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Introduction

The problem of explicitly finding a free resolution, minimal in some suitable sense,
of a module over a polynomial ring is solved in principle by the algorithm of
Hilbert [H]. However, this algorithm is of enormous computational difficulty. If
the module happens to be finite dimensional over the ground field, and if the
module structure is given by specifying the commuting linear transformations
induced by the indeterminates, then a little-known result of Scheja and Storch,
resumed in Sect. 1, allows one to write down an explicit free resolution of the right
length without computation. The same idea can be used for many Cohen-
Macaulay modules (Example 1.1). But although the Scheja-Storch resolution is
minimal in some cases, it is not minimal in the main case of interest where the
module is a factor-ring of the polynomial ring and not the ground field itself.

It is the goal of this paper to write down a universal resolution for certain
factor-rings which is minimal in some cases of interest. We obtain in particular a
free resolution, over a polynomial ring, for any affine Cohen-Macaulay ring
(Example 3.3), and the resolution is minimal in a suitable sense if the ring has
(locally at some point) minimal muitiplicity for its embedding dimension ; the cases
of main interest are perhaps the 2-dimensional rings with rational singularities
(Sect. 4), and the (“relatively Cohen-Macaulay”) total space of the versal defor-
mation of a ring of the form k[x,, ..., x,1/(x, .... x,)*> (Example 3.1).

We now describe the situation in which we work, beginning with the leading
special case (all rings in this paper are commutative and associative, algebras
have a unit element 1):

Let R be a ring, and let 4 be an R-algebra which is finitely generated and
projective as an R-module, with R R-1C A4. Since 1 is locally part of a minimal
system of generators of 4 as an R-module, we may write 4 =R®E (as R-modules)
for some finitely generated projective module E. Given the decomposition above,
there is a natural epimorphism from the symmetric algebra S:=S(E)= Y S,E to

0=k
A, which is an isomorphism on R®E=Sy(E)®S,(E)CS.
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More generally, suppose that E is a finitely generated projective R-module and
A is any factor-ring of S(E) such that for some [= 2 the induced map

Z S{E)—A

0gksl—-1

is an isomorphism. Our main result (Theorem 3.2) gives a projective resolution of
A as an S(E)-module in this case, and describes when this resolution is minimal.

This is applied to affine Cohen-Macaulay rings, as indicated above, by
involving the Noether normalization theorem.

Of course the simplest case of our result is that in which
A=R[x,,...,x,]/(x,, ...,x,)" as an algebra. The well-known minimal free resolu-
tion of A as an R[x,... x] module may be described as an Eagon-Northcott
complex associated to the I'x I minors of the r+1—1 by | matrix

Xy X; o %_, x, 0 ... 0
0 x, x, ... x_;x, ... 0

b
0 ... Xy Xy e Xe_q X,

or more intrinsically, by the complexes in [B-E]. The resolutions of our paper can
be seen as deformations of this last.

The resolution described below was originally obtained by the third author in
the setting of an explicit versal deformation of k[x,, ..., x ]/(xl, . ; he used
the techniques of the generalized preparation theorem to give a dlrect proof of
exactness. The current version of the results was subsequently obtained jointly.

1. The “Universal” Resolution of Scheja and Storch

As in the introduction, let R be a (commutative) ring, and let E be a finitely

generated projective R-module. Let S=S(E)= ) S.E be the symmetric algebra of
. Ok
E over R; for any R-module M, we write M for the S-module S@; M

For each k, there is a “diagonal” map 4 : A*E— A*"EQyE, defined by
k .
MegA.one)= Y (=1 le, AL A A ... AgReE,;,
i=1

where the presence of ¢; means that e, has been left out.
Given any S-module N, there is a “multiplication” map m: EQg N— N, and we
may define for each k a map

dy: AAE@gN—A*"'EQyN

as the composite

1®m

AEQ N-225 A 1 EQ  EQ g N—- 22 A* 1E@y N.

From the fact that efe;n)=een) for all i,j and all neN, it follows at once that
d%=0.



Projective Resolutions of Cohen-Macaulay Algebras 87

Theorem 1.1 (Scheja-Storch). Let N be an S-module which is finitely generated and
projective as an R-module. For each k, define

8 AE@ N—>A*'EQ N
as
5=d®1 - 1@dy : S® MER N—>S® A ' EQLN .
We have 6>=0, and (assuming that A"**E=0) the complex

Ky 0> A EQ N2 . ~HE®QgN->S®N—0

is a projective resolution of the S-module N.
If R is local with maximal ideal m and EN CmN, then K, is minimal in the sense
that it gives a minimal resolution of N as an S, g, p-module.

