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funnel pre-compensator guarantees prescribed transient behavior of the compensator
error, it is of low complexity and inherently robust since its design is model-free.
As an application in adaptive control of nonlinear systems, a cascade of funnel
pre-compensators is exploited to obtain an artificial output with explicitly known
derivatives which tracks the system output with prescribed transient behavior. In
some important cases the interconnection of the system with the pre-compensator
cascade is shown to have input-to-state stable internal dynamics. This guarantees
feasibility of a novel funnel controller which consists of a funnel pre-compensator
cascade in conjunction with a recently developed funnel controller for systems with
arbitrary relative degree. We illustrate the application of this interconnection for
mechanical systems with relative degree two and three.
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R.o = [0, )

C_ ={A€C|Rei<0}

Gl,(R) the group of invertible matrices in R™"

o(A) the spectrum of A € R™"

LX(IT->R") the set of locally essentially bounded functions f : I - R", I C R an interval

loc

WER(I - R")  the set of k-times weakly differentiable functions f : I — R” with locally essentially bounded first k weak

loc

derivatives f, ..., f®
LI - R") the set of essentially bounded functions f : I — R” with norm
1/ 1o = ess sup,/ [l £ ()]
Wke(I -R")  the set of k-times weakly differentiable functions f : I —R" such that £, ..., f® € £L*(I - R")
CK(I =R the set of k-times continuously differentiable functions f : I - R”
C(I->R" =C'(I ->R")

fly restriction of the function f : I ->R"toJ C I
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1 | INTRODUCTION

In the present paper we propose a novel and simple adaptive pre-compensator of “high-gain type”, the funnel pre-compensator.
In the case of unknown output derivatives, the funnel pre-compensator may be used to obtain an artificial output, the derivatives
of which are known explicitly and which evolves within a prescribed performance funnel around the original output.

In the recent paper Berger et al] (Z016) a funnel controller for nonlinear systems with arbitrary known relative degree is
developed, which resolves the longstanding open problem of how to handle relative degree higher than one in high-gain adaptive
control, cf. llchmann (T9971); [Ichmann and Ryan (Z00X); Morse (1996). Earlier works suggested a “backstepping” procedure
in conjunction with a filter, see llchmann_ef-all (2006 2Z0O07), or a bang-bang funnel controller, see Ciberzaon and Trenn (Z013).
Drawbacks are that the backstepping procedure in llchmann_ef-all (2006 P007) is quite complicated and impractical since it
involves high powers of a gain function which typically takes large values, cf. (Hackl 20T, Sec. 4.4.3), and the approaches
in Berger et al] (P016); Liberzon and Trenn (2Z0T3) require availability of the output derivatives which means in practice that
measurements have to be differentiated. The latter is an ill-posed problem in particular in the presence of noise, see e.g. (Hackl
20172, Sec. 1.4.4).

We show that these drawbacks may be overcome by incorporating the funnel pre-compensator, so that derivatives of the
output are not required anymore. The funnel pre-compensator resembles (and was inspired by) an (adaptive) high-gain observer
and was called “funnel observer” in the preprint Berger and Reid (Z00T6H); see the classical works Esfandiariand Khalil (T9R87);
Khalil_and Saheri ([987); Saheri and Sannufi (T990); [Tornambé (IY8K) and the recent survey Khalil and Praly (P014) for
literature on high-gain observers. However, the funnel pre-compensator does not have the properties of a high-gain observer
since the derivatives of the output are not approximated. Rather than that, an alternative “artificial output” is derived which
evolves within a prescribed performance funnel around the original output, and derivatives of which are computed exactly.

Nevertheless, since the funnel pre-compensator carries the structure of a high-gain observer, some of its benefits are retained.
One advantage of high-gain observers is that they can be used to estimate the system states without knowing the exact parameters
(in contrast to observer synthesis, see e.g. Cho and Rajamani (I997); Emel’'yanov and Korovin (2004) and the references
therein); only some structural assumptions, such as a known relative degree, are necessary. Furthermore, they are robust with
respect to input noise. The drawback is that in most cases it is not known a priori how large the high-gain parameter k in the
observer must be chosen and appropriate values must be identified by offline simulations. If k is chosen unnecessarily large, the
sensitivity to measurement noise increases dramatically.

