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Abstract We prove that E,,-homology of non-unital commutative algebras can be described
as functor homology when one considers functors from a certain category of planar trees with
n levels. For different n these homology theories are connected by natural maps, ranging from
Hochschild homology and its higher order versions to Gamma homology.
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1 Introduction

By neglect of structure, any commutative and associative algebra can be considered as an
associative algebra. More generally, we can view such an algebra as an E,-algebra, i.e., an
algebra over an operad in chain complexes that is weakly equivalent to the chain complex of
the little-n-cubes operad of [4] for 1 < n < co. Hochschild homology is a classical homology
theory for associative algebras and hence it can be applied to commutative algebras as well.
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194 M. Livernet, B. Richter

Less classically, Gamma homology [15] is a homology theory for E-algebras and Gamma
homology of commutative algebras plays an important role in the obstruction theory for E«,
structures on ring spectra [1,7,14] and its structural properties are rather well understood
[13].

It is desirable to have a good understanding of the appropriate homology theories in the
intermediate range, i.e., for I < n < oco. A definition of E,-homology for augmented com-
mutative algebras is due to Fresse [6] and the main topic of this paper is to prove that these
homology theories possess an interpretation in terms of functor homology. We extend the
range of E,-homology to functors from a suitable category Epi, to modules in such a way
that it coincides with Fresse’s theory when we consider a functor that belongs to an aug-
mented commutative algebra and show in Theorem 4.1 that E,-homology can be described
as functor homology, so that the homology groups are certain Tor-groups.

As a warm-up we show in Sect. 2 that bar homology of a non-unital algebra can be
expressed in terms of functor homology for functors from the category of order-preserving
surjections to k-modules. In Sect. 3 we introduce our categories of epimorphisms, Epi,,, and
their relationship to planar trees with n-levels. We introduce a definition of E,-homology for
functors from Epi, to k-modules that coincides with Fresse’s definition of E,-homology of
a non-unital commutative algebra, A, when we apply our version of E,-homology to a suit-
able functor, £(A). We describe a spectral sequence that has tensor products of bar homology
groups as input and converges to Ez-homology. Section 4 is the technical heart of the paper.
Here we prove that E,-homology has a Tor interpretation. The proof of the acyclicity of a
family of suitable projective generators is an inductive argument that uses homology of small
categories.

For varying n, the E,,-homology theories are related to each other via a sequence of maps

H*El —>H*E2—>Hf3—>-~-

In a different context it is well known that the stabilization map from Hochschild homology
to Gamma homology can be factored over so called higher order Hochschild homology [9]:
for a commutative algebra A there is a sequence of maps connecting Hochschild homology of
A, HH,(A), to Hochschild homology of order n of A and finally to Gamma homology of A,
HT._1(A). We explain how higher order Hochschild homology is related to E,-homology
for n ranging from 1 to oo in Sect. 3.1.

In the following we fix a commutative ring with unit, k. For a set S we denote by k[S] the
free k-module generated by S. If S = {s}, then we write k[s] instead of k[{s}].

2 Tor interpretation of bar homology

We interpret the bar homology of a functor from the category of finite sets and order-pre-
serving surjections to the category of k-modules as a Tor-functor.

For unital k-algebras, the complex for the Hochschild homology of the algebra can be
viewed as the chain complex associated to a simplicial object. In the absense of units, this is
no longer possible.

Let A be a non-unital k-algebra. The bar-homology of A, HP*(A), is defined as the
homology of the complex

COM(Ay .. > Ao+t P qen P Y a9 A A
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An interpretation of E,-homology as functor homology 195

with CP(A) = A®"+!and b’ = 37~ (—1)'d; where d; applied to ap ® - - - ® a,, € A®"+!
Say® - Qaiaiy1 Q@+ Q ay.

The category of non-unital associative k-algebras is equivalent to the category of aug-
mented k-algebras. If one replaces A by A = A @ k, then C,Ea’ (A) corresponds to the
reduced Hochschild complex of A with coefficients in the trivial module k, shifted by one:
HP™(A) = HHyy1(A, k), for s > 0.

Definition 2.1 Let AP be the category whose objects are the sets [n] = {0, ..., n} forn > 0
with the ordering 0 < 1 < --- < n and whose morphisms are order-preserving surjective
functions. We will call covariant functors F: AP — k-mod A®P'-modules.

We have the basic order-preserving surjections d; : [n] — [n — 1],0 < i < n — 1 that are
given by
PN VA A &
d’(])_[j—l,j>i.
Any order-preserving surjection is a composition of these basic ones. The generating mor-
phisms d; in A°P' correspond to the face maps in the standard simplicial model of the

1-sphere with the exception of the last face map. The standard simplicial identities imply that
b = Z;l;ol (—1)! F(d;) satisfies b'> = 0. This justifies the following definition.

Definition 2.2 We define the bar-homology of a A®®-module F as the homology of the
complex Ci’ar (F) with CE‘“ (F) = F[n] and differential b’ = Z?;ol (=DIFd)).

For a non-unital algebra A the functor £(A) that assigns A®"+D to [n] and £(d;)(ap ®
e ®ap) =a® - ®aidi+1 Q- Qa0 <i<n-—1)isa A®Pi_module. In that case,
Ch(L(A)) = CY (A).

In the following we use the machinery of functor homology as in [11]. Note that the cat-
egory of A°Pi-modules has enough projectives: the representable functors (AP : AP
k-mod with (A®PY[m] = k[A®PI([n], [m])] are easily seen to be projective objects and each
APi-module receives a surjection from a sum of representables. The analogous statement is
true for contravariant functors from A°®P! to the category of k-modules where we can use the
functors AP with AP [m] = k[API([m], [n])] as projective objects.

We call the cokernel of the map between contravariant representables

(do)s: AP — AT

b°P!. Note that Agpl [n] is free of rank one for all # > 0 because there is just one map in AP

from [n] to [0] for all n. Furthermore, Afpi [0] is the zero module, because [0] cannot surject
onto [1]. Therefore

0 forn >0,

b = ’k for n = 0.

Proposition 2.3 For any A®®-module F
HY(F) = Tors™ (0P, F) forall p = 0. @.1)

For the proof recall that a sequence of A®P\-modules and natural transformations

0->F -5 F S S0 2.2)
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is short exact if it gives rise to a short exact sequence of k-modules

0= Fin] 2™ Fin1 ™™ Frin) > 0

for every n > 0.

Proof We have to show that H ¥ (—) maps short exact sequences of A®Pi-modules to long
exact sequences, that HP¥ (—) vanishes on projectives in positive degrees and that H(g"“(F )
and b @ pepi F agree for all A°P'-modules F.

A short exact sequence as in (2.2) is sent to a short exact sequence of chain complexes

0 bar ¢ 1/ @) bar C ) bar (
——C(F)———————C(F)————C)*(F")——0
and therefore the first claim is true.

In order to show that HP™ (P) is trivial in positive degrees for any projective A®Plmodule
P it suffices to show that the representables (A®P')" are acyclic. In order to prove this claim
we construct an explicit chain homotopy.

Let f € (A®P)'[m] be a generator, i.e., a surjective order-preserving map from [n] to
[m]. Note that f(0) = 0. We can codify such a map by its fibres, i.e., by an (m + 1)-tuple
of pairwise disjoint subsets (Ao, ..., A,) with A; C [n],0 € Ag and /L A; = [n] such
that x < yforx € A; and y € A; with i < j. With this notation d; (Ao, ..., Ay) =
(Ao, ..., Aic1, A U A1, .., Ap). A _

We define the chain homotopy /: AP'([n], [m]) — A®P'([n], [m + 1]) as

0 if Ag = {0},

0, Ay, Aty ..., Ap) if Ag = {0} U A, A # 2. 2.3)

h(Ag, ..., Am) 1= (

If Ag = {0}, then

b oh+hob){O0},...,An) =0+hob ({0},...,An)
=h({0}U A, ..., A
= ({0}, ---sAm)~

In the other case a direct calculation shows that (b'oh-+hob')(Ag, ..., Ay,) =id(Aq, ..., Ay).
It remains to show that both homology theories coincide in degree zero. By definition
H(g’aI(F ) is the cokernel of the map

F(dp): F[1] — F[O].

A Yoneda-argument [16, 17.7.2(a)] shows that the tensor product Aflpi Q® aepi F is naturally
isomorphic to F[n] and hence the above cokernel is the cokernel of the map

((do)s @ pepi id): AT @ pepi F —> A @ pepi F.

