions

a+m>O>a+m?2>Oa+md

DD a7
which has the epimorphisms
Ala — Af(a + /™ — A/(a +m!) — - — A/(a + m)

as a consequence. Thus, we have for all j:
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(+) dimg A/ (a + m?) < dimg A/ (¢ + m/T) < dimg A/a < oo,

and for at least one (in fact for almost all) j the inequality on the left hand side in (4) must become
an equality. Therefore, there exists a number ¢ satisfying

mfca+ml =a+m™ =a+m-m.

The NAKAYAMA Lemma in the guise of Theorem 10 implies immediately the claim ii). The last assertion
follows by the same reasoning from (+). O

We have used a Lemma in the proof of the preceding Theorem which we now wish to state expressis
verbis. It is a generalization of TAYLOR’s formula which holds in the geometric rings Opn 0, €55, Onpo -

Lemma 2.14 Let A a be a local K-algebra with finitely generated mazimal ideal m = (21,...,2,) A.
Then there exists, to each f € A and every £ € N, a polynomial Pf, in the variables x1,...,x, with
coefficients in K of degree < £ such that

f — Pﬁg S ml+1 .

Proof. We proceed by induction with respect to ¢, the case ¢ = 0 being trivial. Suppose
f = Pry = Z foa”.
|v|=0+1

Decompose f, into ¢, + g, ¢, € K, g, € m, and set

Propr = Pret+ D o’ D
|v|=€+1

Remark. In the complex analytic context, an ideal a C R,, is of finite codimension precisely if the zero
set of a is zero-dimensional (see Section 8 below).

2.5 Noetherian rings and modules

Local noetherian rings and algebras have particularly pleasant properties. We collect here some general
facts on such rings and modules for the convenience of the reader.

Definition. A commutative ring A is called noetherian if each ideal a C A is finitely generated.

Remark. We will prove later (Theorem 3.17) that the rings K(z1,...,z,) and K{z1,...,2,} are
noetherian. The rings C<, , however, are not noetherian (c.f. the Corollary 18).

Theorem 2.15 A commutative ring A is noetherian if and only if each increasing chain of ideals
apCaCayC---CA
is stable : there exists k € N with a; = a forall j > k.

Proof. 1) If A is not noetherian, i.e. if there exists an ideal a in A which is not finitely generated, there
is an infinite sequence f; € a such that the sequence of ideals a; := (fo,..., f;) A increases properly
and, therefore, can not become stable.

ii) Let, conversely, A be noetherian and ag C a; C --- an increasing chain of ideals. Then,

CIZZUCIj

JEN
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is an ideal, too. If one chooses finitely many generators f, € a then there is a number £ € N with
fo € ay for all p. Hence, a = aj, and consequently a; = a; forall j > k. O

Definition. An A-module M is said to be noetherian if every submodule N C M is finitely generated
on A.

If the base ring itself is noetherian, we have a simple criterion for a module to be noetherian.

Theorem 2.16 (Hilbert) Let A be a noetherian ring and M an A-module. Then M is noetherian
if and only if M is finitely generated.

Proof. If the module M is noetherian then it is finitely generated by definition. Let, conversely, M
be finitely generated, say by the elements mg,...,m;, and let N be a submodule of M . We shall
show by induction on ¢ that N is finitely generated. For ¢ = 1, the map A — M sending 1 to
my is surjective. The preimage of N is an ideal in A which is finitely generated by assumption on
A. The images of its generators generate N . If ¢ > 1 the image N of N in M/ Am; is finitely
generated since the module M/ Am; is generated by the residue classes of the elements ma,...,m;.
Let nq,...,ns be elements of N whose images generate N . Since Amy C M is generated by one
element, its submodule N N Amy is finitely generated, say by pi,...,p,. Then it is easy to see that
the elements nq,...,ns and pq,...,p,. together generate N . O

In application of our considerations made before we now regard in our geometric algebras R, the
ideal
m>° = ﬂ my .
r>1

Using a representation f = ) x; g; € m% and applying the LEIBNIZ rule one can immediately perceive
that all g; must be contained in m;°, too. Necessarily,

0o __ 0o
m, = m, -m;,; .

If m®° is finitely generated it follows that m2° = 0. - We summarize:

Theorem 2.17 For the rings K{(x1,...,2,) and K{xy1,...,2,} we have

mz"::ﬂm;:O.

r>1

Remark. Of course, this result follows easily without recourse to the Noether property of the rings we
are considering. Just expand any germ f into a power series . c¢,z” and deduce from f € m{® that
¢, = 0 for all v € N™ . In fact, we use the Theorem implicitly in the proof of Theorem 3.17.

Concerning C*°—functions, the circumstances are completely different. If one associates to a germ
[ €Cr% its TAYLOR series

i feK{z,...,xn}

one obtains a K-algebra homomorphism
o — K{w,...,2, }

which, in fact, is surjective (Theorem of E. BOREL). The kernel of this homomorphism is equal to m°,
the ideal of flat functions which is, as is well known, not trivial. - Therefore, we may conclude the

Corollary 2.18 The local ring C;% is not noetherian.
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2.6 Krull’s Intersection Theorem

For finitely generated modules on noetherian rings A, the preceding Theorem generalizes to KRULL’s
Intersection Theorem.

Theorem 2.19 Let A be a noetherian local ring, M a finitely generated A-module, and N C M a
submodule. Then,

oo
N={WN+wM).
j=1

We will postpone the proof to Chapter 6 where it will be deduced from the ARTIN-REES Lemma. For
a direct proof c¢.f. GRAUERT - REMMERT [1 - 02], Anhang pp. 211, 212.