In order to resolve these problems, the constant high-gain parameter k has been replaced by an adaptation scheme in Bullinger
ef-all (T99R). The gain k(¢) is determined by a differential equation depending on the observation error. This leads to a mono-
tonically increasing k() as long as the observation error lies outside a predefined A-strip [—4, 4], and it stops increasing as soon
as the error enters the strip. The advantage of this observer is that k() is adapted online to the actual needed value, which also
leads to lower high-gain parameters in general. However, k(¢) is monotonically non-decreasing and hence susceptible to unwar-
ranted increase due to perturbations to the system. Furthermore, while convergence of the observation error to the A-strip is
guaranteed, its transient behavior cannot be influenced.

Another high-gain observer with gain adaptation law is proposed in Sanfelice and Praly| (Z01T). Compared to Bullinger ef all
(M99R) it resolves the drawback of monotonically non-decreasing gain, however a certain condition on the system is necessary
which either requires exact knowledge of the high-gain parameter of the system or boundedness of the input u(¢). Furthermore,
the adaptation law in Sanfelice and Praly (2001T) is not able to influence the transient behavior of the observation error, but only
its mean value.

Inspired by the adaptive high-gain observer in Bullinger et al] (T998), we introduce the following funnel pre-compensator:

20 = 20 + (a1 +pk®) - ((0) = 2,0)), k() = ! ,
(1) = zz() + (g, + pk(D) - (1) — 2, (1)), 1= @@ [ly@®) — z; (0]
: (H
2,40 = z,(0) + (41 + P kD) - GO = 2,(1),
z,(1) = (¢, +p,k®) - V(0 = 2(®))  + Tu(),

where the design parameters p;, > 0, g, > 0, [ € R”" and the function ¢ : R,y — R, are explained in detail in Section D.
We like to emphasize that:

e The proposed adaptation scheme for k(¢) is simple, non-dynamic, non-monotone,



e and it guarantees prescribed transient behavior of the compensator error;
o the pre-compensator (I) is of low complexity and inherently robust since its design is model-free.

Another advantage of the funnel pre-compensator (II) is that no higher powers of the gain function k are involved in (), thus
typical challenges in the numerical implementation are avoided without the need for any estimates of the underlying model as
discussed for high-gain observers in Asfalfi-and Marconi (Z015); Khalil (20T6).

In contrast to other approaches, the signals u and y given to the funnel pre-compensator () are not necessarily the input and
output corresponding to some system or plant. We only assume that they are some signals belonging to the following, very large
set:

AT € CY(Ry;—>R™P) :
P, i=19 Wy) € L2 (Ryg—> R X WP(R,,—RP) | Ty ™D € LX(Ryy—R™), i
STy D) —u € L2(Ryy—R™)

where r € N,). The situation is depicted in Figure [ . We stress that knowledge of the matrix-valued function I" is not assumed,
only that of the signals u and y (which can be viewed as the external signals corresponding to some plant) and the number r € N
(which can be viewed as the “relative degree” of the possibly underlying plant). For instance, if u € L7° (R, — R™) is the
input and y € C"(R,, — R™) is the output of the system

YO = f(d@), (@), ...,y 7V(®) + Bu(),

where f is a suitable continuous function, B € Gl,,(R) and y,y,...,y"~" are bounded, then (u,y) € P, with ' = B~
Clearly, the signal set P, allows for much larger classes of systems involving functional-differential, partial differential and/or
differential-algebraic equations, see e.g. Berger ef al] (2016 20T4); [chmann ef all (Z002H) and Section B. We will show that
for signals (u, y) € P, with r > 2, the funnel pre-compensator () has a weakly differentiable and bounded solution (z,, ..., z,)
such that k is bounded and

Fe>0Ve>0: |ly)—z,0)| < @)™ —¢. )

Furthermore, the derivative z, is known explicitly.

y(0)
zy (1)
(y) € P Funnel —
Y " Pre-Compensator |
2,(1)
u(t)

FIGURE 1 Application of the funnel pre-compensator () to signals (i, y) € P,.

We stress that condition () means prescribed transient behavior of the compensator error e () := y(¢) — z,(¢) in the sense
that it is pointwise below a given funnel function 1/¢, see Figure @ . To achieve this, the compensator gain will be increased
whenever ||e,(?)|| approaches the funnel boundary. High values of the gain function lead to a faster decay of the compensator
error.