As tensor products are right-exact [16, 17.7.2 (d)], the cokernel of the above map is isomor-
phic to

coker((do)s: AP — AP @ aepi F = b @ e F = Tord™ (b, F).
m}

Remark 2.4 Note that the previous proof applies in a graded context. More precisely, assume
every element i € [n] comes with a grading d(i) € Np. In the sequel we will consider
surjective maps ¢ : X — [n] where X is a graded set and d(i) = Zx|¢(x):id(x).
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An interpretation of E,-homology as functor homology 197

The degree of a subset A of [n] is d(A) = > ;.4 d(i). To this grading one can asso-
ciate the complex (Cpy'® (A®)") = @ yeperi(qu () kL1 B). With di (Ao, ..., Ap) =

(—DZi=09AD (Ao AU A, Ag) and B = SN (—1)id;. As the d;’s still sat-
isfy the simplicial identities, b’ is of square 0. The complexes Cf ’¢((Aepi)”) are acyclic, as
one can see using the homotopy

0 if Ag = {0},

h(AOa ...7Am) = [(_1)d(0)(0’ A/,Al,...,Am) lfAO — {O}UA/,A6 # .

3 Epimorphisms and trees

Planar level trees are used in [2,6] and [3, 3.15] as a means to codify Ej,-structures. An
n-level tree is a planar level tree with n levels. We will use categories of planar level trees
in order to gain a description of E,-homology as functor homology. If C is a small category,
then we denote the nerve of C by NC.

Definition 3.1 Letn > 1 be a natural number. The category Epi, has as objects the elements
of N,,—1(A®P"), i.e., sequences

o Jn— f:

e e i 3.1

with [r;] € A®P' and surjective order-preserving maps f;. A morphism in Epi, from the
! fz/

! foe
above object to an object [r],]——[r)_;] :
o;: [ri] — [ri’] for 1 <i < n such that 6y € AP and for all 2 < i < n the map oj is

[ri] consists of surjective maps

order-preserving on the fibres ffl (j) forall j € [r;—1] and such that the diagram

fa e f

[ra] (o] 2 o —25 ]

l”n J{Un—l J/”l
I Tac f

[ry] [ry_11
commutes.

As an example, consider the object [2]L>[2] in Epi, which can be viewed as the
2-level tree

01 2

w

d
Possible maps from this object to [2]—())[1] are

[2] —4 2] 2] —4 2]
idJ( Jdo and (O,I)l ldo
21— 1] 21— 1]

@ Springer



198 M. Livernet, B. Richter

where (0, 1) denotes the transposition that permutes Oand 1. For o1 = d there is no possible
o to fill in the diagram.

Ifn = 1, then Epi, coincides with the category A°P!, Note that there is a functor ¢, : AP =
Epi; — Epi, for all n > 1 with

tn([m]) := [m] [0] e [0].

We call trees of the form ¢, ([m]) palm trees with m + 1 leaves. More generally we have
functors connecting the various categories of planar level trees.

Lemma 3.2 Foralln > k > 1 there are functors Lﬁ: Epi;, — Epi,,, with

Ji S Ji S
‘ﬁ([”k]*/{%"*zﬂrl]) = [l—— - —[r1]——[0]— - - -——[0]
on objects, with the canonical extension to morphisms.

Remark 3.3 The maps % correspond to iterated suspension morphisms in [2, 4.1]. There is
a different way of mapping a planar tree with n levels to one with n + 1 levels, by sending

fn f id[fn] Jn f:
[rn]—" - - —=[r1] 10 [r4] [ra] ).
oge id[rn] fn f2
Definition 3.4 We call trees of the form [r,] [7n] e [r1] fork trees.

Fork trees will need special attention later when we prove that representable functors are
acyclic.

For any X.-cofibrant operad P there exists a homology theory for P-algebras which is
denoted by Hf and is called P-homology. Fresse studies the particular case of P = E, a
differential graded operad quasi-isomorphic to the chain operad of the little n-disks operad.
He proves that for any commutative algebra the E,-homology coincides with the homology
of its n-fold bar construction. In fact, his result is more general since he defines an anal-
ogous n-fold bar construction for E,-algebras and proves the result for any E,-algebra in
[6, theorem 7.26].

We consider the n-fold bar construction of a non-unital commutative k-algebra A, B"(A),
as an n-complex, such that

B”(A)(r” yyyy ) = @ A@(i’n‘f’l)'
[ra1 25 Biri1cpi,

The differential in B" (A) is the total differential associated to n-differentials 91, ..., 9, such
that 9,, is built out of the multiplication in A, 8, corresponds to the shuffle multiplication
on B(A) and so on. We describe the precise setting in a slightly more general context.

In order to extend the Tor-interpretation of bar homology of A®P'-modules to functors
from Epi, to modules (alias Epi,,-modules) we describe the n kinds of face maps for Epi,, in
detail by considering diagrams of the form

Jn Jn— fit+2 it fi fi—1 £
4] la] ——— o — s ] — s ) N N N L N

r/{”J 7,7 J{ ol l d,-J( idl idJ/
g fi-1 f

] —2 s ] 2 e o s VLN

(3.2)
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An interpretation of E,-homology as functor homology 199

Given the object in the first row, it is not always possible to extend (d; : [r;] — [r; — 1],
idp; g ., id[;y1) to a morphism in Epi,: we have to find order-preserving surjective maps

8k for Jj < k < n and bijections r,i’j : [rx] — [rx] that are order-preserving on the fibres of
fi for j + 1 <k < n such that the diagram commutes.
By convention we denote the constant map [r1] — [0] by fi.
Lemma 3.5 (a) Thereis a unique order-preserving surjection g;: [rj — 11 — [rj_1] with
gjodi = fjifandonlyif f;(i) = f;j(i +1). When it exists, g is denoted by fj|i=iy1.
(b) Iff] (i) = fj(@ + 1) then we can extend the diagram to one of the form (3 2) so that
jl’_H is a shuffle oftheﬁbres f it (i) and f/+1 (i +1). Each choice of a ‘L' 1 uniquely
determines the maps T, ]for allj+1 <k < .

(c) If fj() = fj(i + 1) then each choice of a t 1 uniquely determines the maps gy for
k > j. The diagram (3.2) takes thefollowmgform

In a1 fiv2 St fi fi-1 f
[ral [ra—1] [rjs1] [rjl [rj-1l [ri]
,,;vfl rﬂJ z’,j,l d,J idl mJ
F3 (3 8j42 di fijt1 Sili=i+1 fi-1 f2
[ral [ra—11 [rjs1] [rj—1] [rj-11 [r1].

(3.3)

Proof If thereissuchamap g, then f;(i +1) = gjod;(i +1) = gjod;(i) = f;(i). As f;
is order-preserving, it is determined by the cardinalities of its fibres. The decomposition of
morphisms in the simplicial category then ensures that we can factor f; in the desired way.

For the third claim, assume that g; exists with the properties mentioned in (a). As g;41
and d; o fj4 are both order-preserving maps from [r;;] to [r; — 1] they are determined
by the cardinalities of the fibres and thus they have to agree. Then ° +1 = idp,, ] extends
the diagram up to layer j + 1. For the higher layers we then have to choose gx = fr and

= idpy

In general, %/, has to satisfy the Condltlons that it is order-preserving on the fibres of

/+l
fiv1- ITA; = fJ_H(l) then this implies that ‘L' 1 is an (Ao, ..., Ay;)-shuffle. Furthermore
we have that

A ifk <1,
diofix) ') =1 A UA L ifk=i,
Ak41 ifk > 1.
Therefore t;j_l has to map Ao, ..., Ai—1, Ait2, ..., Arj identically and is hence an (A;,
Aj41)-shuffle.
If we fix a shuffle ¢’ +1, then the next permutation © i/ has to be order-preserving on the

Jj+2
fibres of f;42, thus it is at most a shuffle of the fibres. In addition, it has to satisfy

gjv20tily =1l o fita. (34)
Again, as g; > is order- preserving we have no choice but to take the order-preserving map
satisfying |g1+2(k)| = |(r/H o f/+2)71(k)| forall k € [r,-+1] By (3.4) we know that r"]

has to send f 2 (k)to g~ f +2(r fas) (k)) and this determines r 5+ A proof by induction shows
the general claim in (b). ]

In the following we will extend the notion of E,-homology for commutative non-un-
ital k-algebras to Epi,-modules. Again thanks to Fresse’s theorem [6, theorem 7.26], the
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200 M. Livernet, B. Richter

