AN INTERPRETATION OF E,-HOMOLOGY AS FUNCTOR HOMOLOGY

MURIEL LIVERNET AND BIRGIT RICHTER

ABSTRACT. We prove that E,-homology of non-unital commutative algebras can be described as functor
homology when one considers functors from a certain category of planar trees with n levels. For different n
these homology theories are connected by natural maps, ranging from Hochschild homology and its higher
order versions to Gamma homology.

1. INTRODUCTION

By neglect of structure, any commutative and associative algebra can be considered as an associative
algebra. More generally, we can view such an algebra as an FE,-algebra, i.e., an algebra over an operad
in chain complexes that is weakly equivalent to the chain complex of the little-n-cubes operad of [4] for
1 < n < oo. Hochschild homology is a classical homology theory for associative algebras and hence it can
be applied to commutative algebras as well. Less classically, Gamma homology [15] is a homology theory
for E-algebras and Gamma homology of commutative algebras plays an important role in the obstruction
theory for Ey structures on ring spectra [I4} [7, [I] and its structural properties are rather well understood
[13].

It is desirable to have a good understanding of the appropriate homology theories in the intermediate
range, i.e., for 1 < n < oo. A definition of E,-homology for augmented commutative algebras is due
to Benoit Fresse [6] and the main topic of this paper is to prove that these homology theories possess an
interpretation in terms of functor homology. We extend the range of F,,-homology to functors from a suitable
category Epi,, to modules in such a way that it coincides with Fresse’s theory when we consider a functor
that belongs to an augmented commutative algebra and show in Theorem [41] that E,-homology can be
described as functor homology, so that the homology groups are certain Tor-groups.

As a warm-up we show in section [2[ that bar homology of a non-unital algebra can be expressed in terms
of functor homology for functors from the category of order-preserving surjections to k-modules. In section
we introduce our categories of epimorphisms, Epi,,, and their relationship to planar trees with n-levels.
We introduce a definition of E,-homology for functors from Epi,, to k-modules that coincides with Benoit
Fresse’s definition of E,-homology of a non-unital commutative algebra, A, when we apply our version of
E,-homology to a suitable functor, £(A). We describe a spectral sequence that has tensor products of bar
homology groups as input and converges to Fa-homology. Section [4is the technical heart of the paper. Here
we prove that F,-homology has a Tor interpretation. The proof of the acyclicity of a family of suitable
projective generators is an inductive argument that uses poset homology.

For varying n, the derived functors that describe E,-homology are related to each other via a sequence
of homology theories

HPv - gE:  gbs
In a different context it is well known that the stabilization map from Hochschild homology to Gamma
homology can be factored over so called higher order Hochschild homology [9]: for a commutative algebra
A there is a sequence of maps connecting Hochschild homology of A, HH,(A), to Hochschild homology of
order n of A and finally to Gamma homology of A, HT',_1(A). We explain how higher order Hochschild
homology is related to E,-homology for n ranging from 1 to co in|3.1
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In the following we fix a commutative ring with unit, k. For a set S we denote by k[S] the free k-module
generated by S.

2. TOR INTERPRETATION OF BAR HOMOLOGY

We interpret the bar homology of a functor from the category of finite sets and order-preserving surjections
to the category of k-modules as a Tor-functor.

For unital k-algebras, the complex for the Hochschild homology of the algebra can be viewed as the chain
complex associated to a simplicial object. In the absense of units, this is no longer possible.

Let A be a non-unital k-algebra. The bar-homology of A, HP'(A), is defined as the homology of the
complex

CPar(Ay:. .. — A%t by qon VY 4940 A

with CP*(A) = A®"1 and ¥ = Y1 /(—1)%d; where d; applied to ag ® ... ® a, € A®" is ap @ ... ®
Aiir1 D ... Q Ay

The category of non-unital associative k-algebras is equivalent to the category of augmented k-algebras.
If one replaces A by A = A @ k, then CP*'(A) corresponds to the reduced Hochschild complex of A with
coefficients in the trivial module k, shifted by one: HP*(A) = HH,,1(A, k), for x > 0.

Definition 2.1. Let A be the category whose objects are the sets [n] = {0,...,n} for n > 0 with the
ordering 0 < 1 < ... < n and whose morphisms are order-preserving surjective functions. We will call
covariant functors F': A°P! — k-mod A°Pi-modules.

We have the basic order-preserving surjections d;: [n] — [n — 1],0 < ¢ < n — 1 that are given by
df(]){ j—1 j>i.
Any order-preserving surjection is a composition of these basic ones.
Definition 2.2. We define the bar-homology of a A°*'-module I as the homology of the complex CP2*(F)
with CP#(F) = F[n] and differential ' = 327" (—1)*F(d;).

For a non-unital algebra A the functor £(A) that assigns A"+ to [n] and L(d;)(ap ® ... ® a,) =
AW®...0aai41 ®...0a, (0<i<n—1)isa A module. In that case, CP* (L(A)) = CPar(A).

In the following we use the machinery of functor homology as in [I1]. Note that the category of A°Pi-
modules has enough projectives: the representable functors (A®PH)™: A°Pt — k-mod with (APH)"[m] =
k[A®Pi([n], [m])] are easily seen to be projective objects and each A°P-module receives a surjection from a
sum of representables. The analogous statement is true for contravariant functors from A°P! to the category
of k-modules where we can use the functors ASP! with APi[m] = k[A®Pi([m], [n])] as projective objects.

We call the cokernel of the map between contravariant representables

(do).: AP — AP
b, Note that A [n] is free of rank one for all n > 0 because there is just one map in A°?* from [n] to [0]
for all n. Furthermore, ASP'[0] is the zero module, because [0] cannot surject onto [1]. Therefore

; 0 forn>0
epi ~ )
b [n]_{k for n =0.

Proposition 2.3. For any A®®'-module F
(2.1) HY™ (F) = Tor®™ (b, F) for all p > 0.
For the proof recall that a sequence of A®?’-modules and natural transformations
(2.2) 0—F 2 F Y o0
is short exact if it gives rise to a short exact sequence of k-modules
0 — F'[n] 2 Fln) 2 Frn) -0

for every n > 0.



Proof. We have to show that HP* (—) maps short exact sequences of A®Pi-modules to long exact sequences,
that HP* (—) vanishes on projectives in positive degrees and that H}**(F) and b°P' @ pepi F' agree for all
A°Pimodules F.

A short exact sequence as in is sent to a short exact sequence of chain complexes

C™ (¢) CM (¢)

0——CPar(F”) Crar(F) Char(F'")——0

and therefore the first claim is true.

In order to show that HP®'(P) is trivial in positive degrees for any projective A°Pi-module P it suffices to
show that the representables (A°PH)" are acyclic. In order to prove this claim we construct an explicit chain
homotopy.

Let f € (A°P))"[m] be a generator, i.e., a surjective order-preserving map from [n] to [m]. Note that
f(0) = 0. We can codify such a map by its fibres, i.e., by an (m + 1)-tuple of pairwise disjoint subsets
(Ao,...,An) with A; C [n], 0 € Ap and UZBI A; = [n] such that z < y for z € A; and y € A; with i < j.
With this notation di(A07 “ee 7An) = (Ao, ey A,‘_l, Az @] Ai—i—l; ey An)

We define the chain homotopy h: A®Pi([n], [m]) — APi([n], [m + 1]) as

- 0 it Ao = {0},

If Ag = {0}, then
(' oh+hob)({0},...,4,)=0+hot/({0},...,4) = ({0} U Ay,..., A,) = ({0},..., An).