While the funnel pre-compensator yields z; explicitly, higher derivatives remain unknown. To resolve this problem we show
that an application of a cascade of funnel pre-compensators yields

e an estimate z for the signal y with prescribed transient behavior and
e the derivatives z, ..., z"~D are known explicitly.

As an application of this cascade in adaptive control we investigate its use for output trajectory tracking by funnel control. Given
a certain class of systems with input-to-state stable internal dynamics, we show that the interconnection of the system with the
pre-compensator cascade has again input-to-state stable internal dynamics. This allows for the application of available funnel



()"
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FIGURE 2 Error evolution in a funnel F, with boundary @(¢)~! for t > 0.

control techniques to the interconnection in order to achieve tracking with prescribed transient behavior of the tracking error
without the requirement to compute derivatives of the system output as in Berger et all (ZU16). However, this result is limited to
systems with relative degree two or three; for higher relative degree it remains an open problem.

The present paper is organized as follows: The funnel pre-compensator is introduced in Section [ and feasibility is proved.
Furthermore, we show that the funnel pre-compensator cascade achieves the desired properties. The application in output trajec-
tory tracking is discussed in Section B. The interconnection of the funnel pre-compensator with the funnel controller from Berger
efall (ZO16) as a funnel controller for systems with higher relative degree which does not require the output derivatives, is pre-
sented in Section B for relative degree two and three. A simulation of this interconnection for a mass-spring system mounted on
a car is provided in Section B. Some conclusions are given in Section B.

2 | THE FUNNEL PRE-COMPENSATOR

In this section we consider the funnel pre-compensator ([) as a new adaptive pre-compensator of high-gain type. Following the
methodology of funnel control, see [Ichmann and Ryan (Z00X); [chmann ef all (2Z002H) and the references therein, it is our
aim to construct a dynamical system which receives signals (4, y) € P, and has output z such that the derivatives of z up to
order r — 1, where r € N, are known explicitly and the error e = y — z evolves within a prescribed performance funnel

Fpi={(t.e) €RyyXR” [@Dlle] <1 }. v

This performance funnel is determined by a function ¢ belonging to

o= { @ E Cl(R20 — R) | @, @ are bounded, ¢(s) > 0 for all s > 0, and ligr_l}iglf p(s)>0 } .
Note that the funnel boundary is given by the reciprocal of @, see Figure @ . The case @(0) = 0 is explicitly allowed and puts
no restriction on the initial value since ¢@(0)||e(0)|| < 1; in this case the funnel boundary 1/¢ has a pole at # = 0.

An important property of the funnel class @ is that each performance funnel 7, with ¢ € ® is bounded away from zero,
i.e., due to boundedness of ¢ there exists A > 0 such that 1/¢(¢) > A for all + > 0. The funnel boundary is not necessarily
monotonically decreasing, while in most situations it is convenient to choose a monotone funnel. However, there are situations
where widening the funnel over some later time interval might be beneficial, e.g., in the presence of periodic disturbances or
when the signal y changes strongly.

Our first objective is robust estimation of the signal y so that the derivative of the compensator state z, in () is known
explicitly, the compensator error e; = y—z, evolves within the funnel 7, and all variables are bounded. To achieve this objective
we consider the funnel pre-compensator ([l) with initial conditions

z(0)=z)eR’, i=1,..,r )
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where ¢ € ©, I € RP™™ and g; > 0,p;>0foralli=1,...,r. The functions z; : Ry, = R?,i=1,...,r, are the compensator
states and k : R, — [1, o) is the compensator gain. The constants g; > 0 are such that the matrix

—q 1
A — : . E Rr)(r
—qr-1 1
—q, 0

is Hurwitz, i.e., 5(A) C C_. The constants p; depend on the choice of the g, in the following way: Let Q = Q7 > 0 and

P, P
P= [PIT PZ] , P eR, P,e RXV p g RODXD
2 4
be such that

ATP+PA+0=0, P=P'>0.

The matrix P depends only on the choice of the constants ¢; and the matrix Q. The constants p; must then satisfy

P — PP 'P]
P 0 1
L= P_1 . = <_P—1PT> . (5)
D . 4 72
’ 0

In passing, we note for later use that any such P satisfies

1

(1L,-P,P;" P <(—P2P‘1)T> =P - PP 'P] >0. (6)
4

We will see later that the above condition guarantees that P defines a quadratic Lyapunov function for the error dynamics of the
funnel pre-compensator.