E,-homology and the homology of the n-fold bar construction of a commutative algebra
coincide.
Definitions 3.6 and 3.7 describe a complex while Lemma 3.8 asserts the complex property.
ops . fn fl+1 f
Definition and Notation 3.6 Lett : [r,] > --- = [r ,] - =>[r1] be an n-level tree.
The degree of t, denoted by d(t), is the number of its edges, that is Z?:l (ri +1).
Forfixed1 < j <mnandi € [r;]lett;; be the (n — j)-level tree defined by the j-fibre
of t overi € [r;]:

_ fn Ji 1, ] f 2
Finifia - O3B o O3B Lo,
Conversely a tree ¢ can be recovered from its 1-fibres, thatist = [t1,0,..., 1, ] and d(t) =

Siodt )+ ) =ri+ 140 d(t ).
Let F be an Epi,-module. For fixed 1 < j <nandi € [r;] suchthat f;(i) = f;(i + 1)

or j=1 we define
f]+1

i FE 2 S e B By — &) F(t')
et S T TS e,
as
&=, ot @ e DOF G b dgd, L id) i <o,
Tj+1€Sh(fj+1(’)'fj+l(l+])) J J

d" = F(d;,id, ..., id) if j =n,
(3.5
where the sign e(er, tjistji+1) is defined as follows: one expresses the (n — j)-level
trees £;; and 7 ;11 as a sequence 91_’ (n—j—1)-leveltrees t;; = [t1,...,tpland t; ;41 =
[tps1, ... tpsq]; theshuffleo = r]l.’il isindeed a (p, ¢g)-shuffle and acts on ¢ by replacing the
fibres ¢; ; and ¢ ;1 by the fibre u;; = o=1(1)s - -+ s [U—l(p+q)]. The sign e(o; [t1, ..., 1],
[£p+1s - - - » tptq]) picks up a factor of (— 1)@+ D@+ whenever o (a) > o (b) buta < b.

In Example 3.11 we treat an example with n = 3.

Definition 3.7
e If F is an Epi,-module, then the E,-chain complex of F is the n-fold chain complex
whose (r,, ..., r1) spotis
cEr (F)= D Fim 2 B (3.6)
(FnseesT1) = n - :

[rn] ﬁ) Q)[rl]eEpin

The differential in the jth coordinate is

with
9= > (bWl
il fj)=f;+1)

where s; ; is obtained as follows: drawing the tree ¢ on a plane with its root at the bottom,
one can label its edges—from 1 to d (t)—from bottom to top and left to right; the integer
s;,i is the label of the right most top edge of the tree ¢; ;. For j = n we use the convention
that s,, ; is the label of the ith leaf of  for 0 <i <r,.
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An interpretation of E,-homology as functor homology 201

e The E,-homology of F, Hf "(F) is defined to be the homology of the total complex
associated to (3.6).

Note that for n = 1 we recover Definition 2.2, but with 8; = —b'.

.....

We postpone the proof of the lemma until after Example 3.11.

In order to prove the main Theorem 4.1, we need categories of n-trees depending on a
fixed finite ordered set X of graded elements denoted EpiX. For any x € X, d(x) € Ny will
denote its degree. For any subset A of X the degree d(A) is the sum of the degrees of the
elements of A, thus for instance d(X) = > .. x d(x). If A, B is a pair of disjoint subsets of
X, then one defines €(A; B) = HaeA:beB;wb(—1)d(“)d(b). One has

€(A; B)e(B; A) = (—1)dWd®B) (3.7)

An object in the category EpiX is an n-level tree  together with a surjection ¢ : X — [r,].
Any such element is denoted by (¢, ¢) and is called an (X, n)-level tree. A morphism from
(t,¢) to (', ¢') is a morphism o : + — ¢ in the category Epi, satisfying ¢’ = o,¢. The
following should be considered as a graded version of Definitions 3.6 and 3.7, the consistency
of the definition is stated in Lemma 3.10.

Definition 3.9 Let (1, ) : X S[r,1 % ... 74

EpiX.
The degree of (¢, ¢), denoted by d (), is the sum of the number of its edges and the degrees

of elements of X,

[r1 iﬁ . iz)[rl] be an (X, n)-level tree in

dt) =D (i + 1) +d(X).

i=1
Forafixedl < j <n—1landi € [rj] let¢;; be the (X;;, n — j)-level tree defined by
the j-fibre of t over i € [r;]:

Xji = Finifiva )OS Fiifia - OB i 07 6
S i /o)

For j = n, t,; coincides with X, ; = qb_l(i).

Conversely an (X, n)-level tree (¢, ¢) can be recovered from its 1-fibres, that is t =
[11.0, -t land d(1) = DLt ) + 1) = ri 4+ 1+ 2L d ().

Let F be an Epi,)f-module. Forfixed 1 < j <mandi € [r;]suchthat f;(i) = f;( + 1)
or j = 1 we define the map dl.j

4’

F(t,¢) — b F(t', ")
/ j di fj Sili=i
@ )=X B 8 T o S B i
=3 . DLt D Ft ot did, L id) i jo<on,
i Zr}il'ESh(f;rll(i),fj:rll(i+]))S(TJ_H g i+ ) F (T HATN =
dl =€ty i th,ip ) F(d;.1d, . ., id) ifj=n.

(3.8)
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202 M. Livernet, B. Richter

e IfFisan Epiff -module, then the (E,,, X)-chain complex of F is the n-fold chain complex
whose (ry, ..., r1) spotis
En, X @ fa 12
Comry(F) = @ F{\X—=>[m]=--=[rl). (3.9)

X a1 2 By ebpi
The differential in the jth coordinate is

EnX En X
8j: C (F)— C iy (F)

Noeens Fjseess 1) (Frseees ri—=1l,..,

with

d= D> (=Dvid,
ilfj@=fjG+1)

where the s;; are obtained as follows: drawing the tree ¢ on a plane with its root at the
bottom, one can label its edges from bottom to top and left to right; the integer s; ; is the
sum of the label of the right most top edge of the tree ¢; ; and the degrees of the elements
in X which are in the fibre of the leaves that are to the left of the top edge so defined,
including it.

e The (E,, X)-homology of the EpiX -module F, HE"* (F) is defined to be the homology
of the total complex associated to (3.9).

------

The proof of the lemma follows after Example 3.11.

Example 3.11 Let ¢t be the following tree of degree 14 with its edges labelled, X = {ay, ...,
a3} and ¢ can be read off the picture.

{ai, a2} a3 a4 {as, ag} az ag {ag,aip} ain {an,ais}
12 13 14

This tree represents the object X i [8] i) [2] ﬁ>[1] € Epig( , where the map f3 maps

0,1,2 to 0, it sends 3,4 to 1 and 5,6,7,8 to 2 and f3 is dp.

With our notation the tree #1 ¢ is the 2-level tree whose root is the vertex above the edge
labelled by 1, the tree #1 ;1 is the subtree above the edge with label 9, the tree #;  is the 1-level
tree above the label 2, 7, | the one above the label 6 and 1, > the one above the label 10.

‘We have to determine the differentials 9, d» and 93.

In our example the differential d; glues the edges labelled by 1 and 9 and shuffles the
subtrees 11,0 = [t2,0, 2,1] and #;,1 = [f2,2]. One has 9] = (=1)8+dar.... ”7})d(; where 8 is the
label of the right mostedge of 71 ¢. In addition we have the shuffle signs. Onehas d(t2,0) = 3+
d({ai, ..., a4}),d(t21) =2+ d({as, as, a7}), d(t1,0) =T+ d({a1,...,a7}) and d(t22) =
4 4+ d({as, ..., ai3}). In the expansion of dé there are 3 shuffles involved: id, (132), and
(231), written in image notation. The first is coming with sign +1, the second one with
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sign (=1)@@D+Dd@2)+D and the third one with sign (=)@ o+1+d R )+ D 2)+])

For instance the image of the latter shuffle is in F((+, ¢")) where (¢, ¢') is the following
tree:

ag {ag,aio} an {an,ai3} f{ar,ax} a3 as H{as,as} az

The differential 9, is (—1)>+4(a@ ’"'*“4})d§ where 5 is the label of the right most top edge
of 1,,0. The shuffles involved in the computation of dg are the (3,2)-shuffles. For such a
(3,2)-shuffle 7 the associated sign is given by €(7; 12,0, t2,1) Where 12 o = [#3,0, 13,1, 13,2] and
1 =1[13,13,.4]

The differential 83 is given by 93 = (—1)3tdla@hgd 4 (—ptdlatatadgs 4
(_1)7+d({a| ..... as})d§+(_1)ll+d([a1 ..... ag})d53+(_1)12+d({al ..... alo})dg+(_1)13+d({a1,...,a“})

d3.

