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ABSTRACT. We investigate a notion of Azumaya algebras in the context of structured ring
spectra and give a definition of Brauer groups. We investigate their Galois theoretic properties,
and discuss examples of Azumaya algebras arising from Galois descent and cyclic algebras. We
construct examples that are related to topological Hochschild cohomology of group ring spectra
and we present a K (n)-local variant of the notion of Brauer groups.

To the memory of Goré Azumaya, * 26th of February 1920, T 8th of July 2010

INTRODUCTION

The investigation of Brauer groups of commutative S-algebras is one aspect of the attempt
to understand arithmetic properties of structured ring spectra.

In classical algebraic settings, Brauer groups are defined in terms of Azumaya algebras over
fields or more generally over commutative rings [4, Bl [36] and are closely involved in Galois
theoretic considerations. In this paper we discuss some ideas on Brauer groups for commutative
S-algebras and in Section [3] we investigate their behaviour with respect to Galois extensions
of commutative S-algebras in the sense of John Rognes [33]. In earlier work, the first named
author and Andrey Lazarev discussed notions of Azumaya algebras [5l sections 2, 4], but these
appear to be technically problematic: there faithfulness of the underlying module spectra was
not required, but many of standard constructions with Azumaya algebras rely on this property.
Also, the link with other definitions (for instance [40] 22]) works only under this faithfulness
assumption.

Since our work was begun, other people have carried out work on Azumaya algebras and
Brauer groups in contexts related to ours. Niles Johnson [22] discusses Azumaya objects for gen-
eral closed autonomous symmetric monoidal bicategories, and proves a comparison result [22]
proposition 5.4] which compares our definition of Azumaya algebras with his. In [22] theo-
rem 1.5] he also shows that the derived Brauer group of a commutative ring in the sense of
Bertrand Toén agrees with our Brauer group of the corresponding Eilenberg-Mac Lane ring
spectrum.

In [39] definition 4.6] the third named author extends our current work to construct a Brauer
space for commutative S-algebras such that the fundamental group of that space agrees with
our Brauer group. The approaches in [40} 2, [I7] give descriptions of Brauer groups in terms of
étale cohomology groups in the derived context and the context of ring spectra, respectively.

We present our definition of topological Azumaya algebras in Section [l and show that such
algebras are always homotopically central (in the sense of Definition and separable, and
also that the Azumaya property is preserved under base change.

In Section [2] we define Brauer groups of commutative S-algebras and in Section |3 we prove
a version of Galois descent for topological Azumaya algebras. This is applied in Section [4]
where we explain how the classical theory of cyclic algebras can be extended to the context of
commutative S-algebras.
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In the case of Eilenberg-Mac Lane spectra we show in Section [5| under some assumptions on
the ring R that an extension HR — H A is topologically Azumaya if and only if the extension
of commutative rings R — A is an algebraic Azumaya extension. Furthermore, using recent
work of Bertrand Toén [40], we can deduce that the Brauer group Br(Hk) is trivial if k is an
algebraically or separably closed field.

Classically, the center of an associative algebra A over a commutative ring R can be described
as endomorphisms of A in the category of modules over the enveloping algebra A® = A ®p A°.
For structured ring spectra, the direct analogue of this definition does not yield a homotopy
invariant notion. Instead one has to replace A by a cofibrant object in the category of module
spectra over the enveloping algebra spectrum, so the center of an associative R-algebra spectrum
A is given by the topological Hochschild cohomology spectrum THHg (A, A). This spectrum is
not strictly commutative in general, but due to the affirmatively solved Deligne conjecture [30]
it is an Es-spectrum. There are however exceptions and in Section 7| we discuss some examples
arising from group ring spectra and their homotopy fixed point spectra.

In Section (8| we offer a variant of the construction of Brauer groups in the K (n)-local context
where it appears that technical difficulties are minimized and we discuss some examples related
to EO2 = Lk TMF in Section @ In Section we describe a non-trivial element in the
K (n)-local Brauer group of the K(n)-local sphere.

1. AZUMAYA ALGEBRAS OVER COMMUTATIVE S-ALGEBRAS

Throughout, let R be a cofibrant commutative S-algebra. We work in the categories of R-
modules, .#Zr, and associative R-algebras, @/r and for definiteness we choose the framework
of [16]. Following [0, B3], we will say that an R-module W is faithful if for an R-module X,
W Ar X =~ * implies that X ~ x.

We recall some ideas from [5]. If A is an R-algebra, we denote by A° the R algebra whose
underlying R-module is A but whose multiplication is reversed. The topological Hochschild
cohomology spectrum of A (over R) is

THHR(A) = THHR(A, A) = Fan,a0 (4, A),

where A is a cofibrant replacement for A in the category of left A Ar A°-modules #Zp,a0. We
write n: R — THHR(A) for the canonical map into the R-algebra THHR(A); we also write
w: ANR A° — Fr(A, A) for the R-algebra map induced by the left and right actions of A and
A° on A.

Definition 1.1. Let A be an R-algebra. Then A is a weak (topological) Azumaya algebra over
R if and only if the first two of the following conditions hold, while A is a (topological) Azumaya
algebra over R if and only if all three of them hold.

(1) A is a dualizable R-module.
(2) p: AANR A° — FRr(A, A) is a weak equivalence.
(3) A is faithful as an R-module.

Note that this definition of Azumaya algebras over R differs from that in [5] since we demand
faithfulness of A over R and not just A-locality of R as an R-module.

If T is an ordinary commutative ring with unit and if B is an associative T-algebra, then the
center of B can be identified with the endomorphisms of B as an B ®p B°-module. Therefore
THHR(A) can be viewed as a homotopy invariant version of the center of A.

Definition 1.2. An R-algebra A is said to be homotopically central if the canonical map
n: R — THHR(A) is a weak equivalence.

For the following we recall a special case of the Morita theory developed in [5 section 1].
For a topological Azumaya algebra A over R we consider the category of left modules over the
endomorphism spectrum Fgr(A, A), # Fr(A,4) and we take a cofibrant replacement A of Ain
this category. The functor

F: Hp— %FR(AA)
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that sends X to X Ar A has an adjoint
G: %FR(AA) — %R

with G(Y') = Fp,(a,4)(A4,Y). Then [5, theorem 1.2] implies that this adjoint pair of functors
passes to an adjoint pair of equivalences between the corresponding derived categories

P
@RT) DEr(A,A)

and as a direct consequence we obtain the following result.

Proposition 1.3 ([5, proposition 2.3]). Every topological Azumaya algebra A over R is homo-
topically central.

By proposition 2.3 and definition 2.1 of [5], we also see that any topological Azumaya algebra
A over R is dualizable as an A Arp A°-module and A AR A° is A-local as a left module over itself.

In classical algebra, Azumaya algebras are in particular separable. Using Morita theory we
can deduce the analogous statement for topological Azumaya algebras. Here an R-algebra is
separable in the sense of [33], definition 9.1.1] if the multiplication m: AARr A — A has a section
in the derived category of left A Ar A°-modules, Zan 0.

Proposition 1.4. Let A be a topological Azumaya R-algebra. Then A is separable.
Proof. By the remark following [33, definition 9.1.1], it suffices to prove that the induced map
My : THHR(A, A AR A) — THHR(A, A)

is surjective on mo(—). Denote by A a cofibrant replacement of A in the category of A A A°-
modules. Morita equivalence yields the two weak equivalences

G o F(R) ~ THHR(A4, A),
G o F(A) ~ THHR(A, A AR A).

The functoriality of G o F' ensures that the unit n: R — A induces a map G o F(n) with
~ o~ GoF(n) ~ ~ =
R——Go F(R)———Go F(A)+—A.

This is given by sending the coefficient module of THH, A~ R/\Rg ~ RARA, to AANRA ~ A/\Rg
using 7. Therefore
mo(ms) o mo(G o F(n)) = id,

and so o (m.) is surjective. O
We now describe the behaviour of Azumaya algebras under base change.