While the funnel pre-compensator () resembles a high-gain observer, it is different in its structure when compared to the
high-gain observers in Bullinger et al] (T99R); Tornamhé (T997), where the gain enters with power k' into the equation for z;.
Furthermore, the constants g; are not present in Bullinger et al] (T998); Tornambe (T997), but we show that they are important
to ensure boundedness of the error dynamics even when k(¢) is small.

Although the pre-compensator () is a nonlinear and time-varying system, it is simple in its structure and its dimension
depends only on the “relative degree” r given by P.. The set P, of signals u and y ensures error evolution within the funnel:
by the design of the pre-compensator (1), the gain k(¢) increases if the norm of the error ||y(t) — z,(?)|| approaches the funnel
boundary 1/¢(¢), and decreases if a high gain is not necessary.

For a sketch of the construction of the funnel pre-compensator () see also Figure B .

Choose Q = Q" > 0 and solve
Choose g; > 0 such that ATP+PA+0Q0=0, P>0; Choose I € R7”
ol il LetP—[P' Pz] P, € R and set
A= l_qzr_] 1] is Hurwitz BRI M p; P
-4, 0 (p_1 > B < 1 )
P -P'P] Funnel pre-compensator:
(1) = 2,0 + (a1 + 1 k(O) V(1) = 2, (),
Choose ¢ € ® 25(1) = z3(0) + (g + P2k () V(1) — 2,(8)),
® 2,10 = 2,(0) + (d,-1 + Pro k(D)) (D) = 2, (0)),
z,(t) = Tu(t) + (g, + p,k(®) ¥ — 2, 1)),
1
—1 k@) =
o O = oo - 50O

FIGURE 3 Construction of the funnel pre-compensator (Il) depending on its design parameters.



We now show that the funnel pre-compensator achieves its objective; note that we only consider the relevant case r > 2.

Proposition 2.1
Consider (u, y) € P, so that r > 2, and the funnel pre-compensator (), (&) with ¢ € @ such that

@(0)]1(0) - 2%l < 1,

I € RP" and g; > 0, p; > 0 such that (B) is satisfied for corresponding matrices A, P, Q.
Then (), (@) has a weakly differentiable solution z = (z,, ..., z,) € L® (Rzo — (RP)’) with k € L®(R,, — [1, 00)) and

Fe>0Vt>0: |ly@) -z, < pt)™! — €. (7)

Furthermore, using the errors
e 1= (=0 _ Z;,
(3)

and the constants
M, =l -TDy P, M, = [ETYD+Ty" —w), ©9)

which are well-defined by (u, y) € P,, with M = (M} + Mzz)% we have

lim sup le(o)] < — Zman (P (10)
1m su e _—
o = Ain(@) A (P)

Here 4,,,,(P) denotes the largest eigenvalue of the positive definite matrix P, and A_,;,(P) denotes its smallest eigenvalue.

max min

Proof. We proceed in several steps.
Step 1: We show existence of a local solution of (), (B). Set

D := { (t.ej,....e,) € Ryg X (RP) | @p()lley|l < 1 }
and

f@ =T(T@)y @) + Ty (1) — u(®))
g@) = (I -Tr®)y" Y, >0

Invoking r > 2 we find that the errors (B) satisfy

e = e -  (4+pk®) e ), k()= — L
: 1 — @)?|le; (0]
ér_z(t) = er_1(t) - (qr_z +p,_2k(t)) : 91(t)a (11
ér—l(t) = er(t) - (qr—l +pr—1k(t)) * 61(1) + g(t),
é,(t) = - (g +pk®) () + f),

By the existence theorem for ordinary differential equations (see e.g. (Walte# 19985, § 10, Thm. XX)), there exists a maximal
weakly differentiable solution e = (ey, ... ,e,) : [0,w) = (R?), @ € (0, o], of () satisfying the initial conditions

e, (0) =)0 -2, i=1,...r
e,(0) = TT(0)y""(0) - 2,

and (t,e(t)) € D for all t € [0, w). Furthermore, the closure of the graph of e, i.e., the set

graphe :={ (t,e(?)) |t € [0,w) },

is not a compact subset of D. Thus, a maximal solution (z,, ..., z,) of (), (@) can be reconstructed.
Step 2: We show that e € L ([0, w) = (RP)"). Recalling that the Kronecker product of two matrices V. € R™*" and
W € R/>4 is given by
opW e v, W
VW =| : i | e RV, (12)
opyw - v, W

n



let

_qIIp Ip
A=AQI=| ° C o |ermr Pi=P®I,eRT", and 0=0QQ1I,€R™.
_qr—llp Ip
—-q,1, 0
From (Bernstein P00Y, Fact 7.4.34) it follows that
o(A) = o(A), o(Q)=0(Q), o(P)=0(P) (13)