Proof of Lemmas 3.8 and 3.10 The proof thatd = > j 0; satisfies d? = 0 is done by induc-
tion on n. Since the expression of d in Definition 3.7 coincides with the one in Definition 3.9
when d(X) = 0 it is enough to prove Lemma 3.10.

Let (¢, ¢) : Xi’)[r,,]ﬁ’) . ~-fjj>l[rj]ij> . --g[rl] be an (X, n)-level tree in Epiff. For

Jj < n and for i such that f;(i) = f;(i + 1) (we denote by S;. the set of such i’s) and
fort € Sh(fjjrl1 (i), fjjrll (i+1) = Shﬁ’j we denote by 7; ; the map in Epi,)f defined in
Lemma 3.5

fn ot fiv2 Sist fi fi-1 f
[rn] [rn—11 [rj41] [r;] [rj-1] [r1]

T;;’IJ d,l ml
g iz di fis1 . Silizist fi-1

[7a] = [rjs1] rj— [rj—1] ~— [l

For j = n and i such that f,,(i) = f,(i 4+ 1) there are no shuffles involved and we
denote by d;, the corresponding map. We have to prove that 3 = > j 0j, where 9; =

Zilfj(l-):fj(H])(—I)S-/’-idlti and di/ is defined by relation (3.8), satisfies 92 = 0. For x €
F(t, ¢), d(x) has the following form

)= D EF@m N+ D EF(din) (), (3.10)

j<n,ieS_’,.,7:€Shi._j ies!
where the signs are described in Definition 3.9.
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Let 7% be the free k-module generated by the trees in Epi and for a generator ¢ € T,X
consider the map

at) = > 47 (0) + D Edi (1)

j<n,ieS’,-,reShf-yi ieSh

Then 3%(¢) = 0in 7,X implies that 3>(x) = O for all x € F(t, $).

In order to prove that 3>(¢) = 0 for any 7 € Epi,)f we use the construction of the iterated
bar construction given by Eilenberg and Mac Lane in [5, sections 7-9]. We differ from their
convention by using the left instead of the right action of the symmetric group. If (A, 9)
is a differential graded commutative algebra then B A is a differential graded commutative
algebra with a differential that is the sum of a residual boundary

k
o (lar, ... ax)) = D (=Dt +d@Dig, da;, . ar)
i=1
and a simplicial boundary
k—1
ds(lar, ..., axl) = D (=)@t giaipy, .. arl.
i=1

The graded commutative product of a = [ay, ..., ax] and b = [ak+1, - . ., ak+/] is given by
the shuffle product

lar, ..., ak] *[ak+1, ..., a1l = z g(o;a,b) [ao.—](l), e, agfn(kH)]
oeSh(k,l)

where ¢(0; a, b) picks up a factor (=1)W@)+hHd@p+) whenever o (i) > o(j)buti < j.

Assume that n = 1. To an ordered finite set X of graded elements one can associate a
graded algebra A = @,y k[e7] with d(e;) = d(I) and with the multiplication given by

oo — e(l; Nepyy ifINJ =g,
7= 1o if not.

The algebra A is graded commutative thanks to relation (3.7). Since the algebra A has no
differential the boundary in B A reduces to the simplicial boundary which is

k—1
By ([exys - ex,]) = D (=) FHICOTHdOD [y 0oy ey ex, ]
i=0

If we assume furthermore that the family (X, ..., Xz) forms a partition of X then
ds([exq, ..., ex,]) is a sum of elements satisfying the same property. As a consequence
the free k-module generated by the trees in Epif is a subcomplex of BA and 9; = 9 is a
differential, since s ; is precisely i + 1 + Z;:o d(X;).

Assumen > 1. Wedenote by T,X the free k-module generated by the (X, n)-level trees. We
denote by T}, the free k-module generated by the n-level trees whose top vertices are labelled
by subsets of X. The labels X, and X, of two different vertices a and b may have a non-
empty intersection. An (X, n)-level tree t = [t1 0, ..., t1,,,] is considered as an element of
BT,_1. The k-module T,,_ is endowed with the shuffle product since 7,,_; = BT,_>. More
precisely, fora = [ty, ..., tpland b = [tp11, ..., tp1q] two (n — 1)-level trees where £; is an
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(n — 2)-level tree for every i, one has a x b = ZGeShM e(@;a, b)ty-1(pys s lo=1(ptq) -
From Eilenberg and Mac Lane [5, 7.1] one gets that (BT,—_1, s + 0,) is a complex of
k-modules.

Let ¢ be an (X, n)-level tree. One has t = [t 0, ..., #1,,,] Where each 7, ; is labelled by
X; C X and the family (X;)o<;<r, is a partition of X. Hence TX is a k-submodule of BT,,_1.
The s1mp1101a1 boundary preserves TX forty; xt1;41 €T, UX’*' . The residual boundary
preserves T, by induction on n. Furthermore

ri—1

95 (1) = Z(—1)i+1+d(l"°)+"'d('“) (11,00 -t % LLigts o T
i=0
ri—1
=D (=DM D e(riti i) T () = 01 (0).
= teShy

Similarly, by induction on n we prove that the sum 9, + - - - + 9, corresponds to the residual
boundary. As a consequence T,X is a sub-complex of BT, _; and one gets that 3> = 0. O

As an example, we will determine the zeroth E, homology of an Epi,-functor F. In

total degree zero there is just one summand, namely F([0] il) [0] —>[0]). The modules

C (%71 0...0) (F),. (%” o (F) are all trivial, so the only boundary term that can occur is
caused by the unlque map

C(Elfo )(F)—>C ’’’’’ 0 (F).
Therefore
id id id id
HE (F) = F(10] =3 - - Z%10]) /image (F([l]ﬂ[mﬂ--.ﬂ[w)-
3.11)

We can view an Epi,-module F as an Epi;-module for all k < n via the functors ¢X.

Proposition 3.12 For every Epi, -module F there is a map of chain complexes Tot(Cf K(Fo
t’,‘,)) — Tot(Cf” (F)) and therefore a map of graded k-modules

HE (F o Xy — HE (F).

]
3.1 Relationship to higher order Hochschild homology

For a non-unital commutative k-algebra A we define £"(A): Epi, — k-mod as
L"(A) ([r,,] L —>[r1]) = A®UntD,
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A morphism

[ra]l —2 ] 22 2

lan J{Un— 1 J/”l
, 1 £

[}”;l] fn [r;l_l] n—1

induces a map A®C» 1) s A®CLFD) yig

ap® - ®ay, = (0p)«(a0 ® -~ ®ay,) =bp® - ® by
withb; =[], (j)=i @j- The E,-homology of the functor £" (A) coincides with the homology
of the n-fold bar construction of the non-unital algebra A, hence with the E,-homology of
A. The total complex has been described in [6, Appendix] and it coincides with ours.

There is a correspondence between augmented commutative k-algebras and non-unital
k-algebras that sends an augmented k-algebra A to its augmentation ideal A. Under this
correspondence, the (m + n)th homology group of the n-fold bar construction B" (A) is iso-
morphic to the mth homology group of the n-fold iterated bar construction of A, B (A). As the
chain complex B(A) is the chain complex for the Hochschild homology of A with coefficients
in k (compare [5, (7.5)]), we can express B(A) as A®S!. Here, S! is the simplicial model
of the 1-sphere, which has n + 1 elements in simplicial degree n and (A®S"), = k @ A®".
Therefore

B"(A) = (... (A®SY) .. )&S! = A®(SHY) = ARS”

which gives rise to higher order Hochschild homology of order n of A with coefficients in
k, HH" (A; k), in the sense of Pirashvili [9]. Thus, HH\"), (A; k) = H" (A).
By Proposition 3.12 there is a sequence of maps

HH,1(A; k) = H™(A) = HE'(A) - HE2(A) - HE3(A) — - (3.12)

and the map from H*E1 (A) to the higher E,-homology groups is given on the chain level by
the inclusion of C5™(A) into C(y7 o (A
Suspension induces maps

.....

HH(A; k) = meL(A; k) (SY) —— HH (A k) = 741 L(A; k) (S?) — -+

J

HT¢1(A; k) = ) (L(A; k).

For the last isomorphism see [10]. Fresse proves a comparison [6, 9.6] between Gamma
homology of A and Eo-homology of A. Using the isomorphisms above this sequence gives
rise to a sequence of maps involving graded k-modules that are isomorphic to the ones in
(3.12).