In the other case a direct calculation shows that (' o h 4+ hod')(Ao,...,An) =id(A4g, ..., Am).
It remains to show that both homology theories coincide in degree zero. By definition H}* (F) is the
cokernel of the map

F(do): F[1] — F[0].

A Yoneda-argument [16, 17.7.2(a)] shows that the tensor product ASP! @ aepi F' is naturally isomorphic to
F[n] and hence the above cokernel is the cokernel of the map

((dp)« ®pepsi id): Aipi Rpepi F' —> Agpi Qpepi F.
As tensor products are right-exact [16, 17.7.2 (d)], the cokernel of the above map is isomorphic to
coker((do)s: A" — AP @ pept F = 0PI @ pepi F = TorOAepi(bePi, F).
([l

Remark 2.4. The generating morphisms d; in A°P' correspond to the face maps in the standard simplicial
model of the 1-sphere with the exception of the last face map.

3. EPIMORPHISMS AND TREES

Planar level trees are used in [2], [6] and [3, 3.15] as a means to codify E,-structures. An n-level tree is
a planar level tree with n levels. We will use categories of planar level trees in order to gain a description of
E,,-homology as functor homology. If C is a small category we denote by NC the nerve of C.

Definition 3.1. Let n > 1 be a natural number. The category Epi,, has as objects the elements of
Ny,,—1(A®PY), i.e., sequences

(3.1) (O LI S il SN

with [r;] € A®P and surjective order-preserving maps f;. A morphism in Epi, from the above object to an

5 fre ; . D ,
object [r;]—fﬂr;,l]% . i>[ri] consists of surjective maps o;: [r;] — [ri] for 1 < i < n such that

3
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o1 € A®PHand for all 2 < i < n the map o; is order-preserving on the fibres f[l(j) for all j € [r;—1] and such
that the diagram

[ry] i) [rn_1] f";> .. L> [r1]

comimutes.

As an example, consider the object [Q]L[Q] in Epi, which can be viewed as the 2-level tree

01 2
[2] = [2 [2] = [2
Possible maps from this object to [2]&[1] are idl Jdo and (0,1{ ldo where (0,1)
2] === [1] 2 == [1]

denotes the transposition that permutes 0 and 1. For o7 = d; there is no possible o2 to fill in the diagram.
If n = 1, then Epi,; coincides with the category A°P'. Note that there is a functor ¢,,: A°®* = Epi; — Epi,
for all n > 1 with

tn([m]) :== [m)] [0] . [0].

We call trees of the form ¢, ([m]) palm trees with m + 1 leaves. More generally we have functors connecting
the various categories of planar level trees.

Lemma 3.2. For alln >k > 1 there are functors (¥ : Epi, — Epi,,, with
k fr f2 T f2
Ly ([re]—— . ..——[r1]) = [ri] . [r1] [0] [0]
on objects, with the canonical extension to morphisms. O

Remark 3.3. The maps (¥ correspond to iterated suspension morphisms in [2, 4.1]. There is a different

way of mapping a planar tree with n levels to one with n + 1 levels, by sending [rn}f—"> .. .L[rl] to

id[”n] [’]" ] fn f2

[rn] [r1]. We call such trees fork trees and they will need special attention later when
we prove that representable functors are acyclic.

For any X,-cofibrant operad P there exists a homology theory for P-algebras which is denoted by H”
and is called P-homology. Fresse studies the particular case of P = E,, a differential graded operad quasi-
isomorphic to the chain operad of the little n-disks operad. He proves that for any commutative algebra
the E,-homology coincides with the homology of its n-fold bar construction. In fact, his result is more
general since he defines an analogous n-fold bar construction for F,-algebras and proves the result for any
E,-algebra in [6, theorem 7.26).

We consider the n-fold bar construction of a non-unital commutative k-algebra A, B"(A), as an n-complex
indexed over the objects in Epi,,, such that

B"(A) ) = @ A®(rnt1)

n .
[Tn]f—>...—2>[r1]EEp1n

The differential in B™(A) is the total differential associated to n-differentials 01, . . - Oy, such that 0, is built
out of the multiplication in A, 9,1 corresponds to the shuffle multiplication on B(A) and so on. We describe
the precise setting in a slightly more general context.
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In order to extend the Tor-interpretation of bar homology of A®Pi-modules to functors from Epi, to
modules (alias Epi,,-modules) we describe the n kinds of face maps for Epi,, in detail by considering diagrams
of the form

(32 Il LS ) P P ) P ) Dy P L ]
o] =25 ] o 25 ] Sy — 1] s [y ) P )
Given the object in the first row, it is not always possible to extend (d;: [r;] — [rj — 1} idp, g5 -+ -5 1dpey))

to a morphism in Epi,,: we have to find order-preserving surjective maps g for j < k < n and bijections
T’i’jl [rk] — [rk] that are order-preserving on the fibres of f for j + 1 < k < n such that the diagram
commutes.

By convention we denote the constant map [r1] — [0] by f.

Lemma 3.4.

(a) There is a unique order-preserving surjection g;: [r; — 1] — [rj_1] with g; o d; = f; if and only if
fi(@) = f;(i +1). When it exists, g; is denoted by fjli=it1- N

(b) If f; (1) = f;(¢ + 1) then we can extend the diagram to one of the form (3.2) so that Tl’j is a shuffle
of the fibres f 1(3) and f; H(z +1). Each choice of a T ]H uniquely determines the maps Tk’J for all
J+1<k<n. N

(c) If f;(i) = f;(i + 1) then each choice of a T;-lil uniquely determines the maps gy for k > j. The
diagram (3.2)) takes the following form

fn fn— fi fi fi f f2
(3.3) ] = [raa] == - S ] = ] — o ] T = ]
T:‘L,jl T;Jll Tjﬁll d{ idJ idl

9 In-1 9jt2 difj+1 ]fjli:'H»l fi—1 f2
[rn] —= 1] —— - —= ] == [y — I ——=[rjo1] =—— - ——[r1].

Proof. If there is such a map g;, then f;(i+1) = gjod;(1 +1) = g; 0d;(i) = f;(i). As f; is order-preserving,
it is determined by the cardinalities of its fibres. The decomposition of morphisms in the simplicial category
then ensures that we can factor f; in the desired way.

For the third claim, assume that g; exists with the properties mentioned in (a). As g;4+1 and d; o f; 41 are
both order-preserving maps from [TJH] to [r; — 1], they are determined by the cardinalities of the fibres and
thus they have to agree. Then 7. +1 = 1d[r .,] extends the diagram up to layer j + 1. For the higher layers

we then have to Choose gr = [r and Tk = id[p,)-

In general, 7.7}, has to satlsfy the conditions that it is order-preserving on the fibres of f; ;. If A; = f] +1( i)

5 J+1
then this implies that Tj i}y is an (Ao, ..., A,,)-shuffle. Furthermore we have that

Ay if k<1,
(di o fj+1)71(k) - Al U Ai+1 lf k - i,
Apia if k> i.

Therefore T | has to map Ao, ..., Aj_1,Aita,..., Ay, identically and is hence an (A;, A;;1)-shuffle.

If we fix a shuﬂie 7'; _ﬁl, then the next permutation 7;12 has to be order-preserving on the fibres of f;o,

thus it is at most a shuffle of the fibres. In addition, it has to satisfy
(34) gj+2© T;i2 = T;il o fj+2'

Again, as gj4o is order-preserving we have no choice but to take the order- preserving map satisfying

g7 (k)] = | £;5( J+1( )|, for all € [r;11]. By (3-4) we know that 7"/, has tosend f;.}, (k) to f; (7)1, (k)

and this determines TJ +2 A proof by induction shows the general claim in (b). (|
5



In the following we will extend the notion of E,-homology for commutative non-unital k-algebras to Epi,,-
modules. Again thanks to Fresse’s theorem [0, theorem 7.26], the F,-homology and the homology of the
n-fold bar construction of a commutative algebra coincide.