P>
p

Since P2T + P, ( ) = 0 by (B) we find

@)
where P, — P2P4_1 P2T > 0. Observe that we may write (I0) in the form

0

~ ple :

é(t) = Ae() — k()| : |e,)+]| 0
p, g(®)
f®

Since (u,y) € P,, the constants M|, M, in (B) are well-defined and we have ||g(t)|| < M, and || f(®)|| £ M, for almost all
1
t € [0,w). With M = (M12 + M22)5 we may now calculate that, for almost all t € [0, w),

0

P1Ip :

%e(t)Tﬁe(t) =e(t)T AT Pe(t) + e(t) T PAe(t) — 2k(D)e()" P| i |e,(t) +2e(t)"P| O
p 1, g
f@®

< —e())" Qe(t) — 2k(1)(P, — PP PD)lle; I + 2M || Pl le(@)]]
< —ue(t)" Pe(t) + 2M || P [le()]l,

where u = Amin(QA)/Amax(IA’). With 6 .= %,u/lmin(f’) and using that ab < %(a2 + b?) for all a, b > 0, it follows that

. . 2M || P
Le(t)T Pe(t) < —pe(t)" Pe(r) + ( V26| le()]| ( )
dr ( ) \/%

N M?||P|?
< —ue(t) Pe(t) + 50> + 2L
R 2M2|| P2
< =Le) Pe() + M
I’l/lmin(P)
for almost all t € [0, w). Gronwall’s lemma now implies that
R S8 2M?||P|?
e(t)T Pe(t) < e(0)" Pe(0)e 2" + J
”zj‘mm(P)
and hence A
Apax(P) _E 2M2 || P2
el < 2 =5 ooy 4 2P 1
)’min(P) H )‘min(P)

Jor all t € [0, w). Equation ([A) in particular implies that e € L™ ([0, w) — (R?)").
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Step 3: We show that k € L™ ([0, w) - R). Let k € (0, w) be arbitrary but fixed and A := inf @)~ > 0. Since ¢
is bounded and liminf,_, _ @(t) > 0 we find that % ?lx.00) () is bounded and hence there exists a Lipschitz bound L > 0
of @lx.c0) ()~\. By Step 2, e, is bounded and we may choose € > 0 small enough so that

A .
< z —
€ < min { 5 dnf (e@) Ilel(t)ll)}
and
L<— sup les(oll - M, + 224 £ (1)
1€[0,0) 2 4e
feasibility of this choice is guaranteed by r > 2. Using a standard argument in funnel control, see e.g. ([lchman D013,

pp. 241-242), it is then straightforward to show that
Vi€ 0o o0 ~lle;®ll 2 e (16)

The estimate (I8) clearly implies boundedness of k.

Step 4: We show w = 0. Assume that @ < oo. Then, since e and k are bounded by Steps 2 and 3, it follows that
graph e is a compact subset of D, a contradiction. Therefore, ® = oo. Together with Step 3, this in particular implies ().
Inequality (I0) is an immediate consequence of ([4) together with the observation that by (I3) we have ﬂmin(ﬁ) = Apin(P),

A (P) = A (P), 4,0 (0) = A, (Q) and, since P is positive definite, || P|| = A, (P) = A, (P). O
In (Santelice and Praly 2OT1, Thm. 2.2), using the adaptive high-gain observer proposed therein, bounds for the mean value
of the observation error e; (defined similar to (8)) are given; we stress that both the bounds in (Sanfelice and Praly 2011, (14))

and in () cannot be made arbitrarily small in general, they depend on the given signals.

Remark 2.2. We consider two special cases for signals (u,y) € P, the funnel pre-compensator () and the resulting
estimate ([1).

(i) T'= 0. It is immediate from () that in this case M; = [|[y"~V||, and M, = 0, thus M = [|y"~D||, in (I0). Note that the
choice of T is independent of the signals u and y.

