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13 (5-Lemma revisited) Consider the following commutative diagram of exact sequences

o a9 (o'} [e %}

Ay Ay Az Ay Asg
lfl ifz ifs lfz; ifs)
B, B1 B, B2 Bs Bs By Ba Bs

Check under which assumptions on f1, fa, f1, f5 we can deduce that the map f3 is a monomorphism or an
epimorphism.

14 (The 9 = 3 x 3-lemma) We consider the following commutative diagram with exact columns:

0 0 0
0 Ay As Az 0
0 By By Bs 0
0 Ch Cs Cs 0
0 0 0

(a) Prove that the top row is exact if the two bottom rows are exact.

(b) Similarly, prove that the bottom row is exact if the two top rows are exact.

(¢) What happens if the top and bottom rows are exact? Can you deduce that the middle row is exact or do
you need an extra condition?

15 (Orientation) Take a closed orientable surface of genus g, F,, and use excision to prove that Ho(F,, F, \
{z}) =2 Z for z € F,.

Do the same with the M&bius strip, M. Pick a generator pu, € Ho(M, M \ {z}). What happens with the
generator u, if you walk along the meridian of the Mobius strip?
16 (Mapping torus) Let f,g: X — Y be two continuous maps. The mapping torus of f and g is the space
T(f,g) defined as the quotient of X x [0,1]UY by (z,0) ~ f(z) and (x,1) ~ g(z).

Prove that there is a long exact sequence

e Ha(X) T H (V) e (T 9)) — o (X) 5%

and use that to calculate the homology groups of the Klein bottle.