Proposition 1.5. Let A, B,C be R-algebras.

(1) If A is an Azumaya algebra over R and if C is a commutative R-algebra, then A Ag C
s an Azumaya algebra over C.

(2) Conversely, let C be a commutative R-algebra such that C is dualizable and faithful as
an R-module. If ANg C is an Azumaya algebra over C, then A is an Azumaya algebra
over R.

(3) If A and B are Azumaya algebras over R, then A Ar B is also Azumaya over R.

Proof. If A is an Azumaya algebra over R, then it is formal to verify that A Ar C is dualizable
and faithful over C' (compare [33, 4.3.3, 6.2.3]). It remains to show that

HAANRC: (ANRC)Nc (ANRC)° — Fo(AANRC,ANRC)
is a weak equivalence. Note that since the multiplication in A Ar C' is defined componentwise,

(AAR C)° = A° AR C°.
3



The diagram

(1.1) (AARC) Ac (A AR C)° fAnne Fo(AAR C, A AR C)
ANRA° A C Fr(A,ANRC)
\%@) /
Fr(A, A) AR C

commutes. Here v: Fr(A, A) AR C — Fr(A, A Ar C) denotes the duality map. As A is
Azumaya over R we know that v and p4 are equivalences, and thus we obtain that the top map
is an equivalence as well.

For the converse we assume that A Ar C is Azumaya over C' and C is faithful and dualizable
as an R-module. If M is an R-module, then A Ap M ~ % implies that

(A/\RC)/\RMZ(A/\RC)/\C'(C/\RM)Z*.

Also, the faithfulness of A Ag C over C ensures that C A M ~ x. But as we assumed that C
is faithful over R, we can conclude that M was trivial.

The fact that A is dualizable over R follows from [33] lemma 6.2.4]. Making use of dia-
gram we see that p4 is also a weak equivalence.

The proof of the third claim is straightforward. O

Later we will consider Azumaya algebras in a Bousfield local setting. Let L be a cofibrant
R-module.

Definition 1.6. An L-local R-algebra A is an (L-local) Azumaya algebra if

(1) Ais a dualizable L-local R-module.
(2) The natural morphism of R-algebras A Ap A° — Fr(A, A) is an L-local equivalence.
(3) A is faithful as an L-local R-module.

Here dualizability as an L-local R-module means dualizability in the derived category of L-
local R-modules. This is a symmetric monoidal category with the L-localization of the smash
product over R as the symmetric monoidal product, so the definition of dualizability from [I5]
applies.

2. BRAUER GROUPS

Now suppose that M is a dualizable R-module as discussed in [33] [6]; a more detailed dis-
cussion of dualizability can be found in [I5]. Let Er(M) = Fr(M, M) be its endomorphism
R-algebra. Then there is a weak equivalence

(2.1) Er(M) ~ Fr(M,R) Ar M.
In order to identify endomorphism spectra of faithful and dualizable R-modules as trivial Azu-
maya algebras we need the following auxiliary result.
Lemma 2.1. Let M be a dualizable R-module.

(1) If M is a faithful R-module, then the dual Fr(M, R) is also faithful.

(2) If M is L-local with respect to a cofibrant R-module L, then Fr(M, R) is L-local.
Proof. (1) Dualizability of M implies that the composition

M ~RAg MY M Ap FR(M,R) Ag M 25 M AR R~ M
is the identity on M. Here 6: R — M AR Fr(M, R) is the counit, and e: Fr(M, R)A\gkM — R
is the evaluation map. Now if N is an R-module for which Fr(M, R)Agr N ~ %, then the identity
of M Ar N factors through the trivial map, hence N ~ % by faithfulness of M.
4



(2) A similar argument with the functor Fr(W, —) shows that if L Ap W ~ %, then the identity
map on Fr(W, Fr(M, R)) factors through

FR(W,FR(M,R> /\RM/\RFR(M,R)) ZFR(W AR M Agr M,M) ~ k. |

It was shown in [5, proposition 2.11] that if M is a dualizable, cofibrant R-module, then
Er(M) is a weak topological Azumaya algebra in the sense of [5, definition 2.1].

Proposition 2.2. If M is a faithful, dualizable, cofibrant R-module, then (a cofibrant replace-
ment of ) Er(M) is an Azumaya R-algebra.

Proof. As Er(M) is a weak Azumaya algebra, it suffices to show that Er(M) is a faithful
R-module. Dualizability of M ensures that

Er(M) = Fr(M, R) Ng M,
and this is a smash product of two faithful R-modules which is also faithful. (]

This result shows that we can take the R-algebras of the form Er(M) with M faithful,
dualizable and cofibrant, to be trivial Azumaya algebras when defining a topological version of
a Brauer group which we now do.

First we note that every Azumaya algebra is weakly equivalent to a retract of a cell R-
module, so the following construction yields a set of equivalence classes. Define Az(R) to be
the collection of all Azumaya algebras. Now we introduce our version of the Brauer equivalence
relation ~ on Az(R).

Definition 2.3. Let R be a cofibrant commutative S-algebra. If Aj, As € Az(R), then A ~ Ay
if and only if there are faithful, dualizable, cofibrant R-modules M7y, Ms for which

Ay AR Fr(My, My) ~ Ay Ar Fr(My, M>)

as R-algebras. We denote the set of equivalence classes of these by Br(R) and we use the
notation [A] for the equivalence class of an R-Azumaya algebra A.

Theorem 2.4. The set Br(R) is an abelian group with multiplication induced by the smash
product ANr. Furthermore, Br is a functor from the category of commutative S-algebras to
abelian groups.

Proof. The details involve routine modifications of the approach used in the case of Brauer
groups of commutative rings in [3, theorem 5.2].

Functoriality for morphisms of commutative S-algebras R — R’ is achieved by sending an
R-algebra A to the R'-algebra R' Ap A. O

Remark 2.5. Johnson’s work [22], lemma 5.7] shows that two Azumaya R-algebras are Brauer
equivalent in the sense of Definition if and only if they are Eilenberg-Watts equivalent in the
sense of [22] definition 1.1]. As a consequence any Azumaya algebra that is Brauer equivalent to
R is weakly equivalent to Fr(M, M) for some dualizable faithful cofibrant R-module spectrum
M.

For a cofibrant R-module L, we can similarly define the sets of L-local Azumaya algebras
Az (R) and the associated L-local Brauer group Brz(R).

In order to relate Azumaya algebras to Galois theory, we require the following notions mod-
elled on algebraic analogues.

Definition 2.6. Let R — R’ be an extension of commutative S-algebras. Then the Azumaya
algebra R — A is split by R — R’ (or just by R') if R* AR A =~ R/, or equivalently if
[A] € Ker(Br(R) — Br(R')). We define the relative Brauer group

Br(R'/R) = Ker(Br(R) — Br(R')).
Similarly we can define a relative L-local Brauer group
Bry(R'/R) = Ker(Brp(R) — Brp(R')).
5



In practise, we will use this when R — R’ is a faithful G-Galois extension for some finite
group G.

3. GALOIS EXTENSIONS AND AZUMAYA ALGEBRAS

Consider a map of commutative S-algebras A — B, which we often denote by B/A. If A
is cofibrant as a commutative S-algebra, B is cofibrant as a commutative A-algebra, and if
G is a finite group which acts on B by morphisms of commutative A-algebras, then following
Rognes [33], then we call B/A a G-Galois extension if the canonical maps i: A — B"“ and
h: BAs B — F(G4, B) are weak equivalences.

In addition to these conditions, we will assume that B is faithful as an A-module spectrum.
This is a further restriction as there are examples of Galois extensions which are not faithful.
The following example is due to Wieland (see [34]).