The explicit form of the suspension maps is described in [5, (7.9)]: an element a € A
is sent to [a] in the bar construction. The iterations of this map correspond precisely to the

maps LZ_I : B""1(A) — B"(A). Therefore we actually have an isomorphism of sequences,
n+1]
+n+

HZE" (A) > H[E”Jrl (A) via the isomorphisms HHL:‘J,I (A; k) = HE(A).

i.e., the suspension maps H He[’jr]n (A k) — H He[ 1 (A; k) are related to the natural maps

@ Springer



An interpretation of E,-homology as functor homology 207

ido)

_ id
We have £"(A)([1] <o ——[0]) = A®Z and hence foralln > 1 the zeroth E,-homol-

ogy group is
Ell n ~ A A A
Hy"(A) = A/A-A.

As a concrete example, we calculate the E,-homology of a polynomial algebra in one
and in two variables. Let I denote the skeleton of the category of finite pointed sets with
objects [n] = {0, ..., n} for n > 0 with 0 as basepoint. Pirashvili’s definition of nth order
Hochschild homology is given for I'-modules, i.e., functors from I" to k-modules. In par-
ticular, we consider £L(A; k): I' — k—mod, for an augmented commutative algebra A with
L(A; k)[n] = A®" where maps in " induce multiplication in A, augmentation to k or inser-
tion of units. The functor £ for a polynomial algebra with coefficients in k evaluated on a
simplicial model of the n-sphere is the symmetric algebra functor evaluated on the n-sphere
and thus arguing as in [13, section 4] we obtain

HE(k[x]) = HH, (kX1 k) = Hypn (C(KIxT; £)(S™) 2 Hy o (Sym o L(S"))
H,n (SP(S"); k).

12

Here, S P stands for the infinite symmetric product and L is the I'-module that sends [n]
to the free k-module generated by the set {1, ..., n}. Note that in this case k[x] is augmented
over k via the augmentation & that sends x to zero. The augmentation affects the k[x ]-module
structure of k, butin [13, 4.1] it is shown that the resulting homotopy groups are independent
of the module structure.

Evaluated on an n-sphere, the functor SP yields an Eilenberg—MacLane space of type
(Z, n) and hence the above is isomorphic to H,, (K (Z, n); k).

Consider the I'-module L(k[x, y]; k)). To [n] it associates k ® k[x, y]®"* = k[x]®" ®
k[y]®" = L(k[x]; k))[n] ® L(k[y]; k))[n]. A morphism of finite pointed sets f: [n] — [m]
sends A ®a; ® --- ®a, (with A € kand @; ink[x, y)to u ® b1 ® - - - ® b, where b; =
Hf(j)_l ajand u=A- H £(j)=0, j£0 &(a;). Therefore the above isomorphism of L(k[x]; k))
[n] ® L(k[y]; k))[n] and L(k[x, y]; k))[n] induces an isomorphism of I"-modules between
L(k[x, y]; k))(S") and the pointwise tensor product L(k[x]; k))(S") ® L(k[y]; k))(S").
Furthermore, we get

7. ((Sym o L(S")) ® (Sym o L(S"))) = m4(Sym o (L(S") ® L(S"))
= 7. (Symo (L(S" vS§") = H (SP(S" v S§"); k)
= H (K(Z x Z,n); k).

Therefore, we obtain that
HE (kx, y]) = Hfin(k[x YD) = Hen(K(Z X Z, n); k).

We close this part with the description of a spectral sequence. Our description of
E>-homology leads to the following result.

Proposition 3.13 If A and HY* (A) are k-flat, then there is a spectral sequence

Eyy= @  HYA)®--®H(A) = Hyty(A)
Cobty=p—g

where the d-differential is induced by the shuffle differential.
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Proof The double complex for E>-homology looks as follows:

A®3 — -

AR A3 4 ...

|

A A®2 A®3

The horizontal maps are induced by the ’-differential whereas the vertical maps are induced
by the shuffle maps. The horizontal homology of the bottom row is precisely Hfar(A). We
can interpret the second row as the total complex associated to the following double complex:

id®d’ id®bd’ idb’

_ b'®id b'®id
A® A®3 «— A®2 ® A®3 <; A®3 ® A®3 .
id®b’ id®d’ idb’

b'®id b ®id

A®A®2<;A®2®A®2<;A®3®A®2<;

ided’ id®b’ id®b’

- - beid - 5 3 b'®id
ARQA— A® (X)A%A® QA

Therefore the horizontal homology groups of the second row are the homology of the ten-
sor product of the CP2r(A)-complex with itself. Our flatness assumptions guarantee that we
obtain H? (A)®? as homology. An induction then finishes the proof. O

4 Tor interpretation of E,-homology
The purpose of this section is to prove the following theorem.
Theorem 4.1 For any Epi, -module F

HE(F) = Tor," b, F),  forall p= 0

where
id id,
yeti o | K fort =101=% = o],
n (1) = dio] idjo;

0 fort#[O]—>~~—>[O].

As will be explained in the proof below it is enough to prove that for every ¢ € Epi,,, the
representable functor Epi!, = k[Epi, (¢, —)] is acyclic with respect to E,,-homology. In order
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to prove this we proceed by induction on n. The case n = 1 has been treated in Sect. 2. We
consider the case n = 2 from Proposition 4.4 to Corollary 4.9 and this case is the core of
the proof. The induction process is explained in Proposition 4.10. Unfortunately, the signs
involved in the differential of the complex chn (Epi!,) are not compatible with an induction
process as in Proposition 4.10 and this is the reason why we introduced the category Epi,)f
and the homology HEX of an EpiX -module in Definition 3.9. We explain in the proof below
how we use information on EpiX "% in order to get information on Epi/,. Here X is a finite
ordered set of graded elements and EplX ? is the representable functor k[Epiff [z, ), —)].
Consequently propositions and Lemmas 4.4 to 4.9 are expressed in terms of the representable

xt.¢

functors Epi; " as well as the representable functors Epi,, whereas Proposition 4.10 gives

results on Epln X9 only.

Proof As in the proof of Proposition 2.3, we have to show that H*E "(—) maps short exact
sequences of Epi,,-modules to long exact sequences, that H*E " (—) vanishes on projectives in
positive degrees and that H,™" (F') and b,elpi ®gpi, I agree for all Epi,-modules F. The homol-
ogy H*E" (—) is the homology of a total complex Cf " (—) sending short exact sequences as in
(2.2) to short exact sequences of chain complexes and therefore the first claim is true. Note
that the left Epi,-module b,"" is the cokernel of the map between contravariant representables

(do)«: Epiy 1) j0)—..—10] = BPlu j0)— 0] 01"

This remark together with the computation of H, En

claim, similarly to the proof of Proposition 2.3.
In order to show that H*E "(P) is trivial in positive degrees for any projective Epi,-mod-
ule P it suffices to show that the representables Epi!, are acyclic for any planar tree 1 =

(F) in relation (3.11) implies the last

fn f2
[rn] = --- =[]
Let # be such an n-level tree, let X be a finite ordered set and let ¢ : X — [r,] be a fixed
surjection. Assume that every element in X has degree 0. Then we claim that the complexes

Cf " (Epi’,) and Cf ”’X(Epiff t’lp) are isomorphic. One has

KEpi, ()= P k[Epi¥.0). (9],

¢ X—[r)]

because any morphism of n-trees o: t — t' determines a component ¢’ = o, o ¢. This
defines an injective map k[Epi, (¢, )] — @(p,: X—[r)] K[EpiX ((t, #), (t', ¢'))]. As every
morphism from (¢, ¢) to (¢/, ¢') is a morphism of n-trees o : t — t’ with 0, 0 ¢ = ¢’, the
map is surjective. By relations (3.6) and (3.9) one has

ch@pi) = @ Epi,(.)= D Epif (). (. ¢)) = CEXEpiX"?)

t'€Epi, (t'.¢")€EpiX
4.1

and as every element of X has degree zero, the differentials 9; coincide for all j.
In Proposition 4.10, We will prove by induction that for an (X, n)-level tree (¢, ¢) :

X—>[r,1]i”> -ff>1[ J]—> iz>[r1] with X = {xo < --- < x,,,} and ¢(x;) = i, the rep-
xt¢ .

resentable Epi;} ™ is acyclic. In particular, if every element in X has degree zero, then this
implies that Epi/, is acyclic for any n-level tree ¢.
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The case n = 1 has been proved in Proposition 2.3 in the ungraded case and in Remark 2.4
in the graded case. For n = 2 we study the bicomplex C fﬁg (Epi§ t'¢). In Proposition 4.4
we give the k-module structure of the homology with respect to the differential d, and
give its generators in Propositions 4.7 and 4.8. Corollaries 4.6 and 4.9 state the result for
n = 2. For the general case, one uses induction on n and Proposition 4.10. As a consequence
HE"(Epil)) = 0 forall % > 0if 7 # [0] —> [0]... —> [0] and in that case

’ .10 0]...—0 0 forx > 0,
H*E (EPIE‘]_)[] - ]): ‘k for x = 0.