Corollary 2.20 Let N, N’ be submodules of a finitely generated A—module M , A a noetherian local
ring, and let
N cN+wM, j>1.

Then, N' C N .
For: N’ C ﬂN+m7M N . 0

We demonstrate on two examples how useful this Corollary is.

Theorem 2.21 Let a C O, ¢ be an ideal, f1,..., fi € a fized elements, and suppose that for all f € a
we have a relation

f=9fi+ -+ gfu n Ong, e g1,...,95k € Onyo -
Then, the elements fi,..., fr form a system of generators for a in O, 9.

Proof. The polynomial ring K|[z1,...,2,] lies densely in On o with respect to the m—adic topology7
m = m(Op,), and correspondmgly in OnO for m = m(On,o); i.e.: for every h € O, (resp. OnO)
and each number j € N there exists a polynomial P = P}, ; satisfying

h = P modm’ resp. modm’ .

(C.f. Lemma 14). Therefore, there exist to each j € N polynomials g(J) i = 1,...,k, with
(%) - (gij)fl +--+ gl(cj)fk) em/NOnp .
But, as one can easily deduce from Theorem 4, m? N O, 0 = m/ . Set now b := (f1,..., fx) Ono C a.

Due to (%), it follows that
acCb + m'] 5 ] Z 1 5

ie. aCﬂ + m) ) = b and hence a = b = (f1,..., fx) Ono- a

Remark. We have used the full power of KRULL’s Intersection Theorem in the last proof, in particular
the fact that the ring O, ¢ is noetherian. If we denote by B the analytic algebra O, ¢/b and by =
the canonical epimorphism O, 0 — B then the proof above implies that the ideal « (a) is contained
in all powers mgg. Therefore, we need the Intersection Theorem only in the form ﬂm% = 0 for all
analytic algebras B.
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2.7 Local homomorphisms

Quite important for the theory to be developed later are (special) ring homomorphisms. If M, N are
differentiable (real analytic, complex analytic) manifolds, and if f: N — M denotes a differentiable
(resp. analytic) map then, to each 20 = f(yo), yo € N and the corresponding germs of sets
(M, () and (N, yo), there exists an associated map germ f,, : (N, yo) — (M, z(9) and a ring
homomorphism

© = fgo: Chra — CRy, ete

defined by substitution C3; ) 2 g = go f.In local charts this amounts to a map
{ mo — Co%
g —gof

wi(t}; f= 1 fm)s fj €mn = m(Cr%) . In particular, if g(0) = 0 then (go f)(0) = g(f(0)) =
g(0) =0.

Definition. A ring homomorphism ¢ : A — B of local rings is termed local if ¢ (m4) C mp.
Theorem 2.22 FEach algebra homomorphism ¢ : A — B of local K-algebras is local.

Proof. Automatically, as K-vector spaces, A = K@ my and B = K®dmp. Let f € my and
o(f) =c+g,ceK, gemp.If ¢ # 0, then h = f — ¢ would be a unit, hence hhy = 1, and,
since ¢ is a K-algebra homomorphism:

ge(ho) = (e + g = )p(ho) = (¢ (f) =@ ()¢ (ho) = ¢((f = ) ho) = v (hho) = (1) =1,
whence g ¢ mp . Contradiction! O

A beautiful Corollary from KRULLs Intersection Theorem is a uniqueness result for local homomor-
phisms which, in particular, applies to local noetherian algebras.

Theorem 2.23 Let @1, p2: A — B be (local) algebra homomorphisms of local K-algebras with
(%) o1(z;) = pa(x;), 7 =1,....,n,

T1,...,Tn a finite system of generators for m = my, B satisfying ﬂm{s = 0. Then, p1 = ps.
J

Proof . Using Lemma, 14, we find to each element f € A and each integer £ € N a polynomial P = Py,
in xy,...,x, with coefficients in K satisfying

f—Pemf.

Moreover, ¢1(m%) C m4% and similarly ¢2(m%) C m% for all £ € N. Due to (), ¢1(P) = ¢ P);
hence by subtraction

02(f) — @1(f) = p2(f — P) — p1(f — P) €mp forall ¢,

and thus
p2(f) — er(f) e[ mp = 0. O
(=1

Corollary 2.24 The K-algebra homomorphisms
©: Omo =Ky, .o, ym) — K(z1,...,2,) = Onp
are exactly the substitution homomorphisms

g'—>g(f1(x)a"'afm(x))’ flv--wfmem(OmO)-
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Proof. Substitution homomorphisms are K-algebra homomorphisms. Let, conversely, ¢ : Op o0 —
On,0 be given and f; = ¢ (y;) € m(Onyo), ¢ the substitution homomorphism ¢ — g(fi,..., fm)-
Then, ¢ (y;) = ¢(y;), j = 1,...,m, and hence, because of Theorem 23, ¢ = ¢. O

Remark. Tt is obvious that the proof of the Corollary also works in the formal case. In the C*°—category,
it is false; counterexamples are, however, not easy to construct. C.f. K. REICHARD, Nichtdifferenzierbare
Morphismen differenzierbarer Rdume. Manuscripta Math. 15, 243-250 (1975).

2.8 Ruckert’s Nullstellensatz

Given finitely many holomorphic functions fi,..., f,, € O(U) on some open subset U of a complex
affine space A™, we denote by N (f1,..., fm) the simultaneous zero set of the functions fi,..., fin:
N(fi,o-sfm) ={z€U: fi(x) == fm(x) =0}.