Remark 3.1. Let p be a prime. Then the Z/p-Galois extension
F(BZ/p+,HF,) — F(EZ/p4, HF),) ~ HF,
is not faithful. To its eyes the Z/p-Tate spectrum of HIF, appears trivial, but it is not.

Let B (G) be the twisted group algebra over B, i.e., the A-algebra whose underlying A-module
is B A G4+ and whose multiplication is the composition 1

BAGLABAGy AN B A G AGLABAGy —YN  BAGLABAG,
l(l?’)
BABAGY NG,
7 J’IJ‘B/\,UJG

BAG,

where A is the diagonal, v denotes the G-action on B, up is the multiplication of B and ug
the multiplication in G. Then g factors through (B A G4) Aa (B A G4) and turns B (G) into
an A-algebra. Note that B (G) is an associative algebra but in general it lacks commutativity.
More precisely, we know that the morphism j: B (G) — F4(B, B) is a weak equivalence of
A-algebras for every G-Galois extension A — B. In particular, B (G) gives rise to a trivial
element in the Brauer group of A.

Lemma 3.2. Let B/A be a faithful G-Galois extension and let M be a B (G)-module which is
of the form B ANa N for some A-module N, where the B (G)-module structure is given by the
B-factor of B Ags N. Then there is a weak equivalence of A-modules N ~ M"G.

Proof. Consider BAsM = BApsBAsN. As B is G-Galois over A, the latter term is equivalent

to F(G4+, B) A4 N and this in turn is equivalent to F'(G4, BAg N) because G is finite. As B is

dualizable over A, the homotopy fixed point spectrum (B A g M )hG is equivalent to B A4 M"C.
There is a chain of equivalences of B-modules

BAAN = F(Gy,BAy N)"Y = (BAs BAgN)'C = (B Ay M)PE = B ag MM,
and the result follows by faithfulness of B over A. O

The following two results give analogues of Galois descent of algebraic Azumaya algebras as
in [36], proposition 6.11].

Proposition 3.3. Suppose that C' is an Azumaya algebra over B for which the natural mor-
phism B Ay C"Y — C' is a weak equivalence of B (G)-modules. Then C"C is also an Azumaya
algebra over A.



Proof. We know from [33, lemma 6.2.4] that the A-algebra C"¢ is dualizable as an A-module.
As C'is Azumaya over B, we know that C Ag C° ~ Fg(C,C). Also, dualizability of C"“
over A guarantees that

B Ag Fo(CMC, MY ~ Fy(ChY B Ay CMC)

>~ F(B Ag C"Y B Ay CMO)

~ Fp(C,C) ~C Np C°,
and so

C Ap C° = (BAaC") N (B Aa(C")°)
~ B Ay (CMY9 Ay (C19Y0).
As B is faithful over A, this shows that
ChG p 4 (ChEYe = Fu(CMC NG,

Since C is faithful as a B-module and B is faithful as an A-module, we know that C'is faithful
as an A-module. Assume that for an A-module M we have C"@ A4 M ~ . This is the case if
and only if

BAACMYS Ay M ~C Ag M ~ %

because B is a faithful A-module. Now faithfulness of C' over A implies that C*“ is also faithful
over A. O

Suppose that B/A is a faithful G-Galois extension in the sense of Rognes [33], where G is a
finite group. Now let H < K < G so that B/B" is a faithful H-Galois extension, K acts on
B by B'E_algebra maps and BM — B" s a faithful K/H-Galois extension, in particular,

By [33], lemma 6.1.2(b)], the twisted group ring B (H) ~ Fgnu (B, B) is an Azumaya algebra
over BM and K acts on B (H) by extending the action on B by conjugation on H, so we will
write B (H,) to emphasize this.

If K =@ x H is a semi-direct product or H is abelian, the quotient Q = K/H acts by
conjugation on H.

Note that as in algebra, there is an isomorphism of A[K]-modules

AR =] A

The algebraic version of this isomorphism is given by

Z agk < (ag-1)rek

keK

and we will use the topological analogue of this.
Our next result is based on [36, proposition 6.11(b)].

Proposition 3.4. Suppose that K = @ x H is a semi-direct product, or that H is abelian.
Then the B -algebra B <Hc>hQ is Azumaya, and

BM A gk B(H)"? ~ B(H,).
Hence the Azumaya algebra B (Hc>hQ over BME s split by B

Proof. Note that we can assume that G = K and B"® = A. Making use of a faithful base
change, it suffices to assume that B is the trivial K-Galois extension, B = [, A.
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There are isomorphisms of A[K]-modules

B(H.) = ging(] [ A na AIHL])
K

= left(HA Aa AlH])
K

= et (A[K] N4 A[H])
(3.2) > et (A[K x HY),

where giag(—) and je(—) indicate the diagonal and left K-actions respectively, the second
isomorphism is the standard equivariant shear map similar to the map sh of [33, section 3.5],
and K x H is viewed as a K-set through the action on the left hand factor. As a @-set, K
decomposes into free orbits indexed on H. On taking @-homotopy fixed points we obtain an
equivalence of A-modules

(3.3) B(H,)"? =~ A[H x H].
There is a map of A-modules
phHt 2, phH »  B(HN? — B (H,)

which is also a map of B"¥ (Q)-modules. Applying m.(—) and working algebraically with
7« (A)-modules, using [36], proposition 6.11(b)] it follows that we have an isomorphism

mo(BM A g B (™) = (B (L)),
and therefore a weak equivalence
BM A, B(H)? =, B(H,)
of BM (Q)-modules. Now Proposition [3.3 shows that B (H,)"? is Azumaya over B, O

4. CYCLIC ALGEBRAS

In this section, we will assume that K — L is a faithful Galois extension of commutative S-
algebras, and that the Galois group G = Gal(L/K) is generated by an element o of order n,
say. In particular, this group has to be cyclic. The choice of a generator corresponds to an
isomorphism Z/n = G, whose inverse can be thought of as a (primitive) character of G. Last
but not least, we also need a strict unit v in K. For the time being, this just means that there is
an action of the group Z of integers on the spectrum K via maps of K-modules. We will extend
this action to L without change of notation. The strictness of u is needed in order to ensure that
relations hold on the nose and this in turn is necessary to obtain a strictly associative algebra
extension.

Cyclic K-algebras will be defined here via Galois descent from matrix algebras over L. As a
model for the matrix algebra we use

n
Mn(L) = \/ Lij,
ij=1

with all L; ; = L and multiplication given on summands

Lij N Lj — Ly
by the multiplication in L. One could also work with the endomorphism K-algebra spectrum
Fx(V, L,V, L), but this mixes covariant and contravariant behaviour in \/,, L and that is
inconvenient for the explicit formulae that we need.

The cyclic group Z/n acts on the L-algebra M, (L) component-wise, i.e., the generator acts
aso: L ; — L; j on each summand. The multiplication and unit L — M, (L) are equivariant,
and we have equivalences

My (LYP2™ ~ M, (LMY ~ M, (K)
8



of K-algebras. Something possibly more interesting happens when we twist this action with the
chosen unit u: we define a self-map on M, (L) as the composition

. S:  —68
id u Hn T 0gn o
(4.1) Lij—————Lit1j11————Lit1jp1—————Liy1 541,

where the indices i + 1 and j + 1 are read modulo n, and ¢ is the Kronecker symbol.
Lemma 4.1. The above self-map generates a Z/n-action on My (L) as an associative K -algebra.

Proof. This follows as in algebra using the fact that
uANg L=LAgu: LAxk L — LAk L

since u is a unit in K. This guarantees that the K-algebra multiplication on L behaves well
with respect to the twisted action. Together with the naturality and symmetry of the fold map
this proves the claim. O

Definition 4.2. The cyclic K-algebra
A(L,0,u) = M, (L)"*/",
associated with L, o, and u is obtained from the matrix algebra M, (L) with the twisted Z/n-

action by passage to homotopy fixed points.