[m}

In the following we need some technical tools from the homology of small categories,
as in Mitchell [12, section 17]. We review the standard resolution of a small category in the
graded context. References on the more general context of differential graded categories can
be found also in [8].

Definition 4.2 Let C be a small category that is a graded k-linear category, i.e., for every
pair of objects a, b € C the set of morphisms C(a, b) is a graded k-module and the structure
maps of the category C(b, ¢) ® C(a, b) — C(a, c¢) are morphisms of graded k-modules. We
denote by C ® D the tensor product of two small graded k-categories, which is given by the
product on objects and the tensor product on morphisms. The standard resolution of C is the
simplicial bifunctor from C°? ® C to the category of graded k-modules defined by

0= P e p)®C(P1,p) & ®Cp, put1) ® C(Puri, —)

where the face maps are
di(@o ® - ®apyy) = (=TT @ . @iy 10 ® - @ ans
and the degeneracy maps are
i@ ® - @ atpyy) = (DT g @ o RId@ @ ® - ® Al

A covariant (contravariant) functor from the category C to the category of graded k-modules
is called a left (right) graded C-module. For any left graded C-module L and any right graded
C module R, we define

Hy(R; L) = Hy(L ®cor Sx(C) ®cor R) = TorS (R; L).

Note that one can also use the normalized standard resolution, combined with the Yoneda
lemma to compute this homology

L®co» Ny(@ ®coor R= P L(p1) ®C(p1. p2) ® - ® C(pu. pu1) ® R(puy1),

4.2)

where 5(p1, p2) = C(p1, p2) if p1 # p2 and 5(p1, p2) is the cokernel of the map k —
C(p1, p1) if p1 = pa.

Let a > 0 be an integer and let Y be a graded ordered set and 7 = 7' LU ... LU 7? be
a partition of Y. We denote by [a]" the following graded category: objects in [a]™ are the
elements i for 0 < i < a and morphisms in [a]” are the graded k-modules given by
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kln degree d(m't'uU...un’) ifi <,
v
where by convention d (&) = 0.
The composition of & € [a]™ (j, k) and 8 € [a]" (i, j), i < j < k is given by

010/3=6(7l’i+1U~~U7Tj;7l'j+1U~'U7Tk)Ot,3.

The category [a]” is a poset category with a minimal element 0 and a maximal element a.
We denote by L the left graded [a]”-module which assigns k in degree O to 0 and O to
0 < i < a and by R, the right graded [a]”-module which assigns & in degree O to a and 0
to0<i <a.

Lemma 4.3 For a tensor product [ag]™ ® - - - Q [a, 11 of categories we obtain

0@ ®lar, I ~ |k ifn= landVj,a; =1,
" (1010 85108 0 10) = [ 1 20 TR

Proof The Kiinneth formula (see e.g. [17, section 3.6]) gives

70 Q--Q[ay 1
Tori,ao} lar ] (

Ra0®"'®Rarl§L0®"'®LO)

[arl

Bid ’1
~ EB Torl®"™ (Ray; Lo) ® -+ ® Tor,, ' (R, ; Lo)-
no+--+ny =n

Consequently it is enough to compute Tor,“] (Rg; Lo). Relation (4.2) gives the complex
computing this homology:

Cu([al™) = Lo ®cor Nu(C) ®cor Ra
0 ifn =0,
=1k ifn=1,
Bo-py <z py<alal (0, p2) ® - @ [aT" (pu. @), ifn > 1,

with the differential given by d = Zl'-';ll (=Did;.

If a = 1, then C,,([a]™) = O for n > 1 and the result follows.

Assume a > 1, and let &; ; be the generator of [a]" (i, j) in degree drttu...und).
The homotopy

if pp =1,
h(SOpz - ®$p,,a) =

(_l)d(yﬂ)g(n—l; 72y... U P2)&y; ®§1p2 QR - ® "Epna if pp > 1,
proves that the complex is acyclic.

The E,-homology of an Epi,-module F (resp. the (E,, X)-homology of an Epi,)f -module
F) can be computed in different ways, since it is the homology of the total complex associated
to an n-complex. The notation H,(F, ;) stands for the homology of the complex C*E "(F)
(resp. Cf "’X(F )) with respect to the differential d;. The complex (CiE "(F), 9;) splits into
subcomplexes

E, _
C(S,,,S,z_l,...,SiJr],*,Sifl,..,,sl)(F) - @ F(t)v
1=s0] 2 0 S g s, 2 B )
4.3)
whose homology is denoted by Hs, 5,_;.....si11.%.5i_1,...,s1) (F'» 8;). There is an analogous split-

ting for the complex (Cj En.X (F), ;).
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In the proposition below we compute H, (F, d,) for the representable functors for n = 2,
give its generators in Propositions 4.7 and 4.8 and then prove that the representable functors
are acyclic for n = 2 in Corollaries 4.6 and 4.9 depending on the form of the 2-level tree ¢,
whether it is a fork tree or not.

Proposition 4.4 Let (t,¢) = X 2>[r2] l)[rl] be an (X, 2)-level tree in Epié‘.

) (EpiX "% 82) = 0 ifry # 1,

¥t |0 for x #£ ry,
H(*,s)(Epléﬂ ¢ o) = [

KOAP LD for s < 5 = ry, ifro=ry.

Proof Let F denote the covariant functor Epié( i

Assume s = 0. We first prove that the chain complex 9 : CEZ’X(F) — ¢k X (F)is

(+,0) (+—1,0)
the normalized chain complex associated to a small category as in Definition 4.2.
The chain complex (C(?(’JT(F ), 02) has the following form, for0 < u < rp
y Sy (—1'2id?
Dy k [Epig‘ (1, X S 1u] e[op] 0 Dy k [Epiéf () X B —11 e[on} .

Let (Ao, ..., A,,) be the sequence of preimages of f, and a; the number of elements in

A;. For a fixed ¥, the set Epi%f((t, ¢); X ]—!; [u]—[0]) is either empty or has only one element
uniquely determined by a surjective map o : [r2] — [u]: since ¢ is surjective, the require-
ment Y = o ¢ uniquely determines the surjection o if it exists. In that case, o determines an

element in Epi%‘ (t,9) X i[u]—)[O]) if it is order-preserving on the fibres of f.

The map o can be described by the sequence of its preimages (So, .. ., S,) with the con-
dition (Cg):ifa < b € A; then i, < i, where i, is the unique index for which @ € ;. One
has

u—1
d(So. ... Su) = D (=)@ V- (671(5,): 671 (S40))
i=0
X(80s -5 SiUSitt1s--vy Su).

Let C be the tensor product of the categories [a;]7/,0 < j < r| where the partitions 7;’s
will be defined later. The category C is a poset category and the order is given by the product
order. Any object of the category C can be written as p = (p°, ..., p’'). We denote by 0 the
minimal element (0, ..., 0), by o the maximal element (ao, ..., ar ) and by Lo and R, the
corresponding left and right graded C-module. For p < ¢ the element &, denotes the unit
of k = C(p, q). The reduced complex (4.2) computing Torf +1(Rq; Lo) is given by

Cut1(C) = Lo ®cor Nuy1©) ®cow Ra = P kopy ®&pyp -+ ® Epjars

O<pi<--<py<a
with the differential d = Z;‘zl (—1)id; given in Definition 4.2. The sequence (S, ..., Si)
is in 1-to-1 correspondence with the element &y, & &p,p, ... ® &), Where the jth coor-
dinate of p;, pl.], is given by the number of elements in A; N (Ug<;—1Sk). Conversely, let

po =0 < py < -+ < py < pup1 = o be a sequence of objects in ®[a;]"/. The set
Aiis {(XjZpa +1,0 <1 < a; — 1} Let S; C [r2] be the set defined by §; N A; =
{ ,i;(l) ap+1, p} <1 < p{,, —1}. The sequence (Sp, ..., S,) satisfies the condition (Cy).