(i) p=m, T € Gl,(R), " = T'"! and we have I'y"” = u. This means the signals satisfy a very simple relation and we have
exact knowledge of the invertible matrix I'. Then M, = M, = 0in (8) and hence M = 0 in (). In particular, this implies
that e(r) — O and k() — 1 fort — co.

Remark 2.3. If the signal y is subject to noise, i.e., the funnel pre-compensator (Il) receives y + n instead of y, where n €
C"([—h, 00) — RP) is such that, for T" as in P,, n, n, ..., n"=?, Tn"~D and % (Fn"=1) are bounded, then (u, y + n) € P, with T".
Therefore, Proposition 21 yields that the funnel pre-compensator may also be applied to u and y + n and achieves that
Vi>0: o@®lly®+n@) -zl <1,
which implies
@(1)
L+ e®lln®ll

[40) : < >
T If an upper bound for # is known, say ||n(¢)|| < v for all # > 0, then

Vi>0: ly@®) -z, 0l < o~ +v.

Vi>0 ly@® = z; DIl < 1,

i.e., y — z; evolves in the funnel FW, where y =

Hence, the actual error remains in the wider funnel obtained by adding the corresponding bound of the noise to the funnel
bounds used for the pre-compensator. The bound in (M) changes as follows: Modify M, and M, from (9) to

M, =g + (I = EDn" ||, M, := ”f +I~“% (Fn('—l))”m.

Then, with M := (]\Nll2 + M22)§, we have that

2 M Ay (P)? _
timsup e < Y i, Frae)|
1o Amin(Q) Apin (P)
If the signal u is subject to noise before the funnel pre-compensator receives it, i.e., u + v enters the pre-compensator (), where
v € LR, — R™), then obviously (u+ v, y) € P, and hence Proposition T yields that the funnel pre-compensator may also

be applied to u + v and y; in particular, () is achieved.

o0
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While Proposition I shows that the funnel pre-compensator is able to achieve prescribed transient behavior of the compen-
sator error e; = y—z; and that the errors e,, ... , e, as in (B) converge to a certain strip, we like to stress that no transient behavior
can be prescribed for e,, ..., e, since y, ..., =D are not known. Therefore, Zy, ..., 2z, from the funnel pre-compensator cannot
be viewed as estimates for y, ..., "D, In the following we show that a successive application of the funnel pre-compensator to
the signals u and z, results in a cascade of pre-compensators which yields, as desired,

e an estimate z for the signal y with prescribed transient behavior (i.e., (¢, y(t) — z(¢¥)) € T’q}) and
e the derivatives z, ..., z""~D are known explicitly.

We introduce a cascade of funnel pre-compensators
FP_jo...oFP
where the funnel pre-compensators
FP(p g1 0) ¢ (u, Zi_1) 7 Zigs

are specified, fori = 1,...,r — 1, as follows:

200 =z, + (g +piki©) - (Zi2y () = 2, (D), K (t) = 1 .
2,(0) = 230+ (G2 + Pioki D) - (zim (D) = 2,1 (D), 1= @,0zisy,, () = 2z, O
: a7
Zipy (1) = 2;,(0) + (qi,r—l +pi,r—lki(t)) (22 (0) — 2, (1)), ~
z,,.(1) = + (qi,r + pi,rki(t)) Az (@) = 2, @)+ L),
where z, 1=y, I, € RP™,

@, ED,_ :=Pn { Qe C’_I(RZO - R) | ¢,...,9" D bounded }
and g; ;> 0, p;. ;> 0 are such that (B) is satisfied for corresponding matrices A;, P, Q; fori =1, ..., r— 1. The initial values are
z;0) =z, €R, i=1..r=1j=1..r (18)

The situation is illustrated in Figure 8@ .

y(®) 21,1 () 25,4 (2) Z,_5,(0)
(u,y) € P, FP, FP, S

| w ] i

FIGURE 4 Cascade of funnel pre-compensators ([) applied to signals (u, y) € P...

z(1)
FP —

r—1

We show that the cascade (I4) with rk f,- = m applied to signals (4, y) € P,, where additionally y, , ..., y*~! are bounded,
yields an interconnection with output z = z,_; | such that y — z has prescribed transient behavior and z, ... , 2D are known
explicitly.