Definition. An analytic subset A of an open set U is by definition locally (with respect to any point
0 ecU ) the simultaneous zero set of finitely many holomorphic functions. This is the same as to say
that A is closed in U and that for all () € A there exists a neighborhood V c U of z(®) and
functions g1, ...,g, € O(V) such that

ANV = N(Qlu"'?.gr)‘

In particular, algebraic sets are analytic subsets of number space C™ itself.

If f1,..., fm are just germs of holomorphic functions at the origin, i.e. elements of Ocn o = R,
they define at least a germ of an analytic set at 0 which we denote by the same symbol N (f1,..., fim)
as above if there is no risk of misunderstanding. (Germs of sets at a point of a topological space are
defined precisely in the same manner as we introduced germs of functions and maps). If g € R,, is an
element such that a power g is contained in the ideal generated by fi,..., fm , then

N (fi,-.-sfm) CN(g") = N(g).
This remark implies the following statements:

a) N (f1,...,fm) depends only on the ideal a C R, generated by the elements fi,..., f, such
that we write N (a) instead in the following;

b) If b C a, then N (a) C N (b);
¢) N(a) = N (rada), where rad a denotes the ideal
rada = {g€ R, : 3t with ¢g' €a}
which contains a.
It is also easily checked that
d) N(a+6) = N(a)NN(b);
e) N(anb) = N(a-b) = N(a)UN (b).

Only part e) needs some hints. It is clear that N (a) UN (b) C N(anb) C N (a-b), where the last
inclusion is a consequence of the inclusion of ideals a-b C anb. If a point = does not belong to
N (a) UN (b), then there exist germs f € a, g € b which do not vanish at x. Thus, (f-g)(z) # 0.0

If, on the other hand, A is a germ of any subset of C™ at 0, we define
i(A) = {f € R, : arepresentative of f vanishes on a representative of A} .

Plainly, i(A) is an ideal in R,, having the following properties:
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f)y AcCB = i(B)Ci(A);
g) H(AUB) = i(A)Ni(B);
h) a Ci(N(a)).
By the preceding properties the inclusions
aCrada Ci(N(rada)) = i(N(a))
are obvious. In fact, we have

*Theorem 2.25 (Riickert’s Nullstellensatz) For any ideal a C Ocn o we have equality
i(N(a)) = rada.

Remark. This Theorem is sometimes called the Nullstellensatz of HILBERT - RUCKERT. The reason for
this misuse of historical truth is the fact that Hilbert proved (earlier) the corresponding result for ideals
a in the polynomial ring Clzq,...,2,].

Important Note. Our main concern in this manuscript is to study certain analytic sets X =

N (g1,.--,9-) C U locally at a fixed point z € X, ie. to study the germ (X, 2) = X, =
(N (g1,---,9r))x which is obviously the same as N (a,) with the ideal a, generated by the germs
91,z -»9r, - However, if fi,..., fn, is another set of analytic functions in a neighbourhood of xz

whose germs at = generate the ideal a,, then also (X, z) = (N (f1,.--.fm))e = N (fr.zy--s frna) -
Hence, there exists a neighborhood V C U of z such that

XNV ={zeV: fi(zx) == fm(x) =0}.
In other words: With regard to the analytic sets, one may replace the functions gi,..., g, locally around
x by the functions fi,..., fm - But much more is true: Fven the two ideal sheaves generated by these

systems of functions are identical locally around the point = . This is a special instance of what we call
the permanence principle for finitely generated sheaves of modules (see the Supplement).

2.9 Germs of maps

Any (substitution) homomorphism % : R, — R, is uniquely determined by m germs f1,..., fi, € m,
which define a map germ

f={ o fm) s (K)o — (K™)o .

If we have a commutative diagram

Y

R, R,

2

then we have the following result.

Lemma 2.26 The map germ f : (K")g — (K™)o associated to 1 induces a map from N (a) to
N (b) which only depends on . If ¢ is an isomorphism, then the induced map is a homeomorphism
with respect to the relative topology on N (a) and N (b).
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Proof. Take a point x in (a representative of) N (a) (for the sake of brevity we do not distinguish
between the representative and its germ). By definition, g () = 0 for all g € a. Commutativity of the
diagram above is the same as to say that ¢ (b) C a, or, in other terms, if h € b, then

g:=hofeca.

Hence, h(f(z)) = g(z) = 0, ie. f(z) € N(b). If ¥ is another extension inducing a map germ
f = (fi,-..,fm), then ¥ (h) — ¢ (h) € a for all h € R, . In particular, f; — f; € a which implies
f(x) = f(x) for x € N(a).

If ¢ is an isomorphism, the inverse homomorphism induces a map germ F : (K™)y — (K")g such
that, according to what we have just seen,

(Fo f)inw = 1dn@ and (fo F)nw) = idne) - O

2.10 Several notions of singular points

We want to address now once more the problematic nature of the notion of a singularity. In fact, we
consider in this manuscript at least two different kinds of singular objects.

1) At the one hand we regard (differentiable, analytic) germs of maps
fo: (K", 0) — (K™, 0)

and call these singular if
r := rank Dfy (0) < min (n, m) .

In the regular, i.e. the nonsingular, case all fibers f~1(y), y € V, are for a suitable representative
fo=0, 0 fm):U=U0) —V =V(0), UcCcK", VcK"

submanifolds of U C K™ of the (with regard to the known situation for linear maps in Linear Algebra)
expected (fixed) dimension, i.e.

a) of dimension 0 if r = n < m,
b) of dimension n — m if r = m < n, resp..

More precisely, one finds after differentiable resp. analytic coordinate change (local) normal forms in
these cases, as in Linear Algebra, namely

a) (T1,...,2n) = (T1,...,2p, 0,...,0) if r =n < m,
b) (x1,...,2n) = (21,...,2Zm) f r =m < n.
Type a) is called an immersion, type b) a submersion.