The partition 7; is the partition of ( f &) 1( j) given by n;? = ¢~ (k) whenever f(k) = j.
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An interpretation of Ej,-homology as functor homology 213

As a consequence, the two complexes, (C,+1(C), —d) and (Cffbi((F), 02), coincide. By

Lemma 4.3 the homology H(, s) (Epi%(t’(ﬁ, d2) is O but for the case where u +1 = r; + 1 and
aj = 1forall j. The latter condition is equivalent to r, = r; and f = id. This concludes the
case s = 0.

Assume s > 0.

The complex (C gfgf(F ), 92) splits into subcomplexes

Cgféf(F) = @ Cias)(F5) = @ @ F, (x L[*] _g)[s])

o eAPi([r1],[s]) o€ API([r],[s]) g€ AP ([ [s]), ¥

where F, (X L[u] —g>[s]) C Epift’(p(X l>[u] —g>[s]) is the free k-module generated
by morphisms of the form

X —2 1] —L s 1] (4.4)

Jid l J
X —2 s [u] —2 [s].

Let (Ao, ..., A;) denote the sequence of preimages of o f and (By, ..., By) that of g.
The latter has to satisfy the condition |B;| < |A;],0 <i < s. Note that g € AP\ ([u], [s]) is
also uniquely determined by the sequence (b, ..., by) of the cardinalities of its preimages.
The differential 92 : C(y,5)(Fy) —> Cu—1,5)(Fo) has the following form:

3 f ¢ f
X — > [n] —— [n] X [r2] [r1]
sl |, . = 2 EvHe@e @@ i+ |y dr o
ilg(H)=g(i+1)
i g dit¢ 8li=i+1
X —— [u] ——Is] X lu—11 Is]
¢ !
X > [r2] [r1]
=> > EDMeE) O T+ D) |y e -
Jj=0 | ieB;lg()=g(i+1)
ditg 8li=i+1
X [u—1] [s]

Define D; by restricting the sum over indices i such that g(i) = g(i + 1) to the sum over
indices i € B; such that g(i) = g(i + 1). One has

Dj: Cusy(F) = @D Cpom by (Fo) — B Cwoobjtbs) (Fo)
bo+-++bs=u+1 bo+-+by=u+1

and 3, = Do + - - - + Dy. We claim that the D; are anti-commuting differentials:

Leti be in B; and £ be in By. For j < k it follows thati + 1 < £for g(i) = g(i +1) =
Jj < g() = k therefore we have the relation djd; = dy_1d;. Furthermore the e-signs
involved do not depend on the way we compose: the resulting sign is ()1 (zp) V(i +
DMe((zd)1D); (td) 11 + 1)) for dfl(l —1)=1/and dfl(i) = i. In order to calculate the
effect of dy—1d; we have to determine s 1 after the application of d;. Let S ; denote the
preimage (d; o T o ¢7)_1(j) and §; the preimage (7 o ¢)_1(j) for j € [u]. Then

i d(s;), j<i,
d(Sp) = {dS) +d(Sie).  j=i,
d(Sj 1), j>i
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Thus sy 1is € — 1+ k+2+3°20d(S) = L+ k+1+3'_d(S;) whereas 55 =
C4+k+2+ Z§=0 d(S;). A similar argument shows that the D; are differentials.

The complex (C(y ) (Fs), Ds) splits into subcomplexes (C(w.....b,_1).%) (Fs), Ds) for
fixed b; < a; = |A;|,i < s. With the notation of Definition 3.9, the tree (¢, ¢) can be written

ast = [t1,0, ..., 11, ], with?] ; being an (X1, 1)-level tree. Let p be the first integer such that
o(p) =s.Let Xy 1 = Up<i<p—1X1,; and X = U,<;<, X1,;. Denote by £, the (X1, 2)-
level tree t;—1 = [t1,0,...,t1,p—1] and by 7 the (X, 2)-level tree 7 = [t1,p, ..., 1] See

Example 4.5 for an example. Let oy (resp. ¢s—1) be the map obtained from o (resp. ¢)
by restriction o1 : o1 (Is — 1) L>[s —1]. Letus—; = (3, _, bi) — 1. The subcomplex
(C(o,....bs—1),%) (Fo), Ds) can be expressed as

g‘[”x—lj

to_1.P5—
L TS LA Y R

w;ye(Epif
Es, X .”5’~ et b B
(%ﬂ» (Bpiy ), (—Dlotrtbertatd(X ”82)‘

If f # id, then there exists j € [s]such that the restriction of £ on (oo f)~1(j) — o~ 1(})
is different from the identity. Without loss of generality we can assume that j = s, hence 7
is a non-fork tree and the homology of the complex is 0. If f* = id, then we deduce from

s ¥
the case s = 0 that the complex (kaz(’);( (Epié( ), 92) has only top homology of rank one;
consequently when 7: [rp] —> [r2] is the fork tree,

.xt.¢ ~ . S,|ts—ls¢s—l
(Ha (o (B o), D), Dy -+ + Dyt ) = ( Coasony (Epiy o) 2

We then have an inductive process to compute the homology of the total complex (Cx ) (Fo ),
d2). Consequently, for a fixed o : [r2] — [s5]

H 5y (Fg,02) =0 ifry #r1,
0 for x # ry

ifrp =rg.
k fors <x=nr 2 !

H(*.S)(FO'5 82) = [

Since each o € Aepi([rz], [s1) contributes to one summand in H,, s)(F, d2), this proves the
claim. The computation of the generators for s > 0 is given in Proposition 4.8. O

Example 4.5 Let (1, ¢) = X —2>[6] <> [2] be the following tree

{a, az} ay a4 as as a7  {ag, ag}

where (¢, ¢) = [t1,0, 11,1, t1,2] with
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{a1, a2} a3 a4 as ag az {ag, ao}
9’

t]_o = \V t]’] = V s t1,2 = V

and X o = {ay, a2, a3, a4}, X11 = {as, ag} and X 5 = {a7, ag, ag}. Let o : [2] — [1] be

the map assigningO0toOand 1to 1 and2.Onehass = 1, p = 1,sothat X, = {ay, ..., as}
and X = {as, ..., ag}. Moreover

{ay, az} asy a4 as as a7  {asg,ag}
ts—1 = [t1,0] = , f=[n1,nzl=

Corollary 4.6 For any non-fork tree (t, ) = X i>[r2] '—f>[r1], r # r, Epigt’d’ is acy-

clic. For any non-fork tree t = [r;] i) [r1], r2 # 11, Epi’2 is acyclic.

Proof The first assertion is a direct consequence of the first equation of Proposition 4.4. The
second one is a direct consequence of relation (4.1). ]

Proposition 4.7 Let (t,¢): X i>[r] i>[r] be a fork tree and let X; = ¢~ '(i). Then the

top homology H,.¢) (Epi§I’¢, 82) is freely generated by ¢, x = sgn(o; X)o, where

UEErJr]
the sign sgn(o; X) picks up a factor (— DNEED+ADEXDTD \whenever o (i) > o (j) buti < j.

In particular, for a fork tree t: [r] l—G|>[r], the top homology Hi0)(Epiy’, 32) is freely
generated by ¢, := > sgn(o)o.

(J’€Er+|

Proof The second assertion is a consequence of the first one using relation (4.1). The com-
putation of the top homology amounts to determining the kernel of the map

®, k [Epigf(x Lo x L — [0])}43% ®, k [Epig((x Lo x L -1 — [0])} .

The set Epié‘ (X i>[r] i>[r]; X i>[r] — [0]) is either empty or has only one element
uniquely determined by the following diagram

X =2 — s

b

X —— [r] ——[0].

Hence, the surjection v determines a bijection 7 and this induces a permutation of the set
{Xo, ..., X;}. We denote such an element by 7 - X := (Xl.fl(o), R Xffl(,)). As a con-
sequence the computation of the top homology amounts to determining the kernel of the
map

dr: kT, 1] — Dk [Epigf(x S x S -1 — [0])]
v
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where
r—1
d(t-X) = Z(—I)Hd(xf’l(‘”H“'M(X’"(”)E(Xf'(i>; Xe-1(i41)
i=0
X (X.[—l(()), e, Xr—l(i) U X.[—l(i+1), cee, XT—I(r)) .