Definition and Notation 3.5. Let ¢ : [r,] L 7] LA [r1] be an n-level tree.
The degree of ¢, denoted by d(t), is the number of its edges, that is > ., (r; + 1).
For fixed j and i € [rj] let t;; be the (n — j)-level tree defined by the j-fibre of ¢ over ¢ € [r;]:

In f —1,n f fi —1 .
(e fivo o f) 20 55 (g ) THE) 5 4G,
Conversely a tree t can be recovered by its 1-fibres, that is t = [t1,0,...,t1,,] and d(t) = Y01, (d(t1,;) +1) =
L4 Y d(t).
Let F' be an Epi,-module. For a fixed j and an n-tree ¢ as in (3.1)) with the condition that f;(i) = f;(i+1)
or j = 1 we define

fit1
=

P[] B e B B ) — D F(t))
p=fra]2. 2 g S B e,
as
(35) dz = Z E(T;ﬁlgtj’i,tj’iJrl)F(TTiL’j,...,T;ﬁl,di,id,...,id).

i €Sh(f7L (D), £ (i+1)

where the sign e(777 :t;;t;41) is defined as follows: one writes the (n — j)-level trees t;; and t;,41 as a

j+17 VX2l

sequence of (n —j — 1)-level trees t;; = [t1,...,tp] and tj ;41 = [tp41,. .. tptql; the shuffle o = 7, ’4{1 is indeed
a (p,q)-shuffle and acts on ¢ by replacing the fibres ¢;; and ¢; ;41 by the fiber w;; = [to(1), -, to(prq)l
The sign (03 [t1, .- -, tp), [tps1, - - - s Lprg]) Picks up a factor of (—1)(@dta)+D(dE)+1) whenever o(a) > a(b) but
a <b.
Definition 3.6.

e If F'is an Epi,,-module, then the E,,-chain complex of F is the n-fold chain complex whose (r,,,...,71)

spot is
fn f2

(3.6) Ol y(F) = &y F([ra] 8 ... B [r)).

[rn]&»...f—%[h]EEpin
The differential in the j-th coordinate is
9;: CEr (F) — CEr

(T7la"'7rj7"‘7rl) (T717 7Tj_17---;71)

R DR Co Ve
i|f5 () =15 (i+1)
where s;; is obtained as follows: drawing the tree ¢ on a plane with its root at the bottom, one can
label its edges — from 1 to d(t) — from bottom to top and left to right; the integer s;; is the label of
the right most top edge of the tree ¢;;. For j = n we use the convention that s,, ; is the label of the
i-th leaf of t for 0 < i < 7y
e The E,-homology of F, HE»(F) is defined to be the homology of the total complex associated to

B3).

Lemma 3.7. The k-modules C(]f: Tl)(F) constitute an n-fold chain complex.

with

The proof of the lemma is postponed after exemple

In order to prove the main theorem, we need categories of n-trees depending on a fixed finite ordered set
X of graded elements denoted Epiff . For any z € X, d(x) € Ny will denote its degree. For any subset A of
X the degree d(A) is the sum of the degrees of the elements of A. For instance d(X) =) __y d(x). For any
disjoint subsets A, B one defines €(A; B) = HaeA;beB;a>b(*1) @)d(®) " One has

(3.7 ¢(A; B)e(B; A) = (—1)4d(B)
6



An object in the category Epi,)f is an n-level tree ¢ together with a surjection ¢ : X — [r,]. Any such
element is written (¢, ¢) and is called an (X, n)-level tree. A morphism from (¢, ¢) to (¥, ¢’) is a morphism
o :t — t' in the category Epi,, satisfying ¢’ = 0,,¢. The following should be considered as a graded version
of 3.5 and

Definition 3.8. Let (¢,¢) : X 2, [rn) By T [5] LA [r1] be an (X, n)-level tree in Epi:: .

The degree of (¢, ¢), denoted by d(t), is the sum of the number of its edges and the degrees of elements of
X

)
n

d(t) = (i +1) + d(X).

i=1
For a fixed j and ¢ € [r;] let ¢;; be the (X, ;,n — j)-level tree defined by the j-fibre of ¢ over i € [r;]:

Xji = (firafira o fa®) 20D S i fivz - Fa) 720 25 3 (Fr - f) 2@ B i fh ).

Conversely an (X, n)-level tree (¢,¢) can be recovered by its 1-fibres, that is t = [t1,0,...,t1,] and d(t) =
Yitold(tre) +1) =i+ 1+ 370 d(te).

Let F be an Epi¥-module. For a fixed j and an (X, n)-level tree (t, ¢) with ¢ as in with the condition
that f;(i) = f;j(i + 1) or j = 1 we define the map d?

!
F(t,¢) — b F(t',¢)
(1) =X )28 B2y ) - P S B epiy
as
(3.8) & = > (il ity tir) P (7 il diid, L id).

il €Sh(fLh (0), £ (i41))
Note that for j = n the (X, ;,0)-tree t, ; is the subset X,,; = ¢#7'(i) of X and the equation reads
dl = G(tn,i; tn7i+1)F(di, id, ey ld)

K2

e If F is an Epi; -module, then the (E,, X)-chain complex of F is the n-fold chain complex whose

(rp,...,7r1) spot is
(3.9) o () = b FOX S ) B L)),

Xﬁ[rn]@...f—%[rl]EEpif
The differential in the j-th coordinate is
d;: CLm™ (F) — CFmX (F)

TryeeesTjyeeeyT1) (Tnseesrj—1,...,71)

with

o= >, (-1,
il f; (8)=F; (i+1)

where the s;; are obtained as follows: drawing the tree ¢ on a plane with its root at the bottom, one
can label its edges from bottom to top and left to right; the integer s;; is the sum of the label of the
right most top edge of the tree ¢;; and the degrees of the elements in X which are in the fiber of the
leaves that are to the left of the top edge so defined.

e The (E,, X)-homology of the EpiX -module F', HE"(F) is defined to be the homology of the total
complex associated to .

)(F) constitute an n-fold chain complez.
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Example 3.10. Let ¢ be the following tree of degree 14 with its edges labelled, X = {a1,...,a13} and ¢
can be read off the picture.

{a1, a2} az a4 {as,a6}  ar as {ag,ai0o} a1 {ai2,a13}
12 13 14

9

This tree represents the object X 2 8] LN 2] Lz,

sends 3,4 to 1 and 5,6,7,8 to 2 and f5 is dp.

With our notation the tree t; o is the 2-level tree whose root is the vertex above the edge labelled by 1,
the tree ¢ ; is the subtree above the edge with label 9, the tree ¢3¢ is the 1-level tree above the label 2, ¢ ;
the one above the label 6 and t3 2 the one above the label 10.

We have to determine the differentials 91, 05 and 0s.

[1] € Epi3’, where the map fs3 maps 0,1,2 to 0, it

In our example the differential 9; glues the edges labelled by 1 and 9 and shuffles the subtrees ¢; o =
[t2,0,t2,1] and t1 1 = [t22]. One has 9y = (—1)8+d{ar,mamh) gl wwhere 8 is the label of the right most edge of t1 0.
In addition we have the shuffle signs. One has d(t2,0) = 3+d({a1,...,a4}),d(t21) = 2+d(as)+d(as)+d(az),
d(t10) = 7+ d({a1,...,a7}) and d(t22) = 4 + d({as,...,a13}). In the expansion of d} there are 3 shuffles
involved: id, (132), and (312). The first coming with sign +1, the second one with sign (—1)(@(t2.1)+1)(d(t2,2)+1)
and the third one with sign (—1)(@(t2.0)+1+d(t2.1)+1)(d(t2.2)+1)  For instance the image of the latter shuffle is
in F((t',¢)) where (t',¢) is the following tree:

ag {ag,ai0} a1 {a12,a13} {a1,a2} a3 as {as,a6} ar

The differential 0, is (71)5+d({“1"“*“4})d% where 5 is the label of the right most top edge of t29. The
shuffles involved in the computation of d3 are the (3,2)-shuffles. For such a (3,2)-shuffle 7 the associated
sign is given by 6(7‘; t2’07t2’1) where tg’o = [t3,07t371,t3’2] and tg,l = [t3’3,t3’4].