In particular we can state: If f = (f1,..., fim) is the germ of a regular map then the algebra
Rn/(fla-'-vfm)RngRé, gzmax(n—m,o).

Here, the symbol R, etc. stands, according to the situation, for O, or C5% -

Remark. If the map f is singular in 0 then the fiber f~'(0) may, nevertheless, be smooth. This is,
due to the so called Rank Theorem, the case e.g. if the rank of f is in a fixed neighborhood of the point
0 constant and smaller than min (m, n) (see Chapter 3).

In general, a singularity in this context means, more exactly, an equivalence class of germs of maps
with respect to a suitable equivalence relation. Such are e.g. the notions of R—equivalence (see below



46 Chapter 2 Local rings and finitely determined germs

for functions) and RL—equivalence (as above), hence equality of germs of maps up to composition with
germs of automorphisms from right or from right and left.

On the other hand, m germs of functions f = (f1,..., fm) € m, RF™ also determine:

2) an ideal Zy = Z R.f; Cm, CRy;
j=1

3) a local K-algebra R, /Zy;
4) a zero locus germ N = N (Zy) C (K", 0).

A singularity is in all these cases again an equivalence class of such (singular) germs with respect to a
certain equivalence relation. In the last cases these are more or less “geometrically” self-evident:

Definition.

i) The ideals Zy, 7, C m,, are called embedded isomorphic if it exists a germ ¢ € Aut R,, with
¢ (Zy) =1,

ii) The rings R,,/Zy and R;/Z, are called abstract isomorphic if there exist substitution homomor-
phisms
p: Ry, — Ry, Y: R, — Ry

which induce local K-algebra homomorphisms
¢2Rn/zf—>Rz/Ig, @R@/Ig—)Rn/.’Zf
that are inverse to each other.

iii) The germs of sets N, M C (K", 0) are called geometrically embedded isomorphic if it exists a
germ of an automorphism ® € Aut (K", 0) with ® (N) = M.

Remarks. 1. If Zy, 7, C m,, are embedded isomorphic then the automorphism ¢ : R, — R, with
¢ (Zy) = I, induces an abstract isomorphism

?: R,/Iy = R,/TI,.

2. If R,/Z; and R,/Z, (notice that n = (¢!) are abstract isomorphic and Z; and Z, C m? then
Z; and 7, are embedded isomorphic. For, let ¢ : R, — R, be a lifting of the isomorphism ¥ :
R,/I; — R,/Z, then the induced map

m, /Ly m, /I,

m,/m? m,,/m,

in the lower row is surjective, hence an isomorphism. Then, due to the Inverse Mapping Theorem, ¢ is
an isomorphism, too. Since ¢~ = P!, one concludes with ¢ (Z;) C Z,, ¢~ }(Z,) C Z; immediately
that (p(If) = Ig.

3. If Zy, Z, C m, are embedded isomorphic then the zero sets N = N (Zy) and M = N (Z,) are
geometrically embedded isomorphic since every automorphism of R,, induces an automorphism of the
germ (K™, 0).

4. The converse to 3. is, of course, not valid: for f = f(z) = 22 and g = g(x) = 23 in R; the zero
sets N (Zy) = N(Z,) = {0} but Zy and Z, are not embedded isomorphic since ¢ (mf) = m{ for
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all £ €N, ¢ € Aut R,,. In the complex analytic case it follows however by the HILBERT - RUCKERT
Nullstellensatz that at least the radicals of the ideals

radZ; and radZ,

are embedded isomorphic. In particular, if N (a) is a point, then N (a) = N (m) and therefore m!, C a,
i.e. a is of finite codimension (Theorem 13). This is the background for the truth of Corollary 34.

We introduce still another equivalence relation.

Definition. Two m-tuples f, g € m, R®™ are called V-equivalent if there exists an invertible m x m—
matrix M with entries in R,, such that

g=MFf,
where f and g have to be regarded as column vectors.

Theorem 2.27 Let f, g € m,RP™ be given with the corresponding ideals Iy, I, C m, . Then the
following are equivalent:

i) f and g are V—equivalent as map germs (K™, 0) — (K™, 0) ;
i) Zy and I, are embedded isomorphic as ideals in R, .

Remark. Hence, f and g determine the same wvariety up to isomorphism. This is the reason why the
corresponding equivalence relation is termed “V-equivalence” in [1 - 16].
Proof. i) = ii) is easy to see.

ii) = 1). After the application of an automorphism from the right we may assume that Z; = Z,.
Then we find m x m—matrices A and B with entries in R,, such that ( f and ¢ considered as column
vectors)

g=Af, f=Bg.

We have to modify A in such a way that Ay := A(0) is invertible. First, look at an arbitrary matrix
M of the form
M=C(E,—-BA)+ A, CeM(mxm,K);

then we have
Mf=Af=g and My = C(E, — Bo4p) + Ao .

Hence, it suffices to establish the following Lemma from Linear Algebra.

Lemma 2.28 Let A, B € M (m x m, K) be arbitrary matrices. Then, there exists an m X m—matriz
C such that
M:=C(E, —BA) + A

s invertible.
Proof. Decompose V' = K™ into
V=Vidker A =Vdim A.