The following result shows that the cyclic K-algebra A(L,o,u) defines a class in the relative
Brauer subgroup Br(L/K) of Br(K).

Theorem 4.3. The cyclic algebra A(L,o,u) is an Azumaya algebra over K which splits over L.

Proof. Proposition above says that if we have an Azumaya algebra B over L with a com-
patible G-action such that the natural morphism
LAk B"Y — B

is an equivalence of L (G)-modules, then A = B"“ is also an Azumaya algebra over K. We
want to apply this here to the situation B = M,,(L) and G = Z/n.

Since L is a dualizable K-module,

L A M, (L)' ~ (L A My, (L))",

where G acts only on the right hand factor in L Ax M, (L).

As L is a G-Galois extension of K, we have L Ag L ~ Map(G4, L), and therefore

L ANk Mn(L) = Mn(L ANK L) = Mn(Map(G+, L)) = Map(G+, Mn(L))
As the latter is equivariantly equivalent to L[G], we see that
L Ag My (L)"C ~ M, (L)

and this yields the result. O

Of course, it may happen that a cyclic K-algebra A(L, o, u) represents the trivial element in
the Brauer group Br(K) of K. This depends very much on the chosen unit u, for example. One
way to prove non-triviality is to compute the homotopy groups of A(L, o, u), and to compare
the result with the homotopy groups of the representatives of the elementary Azumaya algebras.

For this and other reasons, it is useful to know that one may calculate the homotopy groups
of the cyclic algebra A(L, o, u) by means of the homotopy fixed point spectral sequence
(4.2) Ey' = HY(Z/n, mM, (L)) = m_s(My(L)"%/M).

The action on m M, (L) = M,(m.L) is generated by whatever the twisted action (4.1)) induces
in homotopy:

5i,n_(;j,n
Qij — Ol (@it1,541)-

But, if we identify (m;L)®™ with the first row (or column) of mM,, (L), we easily find

T M, (L) = Z[Z/n) @7 (7 L)®",
9



which shows that m;M,,(L) is an induced Z/n-module. Therefore the Es-term of the homotopy
fixed point spectral sequence (4.2)) vanishes above the 0-line, which shows

WtA(Lv g, U) = (WtL)ean?
additively. In fact, this determines the underlying homotopy type.

Theorem 4.4. If n = 2, and if the unit u has order 2 in the sense that it comes from a Z/2-
action, then the class of A(L,o,u) has order at most 2 in the Brauer group of Br(K).

Proof. We prove that there is a Z/2-equivariant equivalence of K-algebras between Ms(L)
and Ms(L)°. As in algebra, this equivalence is given by the transposition of matrices, which
we have to model by the permutation L; ; — L;;. Then the same proof as in algebra shows
that this is a map of associative K-algebras. In order to show that the action passes to the
homotopy fixed points we have to prove that it is compatible with the twisted action of
that we impose on Ma(L). But this is trivial except for the u-action, where we have to use that
w=u""'is a second root of unity. O

5. AZUMAYA ALGEBRAS OVER EILENBERG-MAC LANE SPECTRA

In this section we consider the case of Azumaya algebras over the Eilenberg-Mac Lane spec-
trum of a commutative ring. In [40], Toén introduces the algebraic notion of a derived Azumaya
algebra over a commutative ring as a special case of the more general notion for simplicial rings.
First we explain how the topological and algebraic notions are related.

In [I6], section IV.2], an equivalence of categories

(5.1) V: Iur — Dr

is constructed, where V¥ is defined on a CW H R-module M to be the cellular chain complex
Cy(M). By [16|, proposition IV.2.5], for CW H R-modules M, N there are isomorphisms of chain
complexes of R-modules

C*(M ANHR N) = C*(M) XR C’*(N),
C*(FHR(M7 N)) = HomR(C*(M),C’*(N))

The inverse functor ® = U~! also preserves the monoidal structure, thus we have an equivalence
of symmetric monoidal categories.

Following Toén [40], see remark 1.2, and [22] theorem 1.5] we find that an Azumaya algebra
A over HR, corresponds to a derived Azumaya algebra over R. Note that as we are working
with associative (but not commutative) H R-algebras, a cofibrant H R-algebra is a retract of a
cell HR-module relative to HR by [16l, theorem VII.6.2].

We get the following correspondence whose assumptions are satisfied when R is a principal
ideal domain for instance.

Proposition 5.1. Let R be a commutative ring such that for any finitely presented R-module
M with Tor®(M, M) =0 for k > 0 we can deduce that M is flat over R.

Let T be an R-algebra. Then the H R-algebra HT is a topological Azumaya algebra if and
only if T is an algebraic Azumaya R-algebra.

Proof. One direction is easy to see: if R — T is an algebraic Azumaya extension, then HR —
HT is topologically Azumaya without any additional assumptions on R.
For the converse, from [16, theorem IV.2.1] we have

(5.2) Tn(HT Agp HT®) = Tor®(T, T°),
(5.3) T (Fur(HT,HT)) = Ext," (T, T).
Because Tor = 0 = Ext$, when s < 0, the Azumaya condition

p: HT Agp HT® = Fyr(HT,HT)
10



implies that for n # 0,

(5.4) Tn(HT Agr HT®) = Torl (T, T°) = 0 = Ext'}(T,T) = 7, (Fgr(HT, HT)).
In particular,

(5.5) TRrT°=m(HT ANgr HT®) = no(Fur(HT,HT)) = Hompg(T,T).

According to [40, remark 1.2], the R-module T is finitely presented and flat by assumption,
therefore it is finitely generated and projective by the corollary to [28, theorem 7.12].

For faithfulness, suppose that M is a non-trivial R-module. Since HT is a faithful HR-
module, HT Agr HM # *. Flatness of T over R together with [16], theorem IV.2.1] yields the
isomorphisms

7T*(HT NHR HM) = 7T0(HT/\HR HM) =2T®r M,
and therefore T'®pg M is not trivial. O

Proposition 5.2. For any commutative ring with unit R there is a natural homomorphism
H: Br(R) — Br(HR)
induced by the functor which sends a ring to its Filenberg-Mac Lane spectrum.

Proof. Let [A] be an element of Br(R), then Proposition |5.1|identifies HA as an H R-Azumaya
algebra. If [A] = 0, i.e., if there is a finitely generated faithful projective R-module M with
A = Homp(M, M), then

HA ~ HHomp(M, M) ~ Fyr(HM, HM)
and therefore HA is trivial in Br(HR). O

Remark 5.3. Toén shows that the Brauer group of derived Azumaya algebras over R is
parametrized by HZ(R,Gy,) x HL(R,Z) whereas the ordinary Brauer group of R, Br(R),
corresponds to the torsion part in HZ(R,Gy,). Combining this with the comparison result
of Johnson [22, theorem 1.5] yields that the above homomorphism H is injective for any R
corresponding to HZ (R, G )tor € HZ (R, Gyy,).

The situation is drastically different if we consider arbitrary H R-algebra spectra A. For
instance, for every R, every R-module spectrum X" H R is faithful and dualizable, and therefore
Fgr(HRVYX"HR, HRVYX"HR) is a trivial topological Azumaya H R-algebra whose homotopy
groups spread over positive and negative degrees. This indicates that the Eilenberg-Mac Lane
functor of Proposition [5.2] will not induce an isomorphism in general. The relationship with
étale cohomology groups in [40] in fact shows that there are derived Azumaya algebras that
are not Brauer equivalent to an ordinary Azumaya algebra. Toén describes a concrete example
in [40, section 4] originating in an example by Mumford.

We will discuss the case of Hk for a field k. If A is Azumaya over HEk, then as A is dualizable
over Hk we know that the homotopy groups of A are concentrated in finitely many degrees,
say m,(A) # 0 only when —m < r < n for some m,n > 0. As k is a field, we have

(A A A°) 2 1, (A) @ e (A)°.