The differential d5 is given by 95 = (—1)3+d(a)+daz) g3 4 (_1)4+d(ar)+d(az)+d(as)gd 4 (—1)7+d{ar,as}) g3 4
(71)11+d({a1,.“,ag})dg + (71)12+d({a1,...,a10})d% + (71)13+d({a1,...,all})df%

Proof of [3.7 and[3-9 The proof that d = Zj 0; satisfies d> = 0 is done by induction on n. Since the
expression of d in coincides with the one in when d(X) = 0 it is enough to prove

The case n = 1 has been treated in the previous section, in the non-graded case and the same kind of
proof holds in the graded case.

We base our proof on the construction of the iterated bar construction given by Eilenberg and Mac Lane
in [B sections 7-9]: if (4, 0) is a differential graded commutative algebra then BA is a differential graded
commutative algebra with a differential that is the sum of a residual boundary

k
Or([ar,...,ak]) = Z(—l)”d(“l”“*d(a“l)[al, oo 0ag, . ag]
i=1
8



and a simplicial boundary

k—1
Os(la1, ..., ax]) = Z(—l)“’d(‘“)""“J“d(‘“)[al7 ey @ Qg e A
i=1
The graded commutative product of a = [aq,...,ax] and b = [ag41,. .., ari] is given by the shuffle product
[a1,...,ak] * [@kt1,. -, Qptl] = Z e(o;a,0)[a5(1), - - s Qo (k)]

o€Sh(k,l)

where (c;a,b) picks up a factor (—1)(@@)+1D(d@)+1) whenever o(i) > o(j) but i < j. An n-level tree
t=[t10,...,t1,r] can be considered formally as an element of BT,,_; where T),_; is the set of (n — 1)-level
trees. For n > 1, the differential J; corresponds to the simplicial boundary, where we view the shuffles Té’l as
the summands in the multiplication ¢ ;%1 ;41 of two (n—1)-level trees. The differential d,,_; = 02 +...4 0,
corresponds to the residual boundary. Following the proof of [5] one gets that (d,,_; + 81)% = 0.

For n =1 the differential J; corresponds to the simplicial boundary, where 0-level trees are subsets of X.

To an ordered finite set X one can associate an algebra A = @1 xey with the multiplication

{e(]; Dews HINT=0
€rey =
0 if not.

The algebra A is graded commutative thanks to relation (3.7). Hence 0; is the simplicial boundary in

BA. O
As an example, we will determine the zeroth E,-homology of an Epi,-functor F. In total degree zero
id id
there is just one summand, namely F([0] .= [0]). The modules C(%:Ll,o,...,o) (F), ... C(Ig’:ﬁ._’OJ)(F) are
all trivial, so the only boundary term that can occur is caused by the unique map
E, En
0(1,0,...,0)(F) - C(o,.‘.,o)(F)'
Therefore
id id id id
(3.10) HE(F)y = F([0] 22 ... =% [0))/image(F([1] -2 0] =2 ... =2 jo])).

We can view an Epi,-module F as an Epi,-module for all k < n via the functors (%.

Proposition 3.11. For every Epi,-module F there is a map of chain compleres Tot(CE+(F o k) —
Tot(CE~(F)) and therefore a map of graded k-modules

HE:(Fo k) — HE(F).

Proof. There is a natural identification of the module C(b;z Tl)(F ot®) with the module C’(I”;Z T 0)(F)
and this includes Tot(CF*(F o F)) as a subcomplex into Tot(CZ» (F)). O

3.1. Relationship to higher order Hochschild homology. For a non-unital commutative k-algebra A

we define L™(A): Epi,, — k-mod as

n{ A fn f2 1 Tn
LAY ([rn] 2 .. B [r]) = 4B+,
A morphism

[r] i) [rn_1] f";> . L> [r1]

induces a map A®(nt1) — 4B+ yig

AW ®@...@a, = (0n)(a0®...®a,,) =by®... Qb
9



with b; =[], (j)=i @j- The Ey,-homology of the functor L (A) coincides with the homology of the n-fold bar
construction of the non-unital algebra A, hence with the E,-homology of A. The total complex has been
described in [6, Appendix] and it coincides with ours.

There is a correspondence between augmented commutative k-algebras and non-unital k-algebras that
sends an augmented k-algebra A to its augmentation ideal A. Under this correspondence, the (m + n)-th
homology group of the n-fold bar construction B™(A) is isomorphic to the m-th homology group of the n-fold
iterated bar construction of A, B"(A). As the chain complex B(A) is the chain complex for the Hochschild
homology of A with coefficients in k (compare [5, (7.5)]), we can express B(A) as A®S'. Here, S! is the
simplicial model of the 1-sphere, which has n + 1 elements in simplicial degree n and (A®S!), = k @ A®™.
Therefore

B™(A) = (... (A®S')..)®S' = AG((SH)'") = ABS"

which gives rise to higher order Hochschild homology of order n of A with coefficients in k, H H,[F"] (4;k), in
the sense of Pirashvili [9]. Thus, HHwn(A; k) = HE»(A).
_ _ id id -

For the case F' = L7(A), £"(A)([1] == ... == [0]) = A®2 and hence for all n. > 1 the zeroth E,-homology

group is
HP"(A)= A/A - A.
By proposition there is a sequence of maps
(3.11) HH, 1 (Ask) = H™(A) = HP' (A) — HF2(A) —» HP(A) — ...

and the map from HF'(A) to the higher E,-homology groups is given on chain level by the inclusion of
ar( A\ ; E, )

CPar(A) into C(m,o,.i.,o)(A)'
Suspension induces maps

HH(A: k) = moL(A; K)(SY) —— HH}Z (A k) = mesn L(A; k)(87) —

\ l

HTy 1 (A k) =7 (L(A;k)).

For the last isomorphism see [10]. Fresse proves a comparison [6l 8.6] between Gamma homology of A and
E-homology of A. Using the isomorphisms above this sequence gives rise to a sequence of maps involving
graded vector spaces that are isomorphic to the ones in (3.11).

The explicit form of the suspension maps is described in [5, (7.9)]: an element a € A is sent to [a]
in the bar construction. The iterations of this map correspond precisely to the maps ("~1: B"1(A)

1

B"™(A). Therefore we actually have an isomorphism of sequences, i.e., the suspension maps H H, Z[TH(A; k) —
HHE:LEl(A; k) are related to the natural maps HZ" (A) — H}"**(A) via the isomorphisms HH}L'_’F]”(A; k) =
HE(A).