Therefore, if x = >

and all T one has A(; ;+1) Az. Since the
transpositions generate the symmetric group one has A, = sgn(t; X)Aiq and x = Ajgcy, x.
[m}

" AT - X is in the kernel of d;, then for all transpositions (i, i + 1)
;= (= )FIE 1) X 1)) FAX 1)K 1)

For s > 0, the computation of the top homology of (Cf: %’X(Epift’¢), d2) amounts to

calculating the kernel of the map 9,

. 14
b « [Ep1§ ((t, ¢); X —>[r] i>[s]>}
¥, g€ AP ([r],[s])
. 2 h
— b k |:Ep1§((t, ¢); X —>[r — 1] —>[s])i| :
¥, he AP ([r—1],[s])
We know from Proposition 4.4 that it is free of rank equal to the cardinality of APL([r], [s]).

As before, the set Epié( (t,9); X l)[r] —g>[s]) is either empty or has only one element
determined by the commuting diagram

X —2 1 — s 1

bbb

X — A —2 s

An element g in AP([r], [s]) is uniquely determined by the sequence (xo, ..., x5) of

the cardinalities of its preimages. Furthermore, any map in Epi, ([7] l—d>[r]; [r] i>[s])] is
given by g’: [r] — [s]in A® and 7: [r] — [r] in X,4; such that g’ = gr. This implies
that ¢’ = gand 7 € Ty x --- x X,,. If there is such a 7 satisfying ¢ = ¢ then the set is
non-empty and 7 is unique. Let X(y;) = (g¢) ' (i). Then X(y,) is a subset of X and there is
a natural partition of it given by X(x;) = Ujeco-1 (i X

Let c(x,....x,); x be the element
Cpmrix = D, 520 X))o ..o. D sgn(0"; X))o | €k[Zyg x -+ x Ty, 1.
o0ex o€,
XO s
If every element of X has degree zero, we denote (ZGOEEXO sgn(ao)ao, R Zas €z,

sgn(0*)0*) by c(x.....xs)-

Proposition 4.8 Let (¢, ¢): X i) 7] 1—d> [r]be aforktree. The top homology H(r,s)(Epi%(I’qb,
02) is freely generated by the elements c(x,, . x):x = (Zo‘)ezm sgn(ao; X(XO))O'O, R

,,,,,

S oses,, ST X(1))o), for g = (xo.... %) € AP([r], [s]), Xou) = (g) ™" ({A).
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Let t: [r] i>[r] be a fork tree. The top homology H( ) (Epiy, 82) is freely generated
by the elements cy,,... x, (ZUOEEXO sgn(ce?, ..., Zasezm sgn(o®)o®), for (xo, ...,
x5) € A%P([r], [s]).

Proof As in the proof of Proposition 4.7 we compute the kernel of 9, which decomposes into

the sum of anti-commuting differentials 9o = Do+ - -4 Dy, as in the proof of Proposition 4.4.
As a consequence ker(d;) = N; ker(D;), which gives the result. O

Corollary 4.9 For any fork tree (t, ¢) = X —>[r] —>[r] Epl2 9 s acyclic. In particular,

Epl2 is acyclic for any fork tree t = [r] —> [r].

Proof Itremains to compute the homology of the complex ((H(;,+)(C Ex. X (Epié‘ t’d’), 02), 01)
and prove that it vanishes for all « if > 0. From Propositions 4.7 and 4.8 one has

t,¢
H ) (CEz (Epif )32)= @ kc(xg,....xs): X -
(X0, ... X5 )EAPI([r],[5])

,,,,,

) (xo ..... Xg)
— [r] ——[s]
id
- X [r] ———1r]
i+1 d(X(x o xi4d (X (s
:Z(_l)l+ Fxotd (X)) +d (X)) lid id di (x0,...,X5)
i=0
di (x0,...,
X o M S
[ id
X [r] ——1[r]

> Jid Js Jdi(xo ..... x|
£p d; (xo

§

.....

X — = 155 — 1]
with & running over the (X (y;), X(x;,,))-shuffles with & # id. Thus,

s—1
Z(—1)’+1+xo+d(X(x0))+~~+xi+d(X(x,~))C(

i=0

01 (C(xo,...,x.y);X) =

XQyeees X FXj 5 es X5 )3 X

and the complex (H . x)(C Ep. X (EplX " ¢) d2), 1) agrees with the graded version of the com-
plex C b"“((A’el") ) of Remark 2.4. Therefore it is acyclic, with

[0 ifr >0,
Ho (C2*(A%)) = [k itr 0.

As a consequence the spectral sequence associated to the bicomplex (C (Ij} *))((Eplx " ¢),

91 + d) collapses at the E2-stage and one gets HI,Ez’X(Epié(t’¢) =0 forall p > 0. O
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Proposition 4.10 Let X = {xo < --- < x,,} be an ordered set of graded elements. Let
¢ : X — [ry] be the map sending x; toi. Let (t, ) = X i>[rn] '—f">[rn 11 fn—fl .- ‘—f2>[r1]
be an (X, n)-level tree and let t be its (n — 1)-truncation X[1] —>[r,, 11— L £>[rl],

where X[1] is the ordered set obtained from X by increasing the degree of its elements by 1,
then

.xl, .
H(*,x,,_l,...,s])(Eplff ¢» ) =0 ifrn # rn—1,
H JEpix? gy = | o T = e

Ky Sp—1seesS s = E,_1,X[1 SX[1 Urn = TIn—1-
! ! " C(vn 1] [ ])(E ,,[1] ) fors,—1 < x=ry,
Furthermore when f, = id, the (n — 1)- complex structure induced on Hg, 5, . . s

(EpiX” o , On) by the n-complex structure of C VVVVV *) (Epl ) coincides with the one on
En—1.X[1] 1 X
C 1. X[1] l)(E X[ )

(Sn—1seens s

Proof Recall from Definition 3.9 that

[ fn Sn— f:

X [ra] (1] == - =2 (]

O lid Jan Janl ng
n¢ Sn n— g:

X —28 50 — 2 I ] 25— ]

= D (=D™e(0u) () (oad) (i + 1)

i|gn () =gn(i+1)

¢ Jn Jn— f
X [ra] [rai] == - —2 5[]
X lid ldidn J{Unl JGl
di n¢ n‘i:i n— g’
X 22 sy — 11 1 2 2 )

The same proof as in Proposition 4.4 provides the computation of the homology of the com-
plex with respect to the differential d,,: if ¢ is not a fork tree, then the homology of the complex
vanishes, and if ¢ is the fork tree f,, = id[,,_,}, then its homology groups are concentrated in
top degree r,,. Let us describe all the bijections T of [r,—1] such that the following diagram
commutes

X —5 el =2 o 22 L )
X =2 ] =2 L] 2 ),
Let (xo, ..., x5,_,) be the sequence of cardinalities of the preimages of o,,_, which also

determines g,,. There exists a bijection & of [r,—1] such that o, = g,&. If &, & are bijec-
tions of [r,—1] both satisfying the previous equality then H = Sgp X oo X ZXJH . Any
element 7 that makes the diagram commute is of the form a& fora € Xy, x - - - x EXIIH .As
in Proposition 4.8, the element sgn(&; X)(c(x, X5 ) x)& does not depend on the choice of

.....

& and it is a generator of H, 5, ;... Sl)(EpiX t’¢ dp). This gives the desired isomorphism of

k-modules between this homology group and C E" . X[H)(E X[l] ¢).
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A directinspection of the signs in Definition 3.9 shows that the induced differential 9; coin-

cides with the one on CE” b XUJ (Ep ,ﬁllj ¢) forl <i <n—2.Thecasei = n—1issimilar

to the proof of Corollary 4. 9 let us choose a bijection & : [r,—1] — [r,—1] with the property
thati < j and g,£(i) = £,&(j) imply £(i) < &(j). We take sgn(§; X)(C(xo,...,xxn_l);X)g as
the corresponding generator.

On the one hand, one has 3,_1(§,0,_1,...,01) = Zj|g,1,1(j):gn,l(j+1)(—1)s""’f€j0‘j
where «; is a sum of trees which is a generator of the form sgn (& ; X)C(xg,mmxjHxj 10 X )i x&
and €; is a sign to be determined. If Y; = {y; < --- < yy;}and Yji 1 ={z1 < - <zx;,}
are the sets (g,—18,£¢)~'(j) and (gn_lg,,“g‘qﬁ)_l(j + 1) respectively then the sign €; is
precisely €(Y;[1]; Y;11[1]). On the other hand, computing

X[ —2 s gl 22

e }d J l
82

On—19 8n—1
X[1] ——=[sp—1] —— - —— [s1]

gives the same signs for ¥;[11 = (gu—105-10) "' ()) = (gn—182E0) (). o
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