Using the fact that p induces an isomorphism, we can deduce that n = m because otherwise
the kernel of 7, (1) would be nontrivial.

A derived Azumaya algebra over the field k is a differential graded k-algebra B, whose
underlying chain complex is a compact generator of the derived category of chain complexes of
k-vector spaces 2 such that the natural map

uB, : By @k By — Homg(B., By)

is an isomorphism in %. Here B, ® By agrees with the derived tensor product because we
are working over a field, and similarly, Homg(By, By) is the graded k-vector space of derived
endomorphisms of B,. Now we can relate topological Hk-Azumaya algebras to derived Azumaya
algebras over k.
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Proposition 5.4. If A is a topological Azumaya algebra over Hk, then m.(A) is a derived
Azumaya algebra over k.

Proof. As A is dualizable over Hk, its homotopy groups build a finite dimensional graded
k-vector space and hence 7,(A) is a compact generator of 7. The weak equivalence

w: AN A° — Fri(A, A)
yields isomorphisms
P, (A): Te(A) p T (A)° = mu(A App A°) = mF (A, A) = Homp(Ax, As)
and so 7 (A) is a derived Azumaya algebra over k. O
Using Proposition together with Toén’s results of [40, section 1] we obtain the following.
Theorem 5.5. For any algebraically closed field k, the Brauer group of Hk is trivial.

Proof. Let A be a derived Azumaya algebra over k. We know from [40, corollary 1.11] that
every derived Azumaya algebra over an algebraically closed field k, in particular m,(A), is quasi-
isomorphic to a graded k-vector space Homyg(V, V') for some finite dimensional graded k-vector
space V.

Let

n
M=HV =\/S™Hk
i=1
be the Hk-module spectrum such that 7. M = V as graded k-vector spaces. Then A is weakly
equivalent to Fri(A, A) since there are isomorphisms

Therefore [A] is trivial in the Brauer group Br(Hk). O

Remark 5.6. Using [40, corollary 1.15] one can extend the result to obtain the triviality of the
Brauer group Br(Hk) for any separably closed field k.

6. REALIZABILITY OF ALGEBRAIC AZUMAYA EXTENSIONS

Using Angeltveit’s obstruction theory [I, theorem 3.5], we can import algebraic Azumaya
algebra extensions into topology. Let R be a commutative S-algebra and let 1R — Ag be an
algebraic Azumaya extension. Then

A, = mR ®7T()R AO

is a projective module over R, = m, R and there is an R-module spectrum A’ with m,(A") = A,
which can be built as a mapping telescope of an idempotent corresponding to viewing A, as
a direct summand of a free R,-module. The methods of [6] carry over to give a homotopy
associative R-ring spectrum A that realizes A, as the homotopy ring 7, A.

Angeltveit’s obstruction theory [I] then yields the following.

Theorem 6.1. There is a unique A R-algebra structure on A, i.e., there is a unique rigidifica-
tion r(A) of A to an associative R-algebra. The resulting extension R — r(A) is an Azumaya
algebra.

Proof. The existence of the Ay, structure on A is given by [I}, theorem 3.5], because 7, (AARr A°)
is separable over A, and hence the possible obstructions to an A-structure on A (which
live in Hochschild cohomology groups of m.(A Ar A°) over A,) are trivial. The possibility of
rigidification follows from [I6, II.4]. Uniqueness also follows from the vanishing of all higher
Hochschild cohomology groups.

As Ay is finitely generated projective and faithful over moR, r(A) is dualizable and faithful
as an R-module spectrum. The Azumaya condition

p: Ag @ror Ay = Homyy (Ao, Ao)
12



for Ag guarantees that the py-map
p: r(A) Ar7(A)° — Fr(r(A),7(A4))
is a weak equivalence. O

Corollary 6.2. There is a natural group homomorphism
r: Br(moR) — Br(R); [A] — [r(4)].

This result implies Proposition but reaches further. For instance in the presence of enough
roots of one, we can build generalized quaternionic extensions of ring spectra or consider cyclic
extensions. Note, however, that in many cases Br(my(R)) = 0, for instance if 7o (R) is isomorphic
to a finite field, Z (see [19]) or Z[A] for some finite abelian group A (see [23]). We learned from
David Gepner that the Brauer group for a connective commutative S-algebra R can be described
via the second étale cohomology group of my(R) with coefficients in the units and the first étale
cohomology group of my(R) with coefficients in Z via a short exact sequence.

John Rognes drew our attention to the non-trivial examples of Brauer groups in [35].

Proposition 6.3. There is a quaternionic extension of the sphere spectrum with 2 inverted that
s not trivial in the Brauer group and hence

Br(S[1/2]) # 0.

Proof. The Brauer group of Z[1/2] is isomorphic to Z/2, see [35, 2.8]. Extension of scalars

to R has to send the generator of Br(Z[1/2]) to the generator of Br(R) = Z/2 and hence this

extension is equivalent to the R-algebra of quaternions H. Thus we know that a representative of

the generator of Br(Z[1/2]) is given by the class of the subring of localized Hurwitz quaternions

Z[1/2](i, j, k) C H with i = j2 = k> = —1, k = ij = —ji, which is the quaternionic extension

of Z[1/2]. We can realize this extension topologically as an Azumaya algebra H over S[1/2].
Using base-change to HR we get the following commutative diagram.

Br(S[1/2]) —— Br(HR)

T T

Br(Z[1/2]) — Br(R)

As the map from Br(R) to Br(HR) is injective (compare Remark [5.3), the image of the class of
Z[1/2](i, j, k) in Br(S[1/2]) cannot be trivial. O

Remark 6.4. As the Brauer groups of Z[1/p| and Z,) are non-trivial for odd primes as well
(see [31] and [42], p.145]), the above result can be used to obtain that other Brauer groups of
connective commutative ring spectra are non-trivial. In particular, the Brauer groups of the
corresponding localized spheres are non-trivial.

7. TOPOLOGICAL HOCHSCHILD COHOMOLOGY OF GROUP RINGS

We will consider Azumaya algebra extensions that arise as follows. For a finite discrete group
G and a commutative S-algebra A, we consider the group A-algebra spectrum A[G] = AN G4
Note, that if G is not abelian, then A[G] is not commutative. We want to identify the extension
THH4(A[G]) — A|G] as an Azumaya extension in good cases.

For ordinary commutative rings R and groups GG, DeMeyer and Janusz describe in [12] con-
ditions on R and G which ensure that R[G] is an Azumaya algebra over its centre. First, we
document a well-known identification of topological Hochschild cohomology of group rings, see
for instance [27, 4.2.10]. This can we viewed as a topological version of Mac Lane’s isomor-
phisms [26, 7.4.2].

Lemma 7.1. For A and G as above we have
THH4 (A[G], A[G]) ~ (A[G])"Y = Fo(EG, A[G]%).

Here A[G]¢ denotes the naive G-spectrum A[G], where G acts by conjugation on G.
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Proof. Topological Hochschild cohomology of A[G] can be described as the totalization of the
cosimplicial spectrum that has

Fa(A[G)Y, AlG]) = F(GY, A[G])

as g-cosimplices [30]. First, we mimic the identification that is used in the Mac Lane isomor-
phism for usual Hochschild cohomology in order to identify this cosimplicial spectrum with the
one that has F(GY, A[G]°) as g-cosimplices. In algebra this identification is given by f +— f’

where
1

f/(gl)”'agq) = f(glv)gq)gq_lg; .
An analogous identification works on spectrum level. The coface maps in the cosimplicial
structure in F(G*, A[G]¢) are given by
dO(f)(gla s 7gq) = glf(927 o agq)gfla
di(f)(91:---+9q) = f(91,-- -, 9i9i+1,- -, 99), (0<i<gq)

de(f)(91,---9¢ = f(g1,---,94-1)

Consider the simplicial model of EG with g-simplices G971, with diagonal G-action, and
where the i-th face map in FG is given by omitting the i-th group element. We can write the
homotopy fixed point spectrum Fg(EG4, A[G]°) as

Fa(EG., A[G]%) = Tot(lq] = Fa(G™, A[G]%)).
Let p: F(G*, A[G]) — Fa(EG4+, A[G]¢) be the map that we can describe symbolically as

(0f) (g0 - -+ 9¢) = 90f (90 91, -, 9719090

It is then straightforward to check that ¢ in fact respects the cosimplicial structure. O

Now fix a prime p. Let k be an algebraically closed field of characteristic p and let Hk be
the corresponding Eilenberg-Mac Lane spectrum realized as a commutative S-algebra. We also
adopt the notation of [8]. Thus E,, is the Lubin-Tate spectrum associated with the prime p and
the Honda formal group of height n and E}" is its maximal unramified Galois extension. These
commutative S-algebras have ‘residue fields’ in the sense of [0, [7], namely K, and K)' respec-
tively, and these are algebras over E, and E}" respectively, but only homotopy commutative
when p # 2 and not even that when p = 2.