Our description of Es-homology leads to the following result.
Proposition 3.12. If A and HP*(A) are k-flat, then there is a spectral sequence

El,= @ mHrA)e.. cH™A) = H2/(A)

p+q
Lo+...+g=p—q

where the dy-differential is induced by the shuffle differential.
10



Proof. The double complex for Es-homology looks as follows:

A®3 — ...
A®2 ¢ fes
/1 A®2 A@S

The horizontal maps are induced by the b'-differential whereas the vertical maps are induced by the shuffle
maps. The horizontal homology of the bottom row is precisely H*(A). We can interpret the second row
as the total complex associated to the following double complex:

@b’ @b’ @b’
121@;1@3(@;1@2@;1@3(@;1@3@4@3&...
id®b’ id®b’ id®b’
;1@;1@2ﬂ@gz@g@zm;lm@g@z&m
id®b’ ideb’ id®b’

_ - b'®id - _ b ®id - — b®id
A@ A——— A®2 @ A+—— A3 @ Ae— -+

Therefore the horizontal homology groups of the second row are the homology of the tensor product of the
CP (A)-complex with itself. Our flatness assumptions guarantee that we obtain HP* (A)®? as homology.
An induction then finishes the proof. (|

4. TOR INTERPRETATION OF FE,,~-HOMOLOGY

Let X be a fixed finite ordered set. The following notation will be helpful for the sequel: for an object
t in Epi, (resp. (t,¢) in Epi) let Epi’ (resp. Epifft’(b) denote the representable functor k[Epi, (¢, —)]
(resp. k[Epif((t,@, —)]) and similarly, let Epi, , (resp. Epinf((t ¢)) denote the contravariant representable
functor k[Epi, (—,t)] (resp. k[EpiX (—,(t,¢))]). The E,-homology of an Epi,-module F' (resp. the (E,, X)-
homology of an Epif -module F) can be computed in different ways, since it is the homology of the total
complex associated to an n-complex. The notation H., (F,d;) stands for the homology of the complex CF» (F)
(resp. CE™(F)) with respect to the differential d;. The complex (CE»(F),d;) splits into subcomplexes

E, —
(4'1) C(S,L,SH,I,...,Si+1,*,si71,...,81)(F) - @ F(t)7

9it2 git1 9gi 9i—1 g
t=[sn] 2% s14]) 5 5] T [si1) T L sy

whose homology is denoted by H(sn,sn_l7__,751.“’*’51._1“”751)(F, 0;). There is an analogous splitting for the
E,,X
complex (C'™ (F), 0;).

Theorem 4.1. For any Epi,,-module F'

En ~ Epi,, (7epi
Hy"(F) = Tor, P (biP, F'), for allp >0
11



where

id 0] id[o]
i~ ) ko fort=[0] — ... —[0],
bpr (t) = idjg idq)

0 fort#£[0] —...—[0].

Proof. Similar to the proof of proposition [2.3] we have to show that H~(—) maps short exact sequences
of Epi,,-modules to long exact sequences, that HE»(—) vanishes on projectives in positive degrees and that
HE"(F) and beP! @gpi, F agree for all Epi,-modules F. The homology HF(—) is the homology of a total
complex CF»(—) sending short exact sequences as in to short exact sequences of chain complexes and
therefore the first claim is true. Note that the left Epi,-module b is the cokernel of the map between
contravariant representables

(do)«: Epip, (1) [0)—...— 0] — EPin 0)—[0]...—[0]-

This remark together with the computation of Hi™ (F) in relation (3.10) implies the last claim, similar to
the proof of proposition [2:3]
In order to show that HEF»(P) is trivial in positive degrees for any projective Epi,,-module P it suffices

fn f2
=

to show that the representables Epi!, are acyclic for any planar tree ¢ = [r,] =5 ... <3 [ry].

Let t be such an n-level tree, let X be a finite ordered set and let ¢ : X — [r,,] be a fixed surjection. Assume
that every element in X has degree 0. Then we claim that the complexes CEr(Epi!) and cE ”’X(Epir)f t’¢)
are isomorphic. One has

KEpi,(t,t)] = @ kEpiy ((te), (', 6))),
¢ X—[r]]
because any morphism of n-trees o: t — t’ determines a component ¢’ = 7, 0¢. This defines an injective map
k[Epi, ()] = @y x ) E[Epi; ((t,9), (t',¢'))]. As every morphism from (t,$) to (#,¢') is a morphism
of n-trees o: t — t' with o, 0 ¢ = ¢/, the map is surjective. By relations (3.6 and (3.9 one has

] . . . : x e

(4.2) CP (Epiy) = ®rerpi, Bpiy (1) = @ g cmpix Epiy (1, 0), (¢, ¢')) = O ¥ (Epiy )
and as every element of X has degree zero, the differentials 0; coincide for all j.

In the sequel, we will prove that for any (X,n)-level tree (¢, ) the representable Epif be is acyclic. In
particular, if every element in X has degree zero, then this implies that Epifm is acyclic for any n-level tree t.

The case n = 1 has been proved in proposition [2.3]in the non-graded case and the proof goes the same in
the graded case. For n = 2 we study the bicomplex C(E* Qg(Epig( t’¢). In proposition we give the k-module
structure of the homology with respect to the differential 95 and give its generators in propositions [£.4] and
Corollaries [£.3] and [£.6] state the result for n = 2. For the general case, one uses induction on n and
proposition As a consequence HE(Epi!) = 0 for all * > 0 if ¢ # [0] — [0]... — [0] and in that case
{0 for # > 0

HEW' E :[0]—[0]...—10] —
< (Ept, ) k for x=0.

Proposition 4.2. Let (t,¢) = X 2 [ro] <, [r1] be an (X,2)-level tree in Epi .

.x ¢ .
H(*75) (Eplg( 782) Oa if 7o ;é T

x o ~ 0 for % # 1o . _
Hs (Eply ", 02) = {k@ww([m],[s]n ) Mfra=m

for s < * = ro.

Proof. Let F denote the covariant functor Epig( t’¢.

Assume s = 0. We first prove that the chain complex 0s: C(E*Q(’);((F ) — Cii’fo)(F ) is the chain complex

associated to a labelled poset, in a sense we will describe now. In fact, we first explain how we prove the
12



proposition in case every element in X has degree 0 and then we show how we can adapt the proof to the
general case.

Recall from Wachs [18] and Vallette [I7] that a chain complex I, (P) can be associated to a graded poset
P with minimal element 3y and maximal element Bp;. The k-module II,,(P) is the free k-module generated
by chains of the form 8y < 81 < ... < B, < (u, with the differential given by d = "/, (—1)d; where d;
omits ;. We define IIy(P) to be the k-module of rank one generated by the chain Gy < Gps. Indeed, IL,(P)
is the order complex associated to the proper part P = P\ {3, Bar} of the poset P, denoted by A(P). More

precisely, IT,, (P) = A,—_1(P) where we consider the augmented order complex.
The chain complex (C(b: 2(’)5( (F), 02) has the following form, for 0 < u < ro

o (~1)id}

@, k[Epis ((t, 0); X 2 [u] — [0])] D, FEDY ((t,6); X 5 [u— 1] — [0])],

If the elements of X all have degree 0 then sy; =4+ 2. Let (Ao,..., A, ) be the sequence of preimages
of f, and a; the number of elements in A;.