Then, there exists an endomorphism C' of V with Cp, = 0 such that C': ker A — V; is an
isomorphism. Choose such a C' in the formula above; if then M v = 0 we have

Av = —C(E,, — BA)veim ANnim C = {0},
hence Av = Cv = 0,ie veker ANker C = {0}. O

In the literature one uses instead of “V—equivalence” also the notion of contact-equivalence. We
want to expound the reason for this notion at this place a little further. Let two pairs of (germs of)

submanifolds
(X1, Y1) and (X3, Y3) in (K%, 0)
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be given. The pairs are called contact-equivalent if there exists an automorphism ¢ of (K, 0) sat-
isfying » (X1) = Xa, ¢ (Y1) = Ya. Let now h; : (K™, 0) — (K, 0) be a parametrization of X,
in particular n; := dim X;, and g; : (KY,0) — (K™, 0) a submersion with ¢;'(0) = Y7, in
particular m; = codimg~Y; . We further put f; = g3 o h; and construct f; correspondingly for the
pair (X, Y3). Clearly, the map germs f; are not uniquely determined by the pairs (X, Y;), but the
integers n; and m; are. - Then, the following holds true:

Theorem 2.29 The pairs (X1, Y1) and (Xa, Y2) are contact—equivalent if and only if n; = ny =:
n, mi = mg =: m and the map germs

f17 f2 : (Kn7 O) — (Km7 O)
are V —equivalent.

For the Proof see J. A. MONTALDL: On contact between submanifolds. Michigan Math. J. 33 (1986),
pp- 195-199.

2.11 Right equivalent germs

We denote in the following by R, either of the local rings C5S or O, with the maximal ideal
m = m,. Correspondingly, Aut R,, stands for the group of germs of invertible differentiable resp.
analytic maps ¢ : (K", 0) — (K", 0) (with respect to the composition of (germs of) maps as
group multiplication). An element ¢ € Aut R, determines in a unique fashion n germs of functions
hi,...,hy, € m, satisfying Dh (0) = det O(hy,...,hy)/0(z1,...,2,) (0) # 0 where

e (f) = fop = f(hi,.... ).
Thus, the group Aut R, operates also on R, by composition from the right:

{ R, x Aut R, — R,

f — foyp.

We are interested, as we already stated in Chapter 1.7 for the complex analytic category, in the orbits
in R, under this operation.

Definition. Two germs f, g € R,, are called right equivalent or R—equivalent for short if they lie in
the same orbit with respect to this Aut R,—action, i.e. if there exists an automorphism germ ¢ with
f oy = g. We write under these circumstances f ~, g.

Remarks. 1. If fop =g, f(z) =0 and = = ¢ (y) then g(y) = (fop)(y) = f(x) = 0 and vice

versa. Therefore,
e({y:9) =0}) =A{z: f(z) =0}

near z = 0, y = 0; in other words: the germs of the zero sets of R—equivalent function germs f and
g coincide near 0 after coordinate change.

2. R, is not a finite dimensional manifold and Aut R, is not a Lie group. Nevertheless, it is possible
by reducing the considerations to finite dimensional subspaces that classical results on operations of Lie
groups on manifolds are applicable.

2.12 Jets of functions and finitely determined germs
We have previously seen that certain germs of holomorphic functions are equivalent to a finite part of

their Taylor series expansion. We would like to study this phenomenon here in more detail, also for
differentiable functions.



2.13 The Mather—Tougeron criterion 49

Definition. A germ f € R, is called k—(right) determined if it is right equivalent to each germ g which
has the same k-jet as f. In symbols: j*g = j*f = g ~, f. Here, of course,

I TR S AL

lv|<k

In particular, f is then equivalent to its k—jet j*f; moreover — in the holomorphic case — the complex
analytic hypersurface N (f) is (after holomorphic base change) equal to the algebraic set N (5*f). We
say that f is finitely determined if it is k—determined for some k € N.

Remark. Since j*(j*f) = j*f, k-determinacy of f is rather a property of the polynomial j*f than
of the germ f itself.

Ezxamples. The Implicit Function Theorem in the form of Theorem 1.4 asserts that every regular germ
f € m, is 1-determined. The Morse Lemma is equivalent to the statement that every nondegenerate
critical germ f € m2 is in fact 2-determined. Both results follow from a general criterion which we
formulate in the next Section.

Warning. The example

[z, y) = <x+ 1_‘yy>2

shows that the jets j*f may be finitely determined for k > ko without f being finitely determined.

2.13 The Mather - Tougeron criterion

We shall see that the property of k—determinacy is closely related to the following inclusion which, after
all, only concerns finite dimensional vector spaces:

(%), mk Cm,J; + mhtl,

Here, J; denotes the JACOBI ideal of f which, by definition, is generated by the (germs of) partial
derivatives of f:

(N N, 0 _
Jf_(8x1,...,axn>Rn—{;gjaxj.gJERn, ]—1,...,n}.

To be precise, the following Theorem of MATHER holds true which we shall deduce in the course of the
present and the next Section.

Theorem 2.30 (Mather)
a) If (*), holds then f is k-determined.

b) If conversely f is k-determined then (), holds.

Let us first test the potential of part a) by elaborating some examples; after that we shall give
different versions for the condition (* ), before we prove a). Part b) will be proven in the Appendix.

As a Corollary, we get another proof for Theorem 1.4 : If 0 is a regular point of f € R,, then at
least one of the germs df/0x; is a unit in R, . Hence, Jy = R,, and m, - R,, = m, - Jy. Therefore,
f is 1-determined.