Proof [Sch-St, pp. 87-88]. Consider the “enveloping algebra” §= S®gS
=S(E®E), and write E for S®SE The “diagonal” map E—->E®E, given by
e—(e, —e), induces a map E—S, from which we may form the Koszul complex

K :0->A"E— .. 5 AE—E—§

which is an §:projective resolution of S as an S-module under the natural
augmentation S—§.

Regarding S as an S-module by multiplication in the second component, one
sees that

K,=K;®sN

Since Kj is split exact as a complex of S-modules, this is exact, and gives a
resolution of N as an S-module, as required.

The minimality statement follows at once because, under the given hypothesis,
d®S/(m, S E)y=0. O

Example 1.1. Let S=k[y,, .... y,, ] be a polynomial ring over a field k, and let F be

any finitely generated S-module of dimension d. By the Noether normalization

theorem, we may choose new variables x, ...,X,, t, ..., ¢, so that S=k[x,, ..., x,
t;} and F is a finitely generated R=k[t,, ...,t,]-module.

If now F is a Cohen-Macaulay module — that is with depth,, . F=d -
then by the Auslander-Buchsbaum-Serre theorems F will be free over R, and
Theorem 1.1 will apply. The resolution will be minimal [after localizing at
(¥15 --» ¥, 4 =m, say] if and only if the minimal number of generators of F,, as an
S,.-module is equal to the rank of F over R.

Example 1.2 (the generic case). Let R be a polynomial ring over Z in nr? variables,

2
relations making these matrices commute. If F is a free R-module of rankr, we may
make F into an S=R[x,, ..., x,]-module by letting x; act as X;. The theory above
applies to give a resolution of this module.

which we think of as forming n r by r matrices X;, modulo the r2<") quadratic
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2. Some Projective Modules and Complexes

In this section we recall from [B-E] the construction of the modules which play a
role in the resolutions written down in the next section. For a treatment in the
natural full generality of Schur functors, see [Las], [A-B-W], and the works cited
there, and for a slightly different construction, see [Tow].

Let E be a module over a ring R. As before, we write 4 : A** 1 E—» A*EQE for
the diagonal map of the exterior algebra, m: EQ®S,_ E—S,E for the multipli-
cation in the symmetric algebra, and we define d;; as the composite

AHE®S, ,E-22% FEQERS, ,E—2" A*EQS,_,E.

(All tensor products in this section are taken over R.)
Definition. L*E=coker(A**'E®S,_,E-5 A*E®S,_,E).
It is obvious from the definition that LX E = A*E and L¥E =0 whenever A*E =0,

Proposition 2.1. Suppose that E is projective, and k+1>0.
1) The complex

%) 1 L AIERS,  E-EAE® S,E-S> ..

is split exact. In particular, L¥E is a projective R-module, L} ExS,E, > 1, and there
is a natural exact sequence

0-LIE—->A*"'EQS,E-~L}; lE-O0.

2) Let F=E®RY, f being linearly independent over R, and let n . F—E be the
projection. Defining the dotted arrows in the following diagram to be the indicated
composites, the sequence of dotted arrows is exact :

AF®S,_,F

Remark. If, in part 1), E is actually free, then so is LFE. As in [B-E] (or, in a more
general case [A-B-W]) one can show that if e,, ..., e, is a basis for E, then L*E
admits as basis the images of the elements

e, A...ne, Qe ...¢; .., eAERS,_E
withi, <..<jzand i, £j, £...Sji-.
Proof [B-E]. 1) The identity map E— E induces a map

E=S(E)®E-S(E),
and we may form the Koszul complex

(++) ..o A2 E—E—S(E),
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which is exact except at S(E), where it has homology R. It is easy to see that (*x) is
the direct sum, over all k+ 120, of the sequences (*), ;. Further the sequence (%), is
0—R—0, accounting for the homology of (x*), and thus (%), , for k+1>0 is exact
as claimed.

Now for any given k,l, we have an exact sequence

0> L*E- A 1E®S,E~...»S,,,_,E-0.

If E is projective, then all A’EQ®SE are projective, so the sequence splits, and LE
is projective too.
The exactness of (x), for 21 includes in particular the exactness of

A’E®S,_,E—~E®S,_E-SE-O0,
whence L} ExSE. (¥),,,_, further yields short exact sequences
0—- L E-A*E®S,_E~LFE—0,

concluding the proof of part 1).
2) Write C for the cokernel of the map
AHIFRS, ,FLME skpes, F.
It suffices to show that in the commutative diagram

dr

y Las 1F®SI_2F__»L;‘:'11F _)AkF®S1_1F
l L \‘\\\ l (A m)® 1
k+1 (dkm)odr ;
A*1F®S,_,F A'EQS,_\F— C
l (AR* L) ®(S) - 271) ll@(s:—lﬂ) E

A E®S,_,E

¥

A*E®S,_ E———» L'E

g

the lower square induces an isomorphism C----LYE and the upper square induces
a monomorphism Lf*!F--->A*E®S,_F.