The set Epia ((t,); X >, [u]—1]0]) is either empty or has only one element uniquely determined by a
surjective map o: [ro] — [u] which is order-preserving on A;. In that case we recall that ¢ = o0¢. The map
o can be described by the sequence of its preimages (So,...,S,) with the condition (Cg): if a < b € A;
then i, < iy where i, is the unique index for which o € ;. Let us consider the poset Py whose objects are
elements (B, ..., 3r,) of {0,1}"2F1 satisfying the condition

Bo =

Br=... 2 Bag—1,
ﬁag >ﬂag+1 2

(43) 2 5&0—&-(11—17

ﬂao+...+ar1_1 2 e > ﬂry

The order is the lexicographic one, thus the minimal element is By = (0,...,0) and the maximal element
is By = (1,...,1). An element in IL,(Py) is a family of (ro + 1)-tuples B; = (3),...,[},) of Py with
By < By <...< By, < Byy1 = By. A chain in II,,(Py) is encoded by a sequence of sets (So,...,S,) where
Si =A{ j|/6’;»'~'1 > 6;} This sequence is an ordered partition of [re] by non-empty subsets, and condition
amounts to condition (Cg). As a consequence the two complexes (C'*E 2% (F),dy) and IL,(Py) coincide. The
poset Py is the product of the posets Lg,;,0 < ¢ < r; where L,, is the linear poset

a; times
The complex IL.(L,,) is acyclic but for a; = 1 where it is free of rank one, concentrated in degree 0. It
remains to compute the homology of TI.(P x Q) = A._1(P x Q) for any graded poset P and Q. Since the
order complex A(P) of a poset P is a simplicial complex, its homology coincides with the homology of its
geometric realization denoted by |P|.

The first step relies on Quillen’s and Walker’s results. In his PhD thesis [19], Walker proved, following
methods of Quillen in [I2], that the geometric realization of A(P x Q) is homeomorphic to |P| * |Q| * | Az
where A, is the discrete poset with 2 points and * denotes the join of topological spaces. Recall that the
poset P * @ is P L@ where all elements in P are smaller than the elements in Q. Since joins commute with
realization (see e.g. [12) Prop 1.9]), one gets

[P x Q| > |P]#[Q] % [Az] > [P+ Q * Ag|.
The second step computes the homology of the order complex of the join of two posets in terms of the
homology of the order complex of the posets. This is referred to as the Kiinneth formula in [I8, 5.1.2], but
we prove it here because we need to adapt its proof for a general set of graded elements X.

An m-chain in A(P * Q) is of the form fy < ... < (3, where there exists a p with —1 < p < m such that
for all j < p, B; € P and for all j > p, 3; € Q. Recall that A_;(P) is the free k-module generated by the
empty chain. As a consequence one gets an isomorphism of complexes

13



Ay (P* Q) = @prg=m—10p(P) ® Ag(Q)

with the usual differential on the right hand side: for z € A,(P) and y € A,(Q), d(z ® y) = d(z) ® y +
(=1)Pz ® d(y). As every complex under consideration is free as a k-module, the classical Kiinneth theorem
yields an isomorphism on homology.

As a consequence, and since the homology of A(As) is of rank 1 concentrated in degree 0, one gets

Hn(APxQ)= P Hy(AP)) @ Hy(AQ)).

p+g=m—2

Iterating the formula and using the equality IL,(Py) = A,_1(Pf) one gets

Hpn (L (Py)) = ) Hpy(I(Lao ) © ... @ Hp,, (I(La,,))-

po+...+pr1 =m-—ry

As a consequence, the complex IL.(Py) is acyclic but for f = idy,,; where its homology is concentrated in
top degree ro and is free of rank 1. This implies the result for s = 0.

Now assume that the elements of X are graded, then sy ; is no longer ¢ + 2: any map o is determined
by its sequence of preimages (Sp,...,S,) and it comes equipped with degrees, d(S;) = Z¢(m)€Si d(z). Then
So5=1+24 Y ;_od(Sk). As a consequence the complex does not coincide with the complex associated to
the poset Py but with a graded version of this complex. To a relation a = (o, ..., 0,) < 8= (Bo,.-.,0r,)
in Py we assign the set S = {j € [r2]|a; < B;} and a degree d(a < B8) = d(5) = X cx|p(r)es d(x). We
define the simplicial complex IL.(Py) as before, except that d;(Bo < /1 < ... < B < ... < By < Bu) =
(—l)z;ﬁ;td(ﬁmﬁ’““)ﬂo < B < .. < Bi1 < Big1 < ... < By < By In terms of the homology of the
geometric realization this corresponds to assigning a system of local coefficients to the simplicial complex
A(Pf). The homeomorphism on the level of geometric realizations still holds and there is a Kiinneth formula
in this context as well.

@ id
The computation of the generator of H,, o (Epif_’[rz]é[m], 02) = k is the subject of proposition

Assume s > 0.
The complex (C(EZ’X(F), 02) splits into subcomplexes

#,5)

clX(F) = P CenlF= P D XSS

o€ AP([r4],[s]) o€ AP([r1],[s]) geAPI([+],[s]),¢

where F, (X Y, [u] - [s]) € Epib?(X 2, [u] =% [s]) is the free k-module generated by morphisms of the
form

(4.4) 1{ — s ) L )
X2 —2 4.

Let (Ao, ..., As) denote the sequence of preimages of o f and (By, ..., Bs) the one of g. The latter has to
satisfy the condition |B;| < |A;],0 < i < s. Note that g € APi([u], [s]) is also uniquely determined by the
sequence (Do, ...,bs) of the cardinalities of its preimages. The differential d: C(y 5)(F5) — Cru—1,6)(F5)
has the following form:

14



X — [ro] SN [r1] x 2 [ro] ! [r1]

(23 lid lf Jf = Y, (== J{id J/dﬂ' lo
ilg()=g(i+1)

X~ ] — [ X~ fu 1= )y
¢ f
. X [r2] [r1]
- DORENCIEE J l l
J=0 | i€B;|g(i)=g(i+1) iT i=i
X d; [ [u o 1]‘” +1 [5]

Define D; by restricting the sum over indices 4 such that ¢(¢) = g(i + 1) to the sum over indices i € B,
such that g(i) = g(i + 1). One has

Dj: O(U,S)(FU) = @ C((bo,‘..,bj,...,bs),s)(Fa) I @ O((b07,,,)bj,1,“.71,5)’5)(FU)
bo+...+bs=u+1 bo+...4+bs=u+1

and 02 = Do + ... + D,. We claim that the D; are anti-commuting differentials:

Let i be in B; and ¢ be in By,. For j < k it follows that ¢ < ¢ therefore we have the relation d;d; = dy—1d;.
In order to calculate the effect of dy_1d; we have to determine s ,_; after the application of d;. Let S’j
denote the preimage (d; o 7o ¢)~1(j) and S; the preimage (70 ¢)~!(j) for j € [u]. Then

d(S;) j<i
d(S;) = { d(S;) +d(Sit1) j=i
d(Sj+1) ] > 1.

Thus sp¢—1is £ — 1+ k+2+3_0d(S;) =0+ k+1+3,_d(S;) whereas sy = ( +k +2+ 3;_od(S)).
A similar argument shows that the D; are differentials.

For instance, the complex (C(, ) (F,), Ds) splits into subcomplexes (C((,,..... 1)) (F5), Ds) for fixed
b; < a; = |4;|,i < s. With the notation of definition the tree (¢, ¢) can be written as t = [t1,0,...,t1.,],
with ¢1; being an (X3 ;, 1)-level tree. Let p be the first integer such that o(p) = s. Let Xs_1 = Upgigp—1X1,
and X = Up<i<r X1,;. Denote by ts_q the (Xs_1,2)-level tree ts_1 = [t1,0,...,t1,p—1] and by t the (X', 2)-
level tree ¢ = [t1,ps---st1,mq]. Let og_1 (resp. ¢s—1) be the map obtained from o (resp. ¢) by restriction
os1:0 H[s—1]) L [s —1]. Let us_y = (2 i<s bi) — 1. The subcomplex (C(,,....5,_1),+)(Fo), Ds) can be
expressed as

€

- o1,
D (CiZ) (Bpiz

Jos_1 (X571i>[u571]9‘[_u§] (s—1])

)7 (71)b0+..-+b571+8+d(X571)82).