To prove the MORSE Lemma by means of the criterion above, take a nondegenerate critical point
z(® = 0 of f and choose local coordinates such that

n
I =2
j=1
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(see Chapter 1.6). Then df/0z; = +2z; + g; with g; € m2, and therefore
m2 C m,J; + md
Hence, f is 2—determined.
We give two more

Examples. 1. f(x1, x2) = 22 + ka k > 1. Here, J; is generated by z; and r% . and we have

mgﬂ C moJy; thus fis (k + 1) determined. This is more generally true for the Ag—singularities
floy,...z) =224 £ 22 | £2F . kE>1.
2. In the case of the Dy—singularity with equation f(z1, 72) = @329 + :v’2€71 , k > 4, we find
Jp = (mwg, 22 + (k — Db )Ry .

Because of
(k = Dag™' = 2o (af + (k = Va5 %) — 21 (122)

and
ai Tt =2 @t + (k- Db ) — (k= Va2l (2m)

we see that

my Cmy - Jy

3. The germ z3 + xy* + % is 6-determined.

More examples will be discussed later. - We are next going to formulate another version of the
Theorem of MATHER which partly goes back to TOUGERON.

Theorem 2.31 Given f € R, then the following statements are equivalent:
i) f is finitely determined, i.e. {—determined for a certain number £ € N ;
ii) there exists a number k with mk C m,Jy ;

iii) the ideal m,J; is of finite codimension in R, ;
iv) the ideal Jy is of finite codimension in R,

f s in the case ii) k—determined and in the case iil) {—determined if ¢ denotes the K—dimension of
Rn/ anf .

Proof. m,, is a finitely generated ideal. Henceforth, because of the NAKAYAMA Lemma, the assumption
ii) is equivalent to ( ), . The equivalence of i), ii) and iii) then follows from MATHER’s Theorem and
Theorem 13. Since m,,Jy C Jy, iil) implies the statement iv). Let, on the other hand, iv) be satisfied.

Then there exist elements f1,..., fr € R, such that each function germ h € R, has a decomposition:
T n
of
h = ZcﬂfPJFZth
— - Ly
p=1 j=1

with ¢, € K and h; € R, . If one decomposes the h; into their constant part and their part in the
maximal ideal, one deduces at once that the quotient R,,/m,J; is at most of K-dimension r + n. O

Remark. Tt is possible to formalize the last argument in the proof above a little further: From R, =
K & m,, it follows that

n

3 K— T
j=1

Hence, R,/m,J; is finite dimensional on K if and only if R, /Jy is finite dimensional. - The same
reasoning yields a supplement to Theorem 13.
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Corollary 2.32 If, under the assumptions of Theorem 13, the ideal a is finitely generated then either
of the conditions i) and ii) is equivalent to the following property:

iii) The ideal m,a is of finite codimension.

The property iv) in Theorem 31 can be interpreted either algebraically or geometrically. Regard the
substitution homomorphism ¢ : R, — R, given by the partial derivatives df/dx1,...,0f/ 0z, . The
assumption that Jy is of finite codimension in R, means exactly that the homomorphism ¢ is quasi—
finite (cf. Chapter 3). The Preparation Theorem is now equivalent to the assertion that quasi-finite
homomorphisms are automatically finite (see loc. cit.). - Therefore, we may conclude:

Theorem 2.33 (Tougeron) f € m, is finitely determined if and only if the map germ (Df)o :
(K™, 0) — (K™, 0) of its differential is finite.

In the complex analytic case this condition has the concrete meaning that the holomorphic map
from C™ to C™ given by the partial derivatives of f (locally around 0) is a finite branched covering.
In this context, also the Theorem of MATHER has a consequence which we at least want to formulate.

Corollary 2.34 If 0 is an isolated critical point of the complex analytic function germ f € O, o then
f s finitely determined.

Proof. By assumption, 0 is an isolated point in

w, OF _ . _ O _
{xeC.axl 8%0}.

Then, by Riickert’s Nullstellensatz and Theorem xx, O,, 0/ J; is a finite dimensional C-vector space.
O

Remark. The last statement and Corollary 32 are false in the real-analytic case.

Examples. 1. For f(x,y) = 2* + y* we have over the reals N (f) = {(z,y) € R? : f(a,y) =
0} = {0}. But R{z,y)/fR(x, y) is not a finite dimensional R—vector space since otherwise we
would have a certain power m% C f Ry, and this then would also hold over the complex numbers C
( f regarded as a polynomial in C [z, y]). Hence, also in the complex case we would have

N(f) € N(m3) = {0},

which is nonsense because of N (f) = {(z,y) € C?*: y = +iz}!

2. Example 1 can be expanded to a counterexample to the Corollary over the real number field. This
time, we put

flz,y) = (@ + )2
Here, J; is generated by x (2% + y?) and y (2% + y?), and N (Jy) consists of the origin only. Thus,
f has an isolated singular point at 0; f, however, is not finitely determined. Otherwise, myJ; would

be of finite codimension, i.e. OF,/myJ; would be of finite dimension. But now myJy C (22 + y?) O3
such that there exists an epimorphism

O§O/m2jf — C)D;,o/(gc2 + %) 050

of R-algebras. Consequently, dimg O§O /(2* + y?) 0]12%’0 < oo in contradiction to Example 1.

That both claims above are also false 1121 the differentiable case is even much easier to see. Look
at the germ at the origin of f(2) = e %/* , 2 # 0, continued by 0 at 0. Then, N (f) = 0, but
36°f = 0 and f is not finitely determined.
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2.14 Proof of part a) in Mather’s Theorem

Let us now start with the proof of direction a) in the Theorem of MATHER. What do we really want
to prove? Obviously, the condition of k-determinacy of f can be stated as follows (if j*g = j*¥f then
a=g— femktl):

(+) For all & € m**! | we have f + o ~, f .
We attempt to prove this by a homotopy argument yielding the equivalence
frrfHta

for all ¢ € [0, 1]. - To obtain this result, we need the following assertion which, for ¢ = 1, immediately
yields our claim (+).