Theorem 7.2. Let G be a non-trivial finite discrete group whose order is not divisible by p.
Suppose that A is either Hk or E)T.
(1) If G is abelian, then (A[G]°)"Y — A[G] and the trivial estension id: A[G] — A[G]
are equivalent.
(2) If G is non-abelian, then A[G] is a non-trivial (A[G))"C-Azumaya algebra.

Proof. In all cases, we will consider the homotopy fixed point spectral sequence
Ey' = H™%(G; A[G]%) = mors((A[G])"9).
If p does not divide the order of the group G, then this spectral sequence collapses and the only
surviving non-trivial terms are the G-invariants
Ey' = (4[G17)¢

which can be identified with the center of the group ring Z(A.[G]). In particular, 7, ((A[G]¢)")
is a graded commutative A,-algebra.
If G is abelian, then the conjugation action is trivial and as p does not divide |G| we obtain

(A[GI)' = F(BG, AG]) = A[G],

so we have the trivial Azumaya extension. If G is not abelian, then the center of the group ring
A,[G] is a proper subring of A,[G].
14



For A = Hk we can use Artin-Wedderburn theory to obtain a splitting of the semisimple
ring k[G] into a product of matrix algebras over the algebraically closed field k,

KIG) = [ Mo, (),
=1

where 7 agrees with the number of conjugacy classes in G. Thus the center of k[G] is a product
of copies of k and is therefore an étale k-algebra. By the obstruction theory of Robinson or
Goerss-Hopkins [32, [I§], there is a unique Fo, Hk-algebra spectrum that is weakly equivalent
to (A[G]°)"“. By abuse of notation we denote the corresponding commutative Hk-algebra by
(A[G])".

We have to describe A[G] as an associative (A[G]¢)"“-algebra. For this we use [I, theorem 3.5]
again. Starting with our commutative model of (A[G]¢)"“ we can build a homotopy associative
ring spectrum B with 7. (B) = A.[G], and as G is finite and discrete this extension is of the
form

me(B) = m.(A[G))"Y @ (afcpepne Bo,

with 7(A[G]¢)"Y — By being algebraically Azumaya. Thus we can apply Theorem m to
see that there is an associative (A[G]¢)"“-algebra B which models A[G] and such that B is
Azumaya over (A[G]°)"E.

For E}" we pass to the residue field K*. The homotopy fixed point spectral sequence gives

T (B [G1)") = Z((By).[G))
~ Z(WEFy[[u1,. .., un1]][G])[u*].

Reducing modulo the maximal ideal m = (p,u1,...,u,—1) gives the homotopy groups of the
G-homotopy fixed points of KX¥[G] with respect to the conjugation action, Z(F,[G])[u*!] and
again we can identify this term as [[;_, F, where r denotes the number of conjugacy classes
in G. The idempotents that give rise to these splittings can be lifted to idempotents for
Z(WFp[u, ..., un—1]][G]) and WTFp[[ui,...,un—1]][G] and therefore these two algebras also
split into products with r factors:

WEy[[ur,. .., un1]][Gl = ][ Bi,
=1

Z(WTF[[u, . .., un1]][G]) = H C;,

where

Bl/m = Mmz (]Fp)a
while for 1 < i < r, the C; are commutative and satisfy
C;/mC; = Fp.

Additively we know that Z(WTF,[[ui,...,u,—1]][G]) is the free module on the conjugacy
classes and so we can conclude that (E2[G]¢)"“ is weakly equivalent to [[}_; E%* and the latter
spectrum can be modelled by a commutative E)"-algebra spectrum and E)"[G] is dualizable
over [[;_, E.

Artin-Wedderburn theory gives a semisimple decomposition

T
FplG] = HMdi (Fp),
i=1
and the centre Z(F,[G]) can be identified with the product of the centres of the matrix ring

factors. There are associated central idempotents of F,[G] accomplishing this splitting. By the
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theory of idempotent lifting described in [24), section 21] for example, these idempotents lift to
give an associated splitting

WEyl[ur,. .., un]][G] = [ [ Ma,(WEp[[us, ..., un—1]),

i=1
and again the centre of WF,[[ui, ..., u,—1]][G] can be identified with the product of the centres of
the matrix factors. Notice that My, (WF,[[u1, ..., u,—1]]) is Azumaya over WFp[[u1,. .., up—1]].

The rest of the proof involves realising the central idempotents as morphisms of S-algebras, but
this is well known to be possible since the projections are Bousfield localisations, see [37]. O

8. AZUMAYA ALGEBRAS OVER LUBIN-TATE SPECTRA

From now on we will use E to denote E,, E}" or any commutative Galois extension of
FE,, obtained as a homotopy fixed point algebra E = (E,‘;r)hF for some closed normal subgroup
' <Gal(F,/Fyn). Similarly, K will denote the corresponding residue field of E, so when E = E,,
or E)" we have K = K, or K.

We will work with dualizable K-local E-modules. By [8] section 7] we know that such modules
are retracts of finite cell E-modules. If W € .#F i, then since m,.(K A W) is a graded vector
space over the graded field K, = m,(K), it follows that

K AW~ L \/ 210K,
i
where the right hand wedge is non-trivial if and only if W is non-trivial in Zg . In particular,
if W is dualizable this wedge is finite and

KAgW ~ \/Ed@K

since W is K-local. For any X € .#f i,
K Ag (W ApX) ~Lg \/ 29K Ap X,

1
so W Ag X is trivial in Y i if and only if both of W and X are trivial in ZE k. Thus every
E-module W which is non-trivial as an element of Zg g is faithful and cofibrant as a K-local
E-module; furthermore, every X € .#g i is W-local.

By [1], there are many examples of K-local Azumaya algebras over E which have K as their
underlying ring spectrum. These examples have no analogue in the algebraic context since they
are not projective E-modules, nor do they split over suitable Galois extensions. Instead we focus
on split examples. A good source of these can be found in the situation of [33] section 5.4.3],
based on work of Devinatz and Hopkins [14] and we will discuss these in Section @

For background ideas on Azumaya algebras graded on a finite abelian group, we follow [10]
which generalises work of Wall [41] and others. We will only consider the case where the grading
group is Z/2 with the non-trivial symmetric bilinear map Z/2 x Z/2 — {£1} determining the
relevant signs, however in periodic topological contexts it may also prove useful to modify the
grading to other finite quotient groups lying between Z and Z/2, and the above reference should
provide appropriate generality for such algebra.

Over a field k, an (ungraded) Azumaya algebra A is a central simple algebra, so by Wedder-
burn’s theorem, there is an isomorphism of k-algebras

A== M, (D),
where D is a central division algebra over k. If d = dimg D, then
dimg A = (rd)?,

so dimg A is a square. In the graded case, such restrictions do not always apply, and this has
consequences for the topological situation.
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Theorem 8.1. Suppose that p is an odd prime and let A be a K-local Azumaya algebra over
E. Then (K Ag A) is an Azumaya algebra over K.