X . te_1:Ps_
Yive(Epiy s ST

Ezample. Let (t,¢) = X 2, [6] N [2] be the following tree

{a1,a2} az a4 a5 Gg ar {as,ag}

where (t,¢) = [t1,0,t1,1,11,2]
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{a1,a2} az Qa4 as Gg ar {GS»GQ}

tl,O = \V ) tl,l = V ; t172 = V

and X1 0 = {a1,a9,a3,a4}, X11 = {as,a6} and X 2 = {ar,as,a9}. Let o : [2] — [1] be the map assigning
Oto0and 1to1and 2. One has s =1, p =1, so that X;_; = {a1,...,a4} and X = {as,...,a9}. Moreover

{a1, a2} as ag as as ar {as,a9}

) t=[ti1,t12] =

If f # id, then there exists j € [s] such that the restriction of f on (g0 f)71(j) — o~1(j) is different from
the identity. Without loss of generality we can assume that j = s, hence ¢ is a non-fork tree and the homology

~ ~ £7¢
of the complex is 0. If f = id, then we deduce from the case s = 0 that the complex (C(E*z(’)i{(Epif ), 02)
has only top homology of rank one; consequently when ¢: [r3] — [r2] is the fork tree
. ta¢ ~ X ts— 7¢s—
(Ho(Cleyo) (BD)o), Ds), Dy .+ Do) = (Claony (Bpiy 7)), 02).

We then have an inductive process to compute the homology of the total complex (C(, ) (F,),d2). Conse-
quently, for a fixed o: [ra] — [s]

H(*7S)(F0, 82) = O, if T2 7é 1

0 for % # rg .
H*s Fava = ) f = .
( ")( 2) {k for s <*x =19 Br2=n

Since each o € A®Pi([rs],[s]) contributes to one summand in H,, s(F,d>), this proves the claim. The
computation of the generators for s > 0 is given in proposition O

Corollary 4.3. For any non-fork tree (t,¢) = X 2, [r2] 7, [r1], 72 # 71, Epié(m5 s acyclic. For any

non-fork tree t = [rq] <, [r1], 70 # r1, Epib is acyclic.

Proof. The first assertion is a direct consequence of the first equation of proposition 4.2 The second one is
a direct consequence of relation (4.2]). O

Proposition 4.4. Let (t,¢): X R [] A, [r] be a fork tree and let X; = ¢~ 1(i). Then the top homology
H(no)(Epig(t’d),ag) is freely generated by ¢, x = Zaezrﬂ sgn(o; X)o, where the sign sgn(o; X) picks up a
factor (—1)@XD)+DEXNHD) yhenever o (i) > o(j) but i < j.

id

In particular, for a fork tree t: [r] — [r], the top homology H(TVO)(EpiQt,ag) is freely generated by c, =
ZJGETH sgn(o)o.

Proof. The second assertion is a consequence of the first one using relation (4.2). The computation of the
top homology amounts to determining the kernel of the map

id

02 By k[Epix (X % [r] % [ X -5 [r] — [0])] — @uklEpiy (X % [1] % [ X -5 [r—1] — [0])].
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The set Epis (X 2, [r] A, [r]; X Y, [r] — [0]) is either empty or has only one element uniquely
determined by the following diagram

X 2

bl

X ——[r] ——[0].

Here, the surjection 1 is a permutation of the set {Xy,..., X, }. We denote such an element by X - 7 :=
(X7@0)s---»X7(r)). As a consequence the computation of the top homology amounts to determining the
kernel of the map

2 k[ 1] — Dpk[EpiX (X -5 [r] 5 (1), X 5 [r — 1] — [0])]

where
r—1
Oy(X - 7) = (—1) )T A e (X335 X 141)) (X0, -5 {Xr () U X sy -0 X))
1=0

Therefore, if z = Zrezml A-X - 7 is in the kernel of Oq, then for all transpositions (i,7 4+ 1) and all 7 one

has Ay 1) = (—1)1HAEr0)FdXr642)+d(X@)d(Xrc41) A Since the transpositions generate the symmetric
group one has A; = sgn(7; X)Aiq and = = Aigcy x. |

t, .
For s > 0, the computation of the top homology of (C’*E i’X(Epié( ¢), 02) amounts to calculating the kernel

of the map 0»

. . h
D HEE (X S D~ D MERE ()X -1 [s])
¥,9€A°Pi([r],[s]) ¥,heAePi([r—1],[s])
We know from proposition [4.2] that it is free of rank equal to the cardinality of A°P!([r],[s]). As before, the

set Epia ((t,¢); X 2, [r] =4 [s]) is either empty or has only one element determined by the commuting

diagram

X 2] 4 )

O

X —5r] —2— 4]

An element g of the latter set is uniquely determined by the sequence (xq, ..., xs) of the cardinalities of

its preimages. Furthermore, any map in Epi,([r] A, [r];[r] =% [s])] is given by ¢': [r] — [s] in A®P" and

7:[r] = [r] in X,41 such that ¢ = g7. This implies that ¢’ = g and 7 € ¥, x ... x 3. If there is such
a 7 satisfying ¢ = 7¢ then the set is non-empty and 7 is unique. Let X(,,) = (9¢)~1(i). Then Xz, 1sa
subset of X and there is a natural partition of it given by X(,,) = Ujeg-1({4})X;. The map ¢ acts on X(,,)
by permuting the components of the partition.

Let c(g,....z,);x be the element

Clwoymm )i X = ( Z sgn(aO;X(xo))ao, ce Z sgn(as;X(ms))aS) € Vg X oo X Bp .
a%e3y,, 05€X,,
If every element of X has degree zero, we denote (3 ocs sgn(o?)o?,....> s sgn(o®)o®) by ¢(z,...z.)-

Proposition 4.5. Let (t,¢): X 2, [r] ad, [r] be a fork tree. The top homology H, s (Epift’(b, o) is freely
generated by the elem?nts Clzgrzs )i X = (ZJOGE:EU sgn(UO;X(:,:O))UO, R Zasezxs sgn(o®; X(z.))o®), for
9= (w0, x5) € AP[r], [s]), X () = (90) " ({k}).

Let t: [r] i, [r] be a fork tree. The top homology H(,.7s)(Epi§,82) is freely generated by the elements
C(mo ,,,,, Ts) — (ZG’OGEIO Sgn(00)007 ey ZUSGZIS Sgn(as)o-s)} fOT (an oo ,JJS> € Aepl([T,L [S])
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Proof. Similar to the proof of proposition [£:4] we compute the kernel of d5 which decomposes into the sum
of anti-commuting differentials 0 = Dy + ... + Dy, as in the proof of proposition As a consequence
ker(92) = N; ker(D;) which gives the result. O

Corollary 4.6. For any fork tree (t,¢) = X 2, [] A, [r], Epift’(b is acyclic. In particular, Epil is acyclic
for any fork tree t = [r] A, [r].

Proof. It remains to compute the homology of the complex ((H ) (C’EZ’X(Epi?t'cﬁ), 02),01) and prove that
it vanishes for all * if » > 0. Propositions [£.4] and [£.5] give its k-module structure:

.xt,¢
Hip oy (CP2X (Epiy ), 85) = D KC(ag,nma)iX
(z0,...,s)EACPI([r],[s])

To compute 91 (¢(zy,....2,);x) it is enough to compute 0; (idg,x...xx,) in sz’X (Epift’d)). We apply relations

r,s)
nd {E9):

X =25 4 )
e J{id lid J(fﬂo,myfs)
¢ L0,y Ts
X— [r]( — )[s]
[ id
o X [r] [r]
— (_1)’i+$0+d(x(wo))+-~~+Ii+d(x(mi)) id l di(20,00sm4)

=0

id
X o (- )

¢ id
X [7] [7]
+y Jid lf ldi(afo,..-,:cs) )
13 (20, s Ts
LN UG P

with £ running over the (X(,,), X(4,,,))-shuffles. Thus,

s—1
Z(_1)i+x0+d(X(m0))+-“+Ii+d(x(mi>)

=0

81(C(w0,...,ms);X) =

Clzo,e @i+ Tig1,.,Ts); X

and the complex (H(;,. (CE2’X(Epi§t’¢), Ds),0;) agrees with a graded version of the complex CPar((A°PH)™)
of definition Proposition [2.9] states that it is acyclic, which remains true in the graded case, and that

0 ifr>0

Ho(CH (A1) = {k .