(++4) If (*), issatisfied for f, then there exists to each element o € m**! a continuous family g,
of automorphisms of R,,, t € [0, 1], with go = id, such that

(f +ta)(g) = f.
The last condition may also be formulated in an infinitesimal version which we actually prove first.

Lemma 2.35 For f and « as above, there exist (differentiable, analytic, holomorphic) functions
Wi, ..., Wy in a neighborhood of {0} x [0, 1] C K" x K such that

(x) +ijxt f”“)(x):o,

Zj
where the functions w; vanish for fixed t € [0, 1] to at least second order at x = 0.

Proof. Let ag,...,ay denote the monomials of degree k in the generators zi,...,x, of the maximal
ideal m,, . Because of (%), we find germs h,; € m,, satisfying

Hence, we have

Since a € m¥*! | the last sum also belongs to m**!  and consequently, we get for some Qyy € My, :

n N
(+) 04,,=Zh,,jw-t2awau, v=1,...,N.
=1 J p=1

The matrix A = (§,, + ta,,) has determinant equal to 1 for « = 0 and all ¢. Therefore, it
exists an N x N-matrix B of functions of the given category in a neighborhood of {0} x [0, 1] such
that B A is the unit matrix. Setting B = (b,,), we derive from (+) that

aV—ZbWZhWM, v=1,...,N,

and by writing
N

Ol:§ Qy oy, Qp €My,

v=1

we can define the sought—off functions w; as
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N

wj(z, 1) = — Z o () by (@, 1) hyj () - u

v,u=1

The proof of part a) in the Theorem of MATHER will be completed by means of the following
theorem.

Theorem 2.36 Suppose, that for the function germs f, a € R, the relation (x) holds. Then there
exists o differentiable family g, = gi(z) € Aut R,,, t € [0, 1], go(z) = = such that

(f +ta)(gi(@)) = f(2).

In particular, f + o ~, f.

Proof. We look at the following system of ordinary differential equations, depending on the parameters
Tiyee, Tt
dgj(z, t)

dt :wj(gl(xv t),...,gn(fﬁ, t)7t)7 .] = 1,...,7’L.

Obviously, g¢;(0,t) = 0, j = 1,...,n, is a (unique) solution of this system with g¢;(0, 0) = 0 for
all j. Therefore, for all = sufficiently close to 0, there exists a unique solution (g;(z, t));=1,..., With
gj(z, 0) = z;. Moreover, the total solution (g;(z, t)) is differentiable (analytic, holomorphic) in =
for all ¢t € [0, 1], and therefore, it defines a (germ of a) differentiable (analytic, holomorphic) map g,
of K™ into itself at the origin for all ¢ € [0, 1]. In order to prove that the g; are local differentiable
(analytic, holomorphic) automorphisms, it suffices to compute the Jacobi determinants

dg (z, t)

J(t) := det .

, te[0,1].
=0

Now, due to the vanishing properties of the functions w; in Lemma 35,

i 0g;(x, t)
dt oxy,

JJ—O) - o j(gl({E, t),. .. 7gn(x’ t)7 t)

T

=0

QD

Wi Ogi(x, t
- a*<91<w»t>v~-vgn<x,t>,t>M _o,
=0

63%
and we finally arrive at
Jt)y=J0)=1.

The proof of Mather’s Theorem will be finished by checking that

(f +te)(ge(x)) = f(2)

for all « near the origin and all ¢ € [0, 1]. We do this for fixed = by differentiating with respect to ¢
(and by observing that the equation is correct for ¢ = 0):

G0+ 1) o) = 30 D ) D ()

j=1

-3 M(gt(x))wj(gt(x), t) + ¢ (g:(x))

T
j=1 0x;

= —¢(g(x)) + p(g(z)) = 0.
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2.15 Mather’s Theorem and Nakayama’s Lemma

The main purpose of the present Section is to demonstrate that the Nakayama Lemma may be used
directly to prove the Mather—Tougeron criterion and even more general equivalence criteria. It is readily
checked that - by the compactness of the interval [0, 1] C K - we need the functions w;(z, t) in
Lemma 35 only locally with respect to ¢ in order to insure the equivalence of f 4+ « and f. Thus, we
get the following result in which m,, denotes, as always, the maximal ideal of R, , and R,y1,4, the
ring of differentiable (analytic, holomorphic) functions germs at (0, to) € K® x [0, 1] € K"*!. The
ring R, will be regarded as subring of R, 114, ; in particular, m, C my414 = M (Ruy14,)-

Theorem 2.37 Let f and « be elements of m,,. Then [ + « ~, f if, for all to € [0, 1],
2 (5(f +ta) of + ta)

acm, - ee, — | R .
n 8$1 ) ) axn > n+1,to

Let us show that this criterion is fulfilled for a germ f satisfying the Mather criterion (*); and all

elements o € m¥*1. By assumption on f, we have

ml Cm,Jy .

This implies
m’:LRn+1,to CmpJr-Rogig, -

Since da/ dz; € mE for all a € mkt

mF - R, 114, . From this, we deduce that

o(f + ta) o(f + ta)
Oy Y Oy,

L j = 1,...,n, we see that t-da/dzx; is an element of

k k
man+l7to cm, ( > Rn+1,t0 + My41 (man+l7to) .