The first of these facts follows from the exactness of the rows and columns in
the commutative diagram

AE®S,_,F
Ua-)@1 1®(f~)

ATFSS,  F—— AEQS,  F—» C »0
{

3
AME®RS, ,E——— A*E®S,_E——— L}E——0

0 0,



90 D. Eisenbud et al.

where we have written f- —and f A — for multiplication by f in the symmetric and
exterior algebras, respectively.

The second fact follows from the exactness of the row and column in the
following commutative diagram, together with the fact that f-— is a mono-
morphism:

1BV A 1E®S,F

(SA-)®1 (A~ 1m@1

AE®S,  FX2YT

0———)L"“F——*A"F®S, F—E A IFQSF

~
~
~
~
~

AE®S,_,F

0
This concludes the proof of Proposition 2.1. [

3. Resolving an Algebra

For the moment, let S be a ring and G a projective S-module, of rankr+ 1, say.
Given a map ¢ : G- S8, there is for each =1 an induced map

S9:85,G—-S,
given by
(5:9)(9192---9)=0(g,) 9(g,) ... 9(g)-
One finds in {B-E] a complex of projective S-modules
Py(¢):0— L G- 126,56,

whose homology is annihilated by the image of S,¢, defined as follows:
For each k22, we define d;¢:LfG—L{"'G as the map induced by the
commutative diagram

A 1GRS, G- 4GRS, ,G
h 2 A 2
4GRS, G2 471G RS, G
LG At kg
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where d, : A**'G— A°G is the differential of the Koszul complex associated to the
map G—S. [Note that P,(¢) is just the Koszul complex.] Here we identify LG
with S,G.

If E is a projective R-module, S=S(E), G=S®xE, and if ¢ : G- S denotes the
multiplication map, then P,(¢) becomes a projective resolution of the ideal

Y SECS; more generally, if the image of G in S contains a regular sequence of
i<k

length r+ 1, then P(@) yields a resolution for the I'"* power of the ideal generated
by this sequence.

The proof that the homology of P(¢) is annihilated by the image of S, is a
rather easy induction on ! from the well-known case =1 (see [ B-E], where P{¢) is
called L} (¢), for more details).

With this out of the way, we now suppose that A=~ ) S,E. We put
ksi-1
F=S,E®S,E=Rf®E and S=S(E). Note that as an R-module 4 may be
naturally identified with S,_F. Thus the Scheja-Storch resolution of 4 as an
S-module may be written

K,:..oAE®yS,_ F-H A 1E®,S,_ ,F— ...
On the other hand, the natural map F=S,E®S,E-S(E)=S induces a map
¢:F=S®gF—S

(whose image is all of S), and we may form the complex

P,_,(¢): ...—»L{‘flll:"—'if;l—d’—»Lf_ Fo.
which is exact, since its homology is annihilated by all of S.
Lemma 3.1. For each 122 and k=1, the diagram

7507 SN LL N § 3

. K
inf inf-1

~ 6 _ ~
AE® .S, F——A*"1EQ.S,_F

is anti-commutative.

Proof. The proof is a computation, which we outline. From the definitions we see
that one must check the anti-commutativity of a diagram of the form

A IF® .S, F-22L  AF @S, ,F
(Akm)odF S® r((A4¥x ~ tr)odF)
AE® S, F— A 1EQ,S,_F,

where we have written # for the projection F—E with kernel Rf.
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Let ¢S, ,F and e, ...,e,,,;€E. An element of A**'F®S,_,F is a linear
combination of elements of the form
A NG QDP=e,QP
or
fren. . ng@P=fre,@D.