As a consequence the spectral sequence associated to the bicomplex (CEz’f, 01+ 02) collapses at the E?-stage

(o,
and one gets H£2’X(Epi§(t’¢) =0 for all p > 0. O
Proposition 4.7. Let (t,¢) = X R [rr] EiR [rr—1] il S N [r1] be an (X,n)-level tree and let ¢ be
its (n — 1)-truncation X|[1] EilA [rr—1] et S (N [r1], where X[1] is the ordered set obtained from X by
increasing the degree of its elements by 1, then
x b .
H(*,sn,l,...,sl)(EplnX 7871) = Ov if Tn 7é Tn—1,
0 for x #£r
xto n .
H, Sm1ee Eplf ,On) = t,fnd , i, =1
(i) ) {Cﬁ::i:x[i)(Eplf_{lﬂ ) for s, <x=mr, !
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Furthermore the (n—1)-complex structure induced on H, . . . 751 ) (E pix ", 8,) by the n-complex structure
) . W
of C’E"’X (Epl ¢) coincides with the one on C’(é” I’X[ﬂ)(Epln_[l] )
Proof. Recall from definition [3.8] that
d’ fn fn f

X — [rn) = [Fn1] = - —2 [r1]

l J{o-n—l JO’I

X on¢ ] 9n [Sn_l} In—1 . g2 [51]

n fn—
X 2 [ra] =L ) P s )

=Y CDel(ond) () (00d) (1)) qu i l l

i,9n (1)=gn (i+1) ” nli=i Gn—

X 28 (o —1f S s, ) s B ).
The same proof as in proposition provides the computation of the homology of the complex with respect
to the differential 0,,: if ¢ is not a fork tree, then the homology of the complex vanishes, and if ¢ is the
fork tree f,, = id|.,_,), then its homology groups are concentrated in top degree r,. Let us describe all the
bijections 7 of [r,_1] such that the following diagram commutes

¢ id fn— f
X — [rno1] —= [rno1] = - —2 [14]

TR

gn Gn— g
X —5 [rpe1] = [sn1] - — [s1]

Let (zo,...,2s,_,) be the sequence of cardinalities of the preimages of o,_1, which also determines g,.

There exists a bijection of [r,_1] such that o,_1 = g,&. If £, &’ are bijections of [r,_1] both satisfying the

previous equality then £(¢')71 € ¥, x ... x Ya,, - Any element 7 that makes the diagram commute is

of the form af for a € ¥, x ... x ¥, . As in proposition the element sgn(f)c(mo’m,msnil,X)g does

FraSn 1. ’51)(Eplxt ? ,On). This gives the desired
e 1,X[1] (Eplx[l]t’fn(b

81) n—1

not depend on the choice of § and it is a generator of H(

isomorphism of k-modules between this homology group and C(S ). A direct inspection

t,fnd

of the 51gns in gives that the induced differential 0; coincides with the one on C " 1 [i]l)(Epiﬁll] )

for 1 <i<n—T1. For i =n — 1 the computation has been done in corollary [4.6] ]
REFERENCES

[1] Andrew Baker, Birgit Richter, Gamma-cohomology of rings of numerical polynomials and Eoo structures on K-
theory, Commentarii Mathematici Helvetici 80 (4) (2005), 691-723.
[2] Michael A. Batanin, The Eckmann-Hilton argument and higher operads, Adv. Math. 217 (2008), 334-385.
[3] Clemens Berger, Iterated wreath product of the simplex category and iterated loop spaces, Adv. Math. 213 (2007),
230-270.
[4] J. Michael Boardman, Rainer M. Vogt, Homotopy-everything H-spaces, Bull. Amer. Math. Soc. 74 (1968) 1117—
1122.
[5] Samuel Eilenberg, Saunders Mac Lane, On the groups of H(II,n). I, Ann. of Math. (2) 58 (1953), 55-106.
[6] Benoit Fresse, The iterated bar complex of E-infinity algebras and homology theories, preprint arXiv:0810.5147.
[7] Paul G. Goerss, Michael J. Hopkins, Moduli spaces of commutative ring spectra, in ‘Structured Ring Spectra’,
London Math. Lecture Notes 315, Cambridge University Press (2004), 151-200.
[8] Jean-Louis Loday, Cyclic homology, Second edition, Grundlehren der Mathematischen Wissenschaften 301,
Springer-Verlag, Berlin (1998), xx+513 pp.
[9] Teimuraz Pirashvili, Hodge decompostition for higher order Hochschild homology, Ann. Scient. Ecole Norm. Sup.
33 (2000), 151-179.
[10] Teimuraz Pirashvili, Birgit Richter, Robinson- Whitehouse complex and stable homotopy, Topology 39 (2000), 525—
530.
[11] Teimuraz Pirashvili, Birgit Richter, Hochschild and cyclic homology via functor homology, K-theory 25 (1) (2002),
39-49.

19



[12] Daniel Quillen, Homotopy properties of the poset of non-trivial p-subgroups of a group, Advances in Math. 28
(1978), 101-128.

[13] Birgit Richter, Alan Robinson, Gamma-homology of group algebras and of polynomial algebras, in: Homotopy
Theory: Relations with Algebraic Geometry, Group Cohomology, and Algebraic K-Theory, eds.: Paul Goerss and
Stewart Priddy, Northwestern University, Cont. Math. 346, AMS (2004), 453-461.

[14] Alan Robinson, Gamma homology, Lie representations and Fo multiplications, Invent. Math. 152 (2003), 331-348.

[15] Alan Robinson, Sarah Whitehouse, Operads and gamma homology of commutative rings, Math. Proc. Cambridge
Philos. Soc. 132 (2002), 197-234.

[16] Horst Schubert, Kategorien II, Heidelberger Taschenbiicher, Springer Verlag (1970), viii+148 pp.

[17] Bruno Vallette, Homology of generalized partition posets, J. Pure Appl. Algebra, 208 (2) (2007), 699-725.

[18] Michelle L. Wachs, Poset topology: tools and applications in: Geometric combinatorics, IAS/Park City Math. Ser.,
13, AMS (2007), 497-615.

[19] James William Walker, Topology and Combinatorics of Ordered Sets PhD thesis, MIT, 1981, available at http:
//dspace.mit.edu/handle/1721.1/16153

[20] Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38, Cam-
bridge University Press, (1994), xiv+450 pp.

INSTITUT GALILEE, UNIVERSITE PARIS NORD, 93430 VILLETANEUSE, FRANCE
E-mail address: livernet@math.univ-parisi3.fr

DEPARTMENT MATHEMATIK DER UNIVERSITAT HAMBURG, BUNDESSTRASSE 55, 20146 HAMBURG, GERMANY
E-mail address: richter@math.uni-hamburg.de

20


http://dspace.mit.edu/handle/1721.1/16153
http://dspace.mit.edu/handle/1721.1/16153

	1. Introduction
	2. Tor interpretation of bar homology
	3. Epimorphisms and trees
	3.1. Relationship to higher order Hochschild homology

	4. Tor interpretation of En-homology
	References