Since mf;Rn+17t0 is a finitely generated R, 1, —-module, the Nakayama Lemma implies

Af + ta) 8(f+ta)) o, -

k
m R,i14 Cm
=it lio " (91'1 ’ ’ 8In

2.A Appendix: Proof of part b) of Mather’s Theorem

For the proof of the opposite direction in the Theorem of MATHER we need some further notations. In
order to avoid superfluous paperwork we think of n € N being fixed and set

A = Klzy, .. zn]/ (@1, 2n) T K 21, .. 2, ] 2 R,/ mbTL

n

We interpret the K—vector space Ay as the space of k—jets in R,, and at the same time as the vector
space of polynomials of degree < k. In particular,

dimg A, = (n Z k) .

There are canonical projections R, — Ay which we denote by 7 : m(f) = j&f modulo
(z1,... ,xn)k“KLxl, ..., Zn]. Further, let By be the space of n—tuples in Ay, a vector space of K-
dimension n (”: ) . For any elements F = (f1,...,fn), G = (91,-..,9n) € By, one has a canonical

composition:
FoG = (fioG,...,fn-G)mod (z1,...,2,)" € By, .

Notice that the composition is well defined because of the chain rule: Derivatives of F oG up to a fixed
order k depend in an algebraic way only on such derivatives of F' and G. By the same reason, this
composition is associative with the neutral element E = (x1,...,x,). We now regard in By the open
dense subset

Gr = {F = (fi,...,fa): det DF(0) # 0} 3> E.
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To each such F' there exists an inverse é, and if one puts G := G mod (1,...,2,)*!, one has
FoG = E mod (1, ...,7,)"! . Hence, Gy, is a group which moreover carries a structure of a manifold,
and the compositions

Gr X Gy —  Gi G, — Gi
(F, G)— FoG F s F1

are differentiable (holomorphic, etc.) since the coefficients of F o G resp. F~! emerge from those of
F and G algebraically (for the inverse this is a consequence of Cramer’s rule). In other words: Gy is
a Lie group that acts differentiably resp. analytically on the manifold Aj by insertion from the right.
Moreover, it is plain that there is a commutative diagram:

RnXAU.t Rn Rn
T X Tk Tk
Akxgk Ak;

where we have denoted the projections for the automorphism groups again by 7 .

Let now f € Ax be arbitrary and fgk the orbit of ]? under the action of Gy on A . This is a
(locally closed) submanifold of the vector space A; whose tangent space at the place f we want to
determine. (In general, orbits are not locally closed submanifolds. However, here we are in a very good
situation since we are dealing with an algebraic operation of an algebraic group on an affine space; for
more details, cf. [1 - 16]). In particular, the orbit is a homogeneous manifold and therefore the tangent
space of an orbit is the epimorphic image of the tangent space of the group Gy at its neutral element,
i.e. of the Lie algebra of Gy . To compute this, we have to describe all curves in Aut R,, resp. in Gy
which start in E = id. These are germs ¢ : (R"*1, 0) — (R", 0) with & (z, 0) = z and 6(0,¢) = 0,
hence

d0(x,t) =x +e(x,t), e(x,00) =0, €(0,¢{) =0.

The tangent vectors of the orbit are then determined modulo m**! by
0 "af O
=L t = - . =
5 (@ T ez, 1)) Z 5

— — J
t=0 Jj=1 =0

It is obvious that Je;/ 0t at t = 0 can be an arbitrary element of m,,, from which it follows that

(%) Ty fgk = myJ5 mod m*t C A, .

If ]? = j*f is the k-jet of f € R, then one can replace the right hand side of () by

m,,J; mod mF*1. From this consideration we shall conclude the following theorem which implies asser-

tion b) in the Theorem of MATHER.

Theorem 2.38 Given f € R, with a k-determined (k 4+ 1)—jet j**1f , then the following holds:
(% ka1 mFt Cm, Jp .

Corollary 2.39 If f is k-determined, then condition (), , is necessarily satisfied.

Proof (of Corollary). If f is k-determined, we have f ~, j**1f; hence j*T!f is k-determined, too.
Thus (*),,, holds due to the preceding theorem. 0

We state another
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Corollary 2.40 With j**1f also f is k-determined.

Proof . Because of the theorem above and part a) of the Theorem of MATHER f is (k + 1)-determined.
If now jkg = jkf = j*(j**1f), we conclude that g ~, j**1f ~, f. 0

Proof of Theorem 38. We look at
X ={g€Axs1: Ty :jkf}ajk“f =: f.

This is an affine subspace of A1, in particular a submanifold. Its tangent space is (at each place g)
equal to the vector space of the homogeneous polynomials of degree k + 1, hence

~ ktl ) k42
TeX = mi™ /myr= .

Now, f is k—determined, i.e. g € X implies g ~, f such that X C f Gi+1 . Therefore, we have
T3X CT7 f Grv1 and thus, because of (wx):

mhtl Cm, Jp + mEt2, O
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The first part of the Chapter is an adaptation from the book [01 - 02]. As a main source for Commutative
Algebra we recommend the wonderful book of
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A booklet which promises (correctly) to “cover the basic algebraic tools and results behind the
scenes in the foundations of Real and Complex Analytic Geometry” is

[02 - 06] J. M. Ruiz: The Basic Theory of Power Series. Advanced Lectures in Mathematics. Braun-
schweig/Wiesbaden: Friedr. Vieweg & Sohn 1993.

The Sections on finite determined germs follow closely Chapter 6.4 of [01 - 20]. On p. 122 of this
book, the reader will find a discussion of Whitney’s Example

f(x,y,2) =zy(x+y)(z - zy) (x — 7y)

for which the whole z—axis consists of critical points. f is at 0 not finitely determined.
The use of Nakayama’s Lemma for proving the sufficiency of Mather’s criterion is taken from [01 -
15).

(Last modified: March 14, 2019)