Proof. The ring K, is a 2-periodic graded field which we will view as Z/2-graded, and m.(KAgA)
will also be viewed as a Z/2-graded K ,-algebra.
We have isomorphisms of K,-algebras

TF*(K NE A) XK, W*(K NE A)O

1

«(K Ag A) @, m(K° Ag A°)
(K Ap (ANg A?))
(K Ag Fg(A, A)).
Since A and K are strongly dualizable, using results of [16] we have
K ANg FE(A,A) ~ Fx(K ANg A, K N\g A),

so the universal coefficient spectral sequence over K yields

(K ANg Fp(A, A)) 2 Endg, (7.(K Ag A)).
Therefore m.(K Ag A) is a K.-Azumaya algebra. O

1

T
Tk
Tk

1

Corollary 8.2. If m.(K Ag A) is concentrated in even degrees then its dimension is a square,
i.e., for some natural number m,

dimpg, ﬂ'*(K NEg A) =m?.
In fact we have

Proposition 8.3. If m.(K Ag A) is concentrated in even degrees then m.(A) is a Z/2-graded
algebra Azumaya algebra over Ey. In particular, as an E-module A is equivalent to a wedge of

m? copies of E, where

m? = dimg, 7.(K Ap A) = rankp, m.(A).

Proof. By [8] (see section 7 and the proof of theorem 5.1), the E,-module m,(A) is finitely
generated, free and concentrated in even degrees, hence

mo(A) @5, T (A)° 2 1 (A Ap A°) 2 1, (Fp(A, A)) 2 Homp, (1, (A), 7. (A)),

where the last isomorphism follows from the collapsing of the universal coefficient spectral
sequence. O

Recall that Azg (F) is the collection of all cofibrant K-local topological Azumaya algebras
over E. The Brauer equivalence relation ~ on Azg (F) is then given as follows:

o If A,B € Azi(FE), then A ~ B if and only if there are faithful, dualizable, cofibrant
E-modules U,V for which there is an equivalence in the derived category of K-local
E-algebras

ANEg FE(U,U> ~ B Ag FE(V,V)
The set of equivalence classes of ~ is Brg (F); this is indeed a set since every dualizable K-local
E-module is a retract of a finite cell E-module.

9. SOME EXAMPLES OF K,,-LOCAL AZUMAYA ALGEBRAS

We now recall Proposition By work of Devinatz and Hopkins [14], and subsequently
Davis [11], as explained in [33, theorem 5.4.4], for each pair of closed subgroups

H < G <G, = Gal(Fpn /F,) x S,

of the Morava stabilizer group, there is an associated pair of homotopy fixed point spectra
EMG — BRI and if H <1 G then this is a K-local G/H-Galois extension. In particular, when
H < G, is finite, B — E is a K-local H-Galois extension.
A particularly interesting source of examples is provided by taking G to be a maximal finite
subgroup of G,. If p is odd and n = (p — 1)k with p t k, or p = 2 and n = 2k with k£ odd,
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then such maximal subgroups are unique up to conjugation and then the homotopy fixed point
spectrum E" is denoted EO,,. For p = 3 Behrens [9, remark 1.7.3] gives an argument for the
identification of EO9 with the K (2)-localization of the spectrum of topological modular forms,
TMF. This can be adapted to p = 2. We proceed with an example, studied in [33], section 5.4.3].

Example 9.1. At the prime p = 2, the group G2 has a maximal finite subgroup Gyg of order 48
which is isomorphic to a semi-direct product of the group H (24 of order 24, which consists of the
units in the ring of Hurwitz quaternions, with the Galois group Gal(F4/F2) of order 2. Therefore
E3/EO, is a G45-Galois extension. Applying Proposition we see that the splitting of the
group Gyg yields an Azumaya algebra

(B2 (HQa24))"

over EQOy. There are two more examples like this: Of the 15 conjugacy classes of subgroups
of Gug, there are 7 which are normal: 1, Cy, Cy, Qs, Syly(Gasg), HQ24, and G4s. The first and
last of them are uninteresting here, as (E;)"“48 ~ EOy and Ey (Gyg) ~ Fro,(Es, Es) are trivial
in the Brauer group of EOs. The second and third do not split the group, but the other three
do. The last of these yields the Azumaya algebra displayed above, but the other two give rise
to further examples

(B2 (Qs))"“ (B2 (Syla(Gag)))"
of Azumaya algebras over EOs.

10. THE BRAUER GROUP OF THE K (n)-LOCAL SPHERE
In this section we discuss the K (n)-local Brauer group of the K (n)-local sphere L y)S.

Theorem 10.1. Suppose that p > 2 and n > 1. Then the K(n)-local Brauer group of Ly ()S
s mon-trivial.

Proof. As usual, let us write ¢ = p". The cyclic group C' = F of order ¢ — 1 consists of roots of
unity, and the Galois group G = Gal(IF,/F,) is cyclic of order n, generated by the Frobenius. As
n # 1, the Galois group is non-trivial, and its Galois action gives rise to an extension F' = Gx C.

Let G,, denote again the n-th extended Morava stabilizer group. We refer to section 2.3 and
the appendix of [20] for the following facts. The reduction of the determinant gives rise to a
surjection G, — F, a splitting of which is induced by the Teichmiiller character F; — WIF;.
Consequently, if we write N for the kernel of that surjection, then there is an isomorphism
G, =2 Fx N.

We will now invoke Proposition [3.4] in order to get an Azumaya algebra

A= (BN ())C

over Lg(,)S. That result also implies that the image of [A] automatically maps to zero in the
local Brauer group of EV. In particular, it vanishes in Br K(n)(En) itself. It remains to show
that [A] # 0 in the local Brauer group of Lg(,)S. In particular, it suffices to prove that its
image in Br K(n)(EZF ) is non-zero. That image is equivalent to (E, (C))"“.

We assume on the contrary that there were an equivalence between our example (E,, (C))h¢
and Fpnr (W, W) for some faithful, dualizable, cofibrant E"*'-module W. We get a contradiction
by lookning at the centers of mg ® Q for both algebras.

The center of mo(Fgnr (W, W)) ® Q is just

mo(BM) ® Q = mo(E, ® Q)F.

As the group of roots of unity C' acts only on the grading, and the Galois group G acts only on

the coefficients, this is isomorphic to Qpu1,...,un—1]. However, as p is odd, the G-action on

E,, (C) not only leaves the summand corresponding to the root 1 in C invariant, but also the one

corresponding to the unique element —1 of order 2 in C. As a consequence, mo((E, (C))")®Q

contains more than Qpfui, ..., up—1]. O
18



Summarizing, we know that localizations of the sphere (at an ordinary prime or at Morava-
K-theory) possess non-trivial Brauer groups, compare Remark However, we conjectured
that the Brauer group of the (global) sphere spectrum is trivial. Antieau-Gepner’s [2], Gepner-
Lawson’s [17] and Toén’s [40] results that relate Brauer groups of commutative S-algebras to
étale cohomology groups, allow to prove this conjecture, so

Br(S) = 0.

REFERENCES

[1] Vigleik Angeltveit, Topological Hochschild homology and cohomology of A ring spectra, Geom. Topol. 12
(2008), 987-1032.

[2] Benjamin Antieau & David Gepner, Brauer groups and étale cohomology in derived algebraic geometry, in
preparation.

[3] Maurice Auslander & Oscar Goldman, The Brauer group of a commutative ring, Trans. Amer. Math. Soc.
97 (1960), 367—-409.

[4] Goré Azumaya, On maximally central algebras, Nagoya Math. J. 2 (1951), 119-150.

[5] Andrew Baker & Andrey Lazarev, Topological Hochschild cohomology and generalized Morita equivalence,
Algebraic & Geometric Topology 4 (2004), 623-645.