Deﬁng &= (—1y " 'e,A...AG A ... A€, ,and inasimilar waye, ;ande,_;_,
Examining the first case, we see that

[SQUA* " 'm) o dp][d,®11(e;®P) = . e;@e;_;_ ;B (e;P),

i*j

while

o[(A*n)odp](e,@P)= Y e,®e;_;_ ,R(e;D)+ Y €, ;R(ee;P).
i*j

i+j

Since e;e;=ee; and e;_;_ ;= —e;_;_;, the last term is zero and the first differs by
sign from the term above. In the second case, we get the following two results:

ZeJ—i®(ei‘p)— Zei®el—i®(f¢)
resp.
Zei®eJ—i®(f¢)“ Zel—i®(eif(p)-
Since f acts as the identity element in A, the proof is finished. [
From Lemma 3.1 and Proposition 2.1, 2), we see that ¢ induces a differential
8, LME-L¥'E.
We can now state our main result:

Theorem 3.2. Let A be an algebra over the ring R, and suppose EC A is a projective
submodule with the property that, for some 122, the natural map

Yy SE-A
1

k<i—
is an isomorphism. Let
8,:S,E—S=5(E)
be given by
O e)=e—e,
where E is the image of e under the map S(E)»A=~ Y S.ECS, and let 9, also
denote the extended map s

8,:5,E—S, where E=S®E.
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If 8, : L*E— L 'E is defined as above for k=2, and if A"*'E =0, then the complex
L,; 0-LE L s —»L2ZE2 S B2

is a projective resolution of A as an S-module.
Further, if R is local with maximal ideal m, then the above resolution is minimal
(after localizing S at (m, E), say) if the product E-S,_ECA is contained in mA.

Proof. Consider the short exact sequence of complexes

0— LF}F At g2 F 8, F| —S5—0
{
T
0—>A'E6T,_1F o E@S,  F——8) F | —4
0—» LE 2, — S[E —— 0

Considering the long exact sequence in homology associated with the parts of
these complexes to the left of the vertical line, we see that there is an exact sequence

) A“

0L E—24 4 ,[!E >S— A—0,

where we have written “0,” for the connecting homomorphism. Identifying LIE
with S,E, and tracing through the diagram to identify the connecting homomor-
phism, we get the desired result.

The minimality statement is verified by noting that under the map

AEQS,_ ,F—~I1XE,

the submodule A*E®S,_ , E is mapped onto LfE, and under the given hypothesis
for minimality, ®S/(m, E) is zero on A*E®S,_,E. [

Example 3.1 (the generic algebra). Let
R=1Z[ag]/I,
where [ is the ideal of relations that make the product law

ee;= Z ale,, Os=ijsr,

into a commutative and associative algebra structure on F=R"*! with unit
element e, ; ie.: I is generated by the elements

k 1
a;;— ,,, Z (af ,ake af jaia) .

Let ECF be the free submodule spanned by e,,...,e,. The above construction
provides a minimal resolution of F as an S(E)-module

If we reduce modulo the ideal generated by all af; for which i+0 and j+0, we
obtain the algebra

F=S(E)/ Y SEE=Z[x,, ..., x, (X1, ..., X,)?,

25k
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and L, ; reduces to P,(¢) where @ denotes the multiplication map E ®z§—>§, S
=SE)=2Z[x,, ..., x,]

Example 3.2 (the case of an augmented algebra). Suppose that the R-algebra A is
projective and finitely generated as an R-module and that 4 contains an ideal E
with A/ExR as algebras. Then, of course, 4=~ R®E as R-modules. But E2CE, so
E has an S(E)-module structure as well as A. In this case, the resolution of
Theorem 3.2 is somewhat simpler, and may be defined by giving the short exact
sequence of complexes:

0 0 0
0 — A'E —s .. —— A%E
0——s A'E@ g E—— A ' E@ gE—...—> EQ4E,

V ~

0— ILE — Ly'E—s .. — LIE

d v
0 0 0

«

augmented as above.

Example 3.3. Suppose A is an affine ring; that is, 4 is of the form k[x,, ...,x, 1/,
with k a field. By the Noether normalization theorem, 4 will be, after a change of
variables, a finitely generated module over its subring R=k[x,, ..., x,], where
d=dimA. The ring A4 is Cohen-Macaulay if and only if it is free as an R-module.

Supposing that this is the case, we may write 4A=R®E (as R-modules) and
apply Theorem 3.2 to get a resolution of 4 as a k[x,, ..., x,, e, ...,e,]-module.

One may further obtain a resolution of A over §'=k[x,, ..., x,, €;,...,€,} by
tensoring L, ; with the Koszul complex over ' of a regular sequence of the form
X;—PXys ... Xy €4, ..,8,), i=d+1, ..., n, where p, is a polynomial in the indicated
variables with the same image in 4 as x;. Since one can also go from a resolution
for A over k[x,, ...,x,] to a resolution for A4 over §’' by tensoring with a suitable
Koszul complex, this yields some informations about resolutions over
kx,,....x,).