[6] Andrew Baker & Birgit Richter, Realizability of algebraic Galois extensions by strictly commutative ring
spectra, Trans. Amer. Math. Soc. 359 (2007), 827-57.

, Invertible modules for commutative S-algebras with residue fields, manuscripta math 118 (2005),

99-119.

, Galois extensions of Lubin-Tate spectra, Homology, Homotopy Appl. 10 (2008), 27-43.

[9] Mark Behrens, A modular description of the K (2)-local sphere at the prime 3, Topology 45 (2006), 343-402.

[10] Lindsay N. Childs, Gerald Garfinkel & Morris Orzech, The Brauer group of graded Azumaya algebras, Trans.
Amer. Math. Soc. 175 (1973), 299-326.

[11] Daniel G. Davis, Iterated homotopy fixed points for the Lubin-Tate spectrum (with an appendix by Daniel
G. Davis and Ben Wieland), Topology Appl. 156 (2009), 2881-2898.

[12] Frank R. DeMeyer & Gerald J. Janusz, Group rings which are Azumaya algebras, Trans. Amer. Math. Soc.
279 (1983), 389-395.

[13] Frank R. DeMeyer & Edward Ingraham, Separable algebras over commutative rings, Lect. Notes in Math.
181 (1971).

[14] Ethan S. Devinatz & Michael J. Hopkins, Homotopy fixed point spectra for closed subgroups of the Morava
stabilizer groups, Topology 43 (2004), 1-47.

[15] Albrecht Dold & Dieter Puppe, Duality, trace, and transfer, Proceedings of the International Conference on
Geometric Topology (Warsaw, 1978) (1980), 81-102.

[16] Anthony Elmendorf, Igor Kriz, Michael Mandell & J. Peter May, Rings, modules, and algebras in stable
homotopy theory, Mathematical Surveys and Monographs 47 (1999).

[17] David Gepner & Tyler Lawson, Brauer groups and Galois cohomology of commutative ring spectra, in
preparation.

[18] Paul G. Goerss & Michael J. Hopkins, Moduli spaces of commutative ring spectra, In Structured ring spectra,
London Math. Soc. Lecture Note Ser. 315, Cambridge Univ. Press, (2004), 151-200.

[19] Alexander Grothendieck, Le groupe de Brauer. III. Exemples et compléments, Dix Exposés sur la Coho-
mologie des Schémas, North-Holland, Amsterdam; Masson, Paris (1968), 88—188.

[20] Hans-Werner Henn, On finite resolutions of K (n)-local spheres, Elliptic cohomology, London Math. Soc.
Lecture Note Ser. 342, Cambridge Univ. Press, Cambridge (2007), 122-169.

[21] Mark Hovey & Neil P. Strickland, Morava K-theories and localisation, Mem. Amer. Math. Soc. 139 no. 666,
(1999).

[22] Niles Johnson, Azumaya objects in bicategories, arxiv:1005.4878.

[23] Max-Albert Knus & Manuel Ojanguren, A Mayer-Vietoris sequence for the Brauer group, J. Pure Appl.
Algebra 5 (1974), 345-360.

[24] Tsit Yuen Lam, A First Course in Noncommutative Rings, 2nd edition, Graduate Texts in Mathematics
131, Springer-Verlag New York (2001).

[25] Andrey Lazarev, Homotopy theory of A. ring spectra and applications to M U-modules, K-Theory 24
(2001), 243-281.

[26] Jean-Louis Loday, Cyclic homology, 2nd edition, Grundlehren der Mathematischen Wissenschaften 301
Springer-Verlag, Berlin (1998).

[27] Eric J. Malm, String topology and the Hochschild cohomology of the based loop space, arXiv:1103.6198.

[28] Hideyuki Matsumura, Commutative ring theory, Cambridge University Press (1986).

[29] J. Peter May, What precisely are E ring spaces and Fo ring spectra? Geometry & Topology Monographs
16 (2009), 215-282.

19


http://arxiv.org/abs/1005.4878
http://arxiv.org/abs/1103.6198

[30] James E. McClure & Jeffrey H. Smith, A solution of Deligne’s Hochschild cohomology conjecture, Recent
progress in homotopy theory (Baltimore, MD, 2000), Contemp. Math. 293, Amer. Math. Soc. (2002), 153—
193.

[31] Morris Orzech & Charles Small, The Brauer group of commutative rings, Lecture Notes in Pure and Applied
Mathematics 11, Marcel Dekker, Inc., New York (1975).

[32] Alan Robinson, Gamma homology, Lie representations and Eo multiplications, Invent. Math. 152 (2003),
331-348.

[33] John Rognes, Galois extensions of structured ring spectra, Mem. Amer. Math. Soc. 192 no. 898 (2008),
1-97.

, A Galois extension that is not faithful, http://folk.uio.no/rognes/papers/unfaithful .pdf

[35] John Rognes & Charles Weibel, Two-primary algebraic K-theory of rings of integers in number fields, J.
Amer. Math. Soc. 13 (2000), 1-54.

[36] David J. Saltman, Lectures on division algebras, CBMS Regional Conference Series in Mathematics 94,
published by American Mathematical Society, on behalf of Conference Board of the Mathematical Sciences
(1999).

[37] Roland Schwinzl, Rainer M. Vogt & Friedhelm Waldhausen, Adjoining roots of unity to Fs ring spectra in
good cases — a remark, Contemp. Math. 239 (1999), 245-249.

[38] Neil P. Strickland, Products on MU-modules, Trans. Amer. Math. Soc. 351 (1999), 2569-2606.

9] Markus Szymik, Brauer spaces for commutative rings and structured ring spectra, arxiv:1110.2956

[40] Bertrand Toén, Derived Azumaya algebras and generators for twisted derived categories, larXiv:1002.2599,
to appear in Invent. Math.

[41] Charles Terence Clegg Wall, Graded Brauer groups, J. Reine Angew. Math. 213 (1963/1964), 187-199.

[42] Charles Weibel, Algebraic K-theory of rings of integers in local and global fields, Handbook of K-theory 1,
Springer, Berlin (2005), 139-190.

SCHOOL OF MATHEMATICS & STATISTICS, UNIVERSITY OF GLASGOW, GLASGOW G12 8QW, SCOTLAND.
E-mail address: a.baker@maths.gla.ac.uk
URL: http://www.maths.gla.ac.uk/"ajb

FACHBEREICH MATHEMATIK DER UNIVERSITAT HAMBURG, BUNDESSTRASSE 55, 20146 HAMBURG, GERMANY.
E-mail address: richter@math.uni-hamburg.de
URL: http://www.math.uni-hamburg.de/home/richter/

MATHEMATISCHES INSTITUT, HEINRICH-HEINE-UNIVERSITAT DUSSELDORF, UNIVERSITATSSTRASSE 1, 40225
DUSSELDORF, GERMANY.

E-mail address: szymik@math.uni-duesseldorf.de

URL: http://www.math.uni-duesseldorf.de/Personen/indiv/Szymik

20


http://folk.uio.no/rognes/papers/unfaithful.pdf
http://arxiv.org/abs/1110.2956
http://arxiv.org/abs/1002.2599
http://www.maths.gla.ac.uk/~ajb
http://www.math.uni-hamburg.de/home/richter/
http://www.math.uni-duesseldorf.de/Personen/indiv/Szymik

	Introduction
	1. Azumaya algebras over commutative S-algebras
	2. Brauer groups
	3. Galois extensions and Azumaya algebras
	4. Cyclic algebras
	5. Azumaya algebras over Eilenberg-Mac Lane spectra
	6. Realizability of algebraic Azumaya extensions
	7. Topological Hochschild cohomology of group rings
	8. Azumaya algebras over Lubin-Tate spectra
	9. Some examples of Kn-local Azumaya algebras
	10. The Brauer group of the K(n)-local sphere
	References