4. Applications to Singularities

Let k be an infinite field, k{y,, ..., y,} the formal power series ring on k, and let 4
be a factor-ring k{y,, ..., y,}/I of dimension d and multiplicity m. Suppose that 4 is
Cohen-Macaulay and that there exists a number 122 such that IC(y,,...,y,)"

Then
(n—d)+l—1)
= .
me ( n—d
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If m is equal to the smallest possible value, one can find new coordinates u,, ..., u,,
Xy ..y X,, F=n—d, such that 4 is free over R=k{u,,...,u,} and

Afuys .. u)A=k{x, .., x,}/(xp, 0 x,)

(For more details, see e.g. [Sal, Chap. 2].)
Under this assumption, let E be the free R-module on a basis e,, ..., e,, and let

S(E)— A

be given by sending e to the residue class of x; in A. Then

Y S,E—A

k<l-1

is bijective, since it is an isomorphism modulo u,,...,u,. Hence, Theorem 3.2
applies to give a finite free resolution for 4 as an R[e, ..., e,]-module, where e; acts
as x; on A. Localizing at (u,, ..., 4, X,, ..., x,) and completing with respect to the
maximal ideal yields a minimal finite free resolution for 4 as k{u,,...,u,
X4, ..., X, }-module.

Example 4.1. If A is the local ring of a two-dimensional rational singularity (over
an algebraically closed field k) of embedding dimension n and multiplicity m, then
the equation

m=n-1

is satisfied (see [Art]). Since, by assumption, A is normal and /=2, our theory
applies. Moreover, if the map S,E— A is explicitly given, i.e. if the equations of A
are written in the form

r
. e 0 ..
xixf_ Z aifx0+aij’ 1§17]§r5
e=1

with afe k{u,, u,} satisfying the relations of Example 3.1, and if one uses special
bases for the free k{u,, u,}-modules LXE (see the remark after Proposition 2.1),
it is possible to write down the minimal free resolution for 4 by concrete matrices.
(For a homological construction of such resolutions, see [Wahl]).

Example 4.2. Suppose k=C, and consider the two-dimensional normal singularity
given by the equations

2_ 2 (12 4 u? 2y (12 412
xi=uu, xi3=u,(ui+ug) x3=u,(uy+uy)
XXy =U Xy XyXq=(Us+ud)x
1X2 =Uy X3 2X3 =+ Uz) X,y
X3X3=UzXy,
which is a fourfold branched covering of Speck{u,,u,} with branch locus

u uy(ul+ul)=0,
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ie. four lines intersecting transversely in one point. Blowing up the origin in
Speck{u,,u,}, we get a Cartesian diagram

Y——Spec4

X———SpecR.

An easy computation shows that two of the four singularities of Y lying over the
intersection of the strict transforms of those four lines with the blown up origin
P, CX are isomorphic to

and two are isomorphic to

2_ g2 2_ 3 2_ .3
xi=0¢* x3=01 Xx§j=01

XXy =0X;  XpX3=021TX,
X, X3=0X,.
These singularities are of the type described at the beginning of this section, but
none is normal. It is easily seen that the first one is irreducible with regular
normalization, and the second one is reducible with normalization consisting qf

two singularities of type z2 — g1 =0. Hence, by desingularizing the normalization Y
of Y, we get the following configuration of curves

where the vertical lines represent nonsingular rational curves with selfintersection
number —2. The horizontal curve C is a twofold cover of P,, branched at two
points, and therefore it is isomorphic to.P,. By standard methods its selfintersec-
tion number can be computed with the aid of the divisor of a meromorphic
function. If one takes for instance the pullback of the function u,, the divisor looks
as indicated in the following diagram (numbers denoting multiplicities):

and we get:

ie.
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Hence the original singularity is rational with dual graph

-2

(For another treatment of this singularity, see [Wahl, Proposition 4.14].)

A minimal free resolution of 4 over §=k{u,,u,, x,, x,, x,} may be described in
the following form:

0—8§32,88-2,86 2,8 5 4=§/1—0,

where the homomorphisms 0,,0,,0, are given, respectively, by the following
matrices:

2 2 2 2 2 2
(e = Uy, X Xy — Uy X3, X X3y — Uy X5, X5 — 1, (U] +1ud), X, x5 — (U2 +u3)x,,

xg - uZ(u% + u%)) )

[-x, ~x; O 0 0 —@W+ud) 0 OW
X, U,  —xy witul  x, 0 0 0
Uy X, X, 0 0 X, x;  uituld
0 u, —x; -x U, 0 0 }°
0 0 0 X, u, —X, u, X5
\ 0 0 -u 0 0 0 T
(x3 ui+uj 0
—X, 0 ul+ud
Xy X, 0
0 —X —u,
u, X5 0
0 —X, — X,
—u, 0 X,

\ 0 -y —x1}
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