Theorem 2.4
Consider (u,y) € P, so that r > 2, and assume that y,y, ..., y"~" are bounded. Consider the cascade of funnel pre-

compensators FP,_;o ... oF P, defined in (I2) for ¢, € ®,_;, I, € R with rk[", = m and g;; > 0, p;; > 0 are such
that (B) is satisfied for corresponding matrices A;, P,, Q;, and initial data (IX) such that

@,(0)]1z,_; ,(0) — zgln <1, i=1,....r—1,

where z, | := y. Then (I2), (I) has weakly differentiable solutions z;; € L™ (Rzo - RP) with k; € L2(R,y — [1, 00))
fori=1,...,r—1,j=1,...,rand

Vie(l,...,r=1}3&>0Y1>0: |z, () —z,0l < @, —&¢,. (19)
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Furthermore, for z := z,_; | we have that

r—1

Vi>0: [y -zl < ) o0 &, (20)
i=1

Proof. We show existence of bounded weakly differentiable solutions for each pre-compensator in (IL1) and the property (I9)
by induction. Note that (20) is a consequence of (I9).

For i = 1 we have z,, = y and hence the existence of bounded global solutions follows from Proposition IZ1. We may
calculate that

Jj—1
200) = 2,1 () + Z <d,) Ghjt + Pk D) (211 (O = 2, (D) @1
fori=1,....,r—=1andj=0,...,r, where z; .| = [u. With w,(t) 1= z;_11(®) — z;1(t) we calculate
k() = 2k, (2,00, w,(1) + (1 wi (1) 1 (1)) (22)
foralli=1,...,r=1. Inparticular, for i = 1 we obtain that z, y, ... z(lrl Y are bounded since Y, 0D, @psees (p(lr_l) are
boundedand z, i, ..., z, ., and k| are bounded by Proposition 1. Now assume that the statement is true fori € {1, ... ,r—2}

such that z; y, ..., zi’l_l) are bounded. Choosing T'; € R™? such that T',T'; = I, it follows from (Z0) with j = r that

r—1

I
Fizfﬂ) —u= Z <%) (@it + Pipir ki) (s — 2i1) € L2Ryp = R™),

and hence (u, z;,) € P,, by which an application of Proposition 1 is feasible and yields existence of bounded global
solutions such that k| is bounded. Again invoking (I0) yields boundedness of z; . ;, ..., 2", O

Remark 2.5. Use the notation and assumptions from Theorem 2. Then the derivatives z, ..., z"~" are known explicitly as

O =z, O+ PO, =001,

where the functions Pj’ are defined in a recursive way:

P;’b(k, ®0-€0) =Gy + Papk)e

b aPa,b aPia,b aPia,b
Pk, @gs .o @ipy €0, -0 €141) 1= ok (2k (‘Po(l’leo e+ (Poeoel)) 9%, @ +...+ a_(p_(Pm
1
oP* oP**
+ e+ ...+ ——e;
aeo 1 aei i+1

fora,be {1,...,r—1}andi > 0, where k, ¢; € R and e; € R” for each i > 0. Further define, using (I7),

j—-1
f);’(r):=Zzz”"’(k,»(r>,(pi<r>,...,(p,@(t),zi_l,l(t)—z,-,1<t),. 200 - %))

1=0

fori=1,...,r—1andj=0,...,r — 1. We will show that

(’)(t)—z,j+1(t)+P(t) i=1,...,r=1, j=0,...,r—1. (23)

To this end, observe that it follows from (Z2) and a simple induction that

1 L
(%) (s + Pryrki @) w0 = P (1), 0,0), 0,0 .., 1), wy 1), (D), .., w0 0))

fori=1,...,r—1,j=0,...,r—1and! =0,...,j — 1. Then (1) immediately implies (Z3).

By definition, 13; ~!(t) depends on the derivatives of z,_,, and z,_y; = 2z up to order j — 1. The dependencies on
Z, ... z(j =D may be immediately resolved by applying the same formula again, thus z depends on z,_, ,..., 2, ;;; and on
Zp g 1s Zpngseee ,zr 2 1 Applying (23) in a recursive way t0 Z,_5 |, ... , U oy ; we obtain dependencies as depicted in Figure B .
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Zr11 Zr2,1
: Zr21 Zr-3,1
0 zr—.l,2 Zr—:2,1 Z 00 | 2s, Zr—j41,1 Zr—j1
Zeoy 1| 2050 "L o Frprna| g Zr=j1 Zr-j-1
Zr2j | %231 2, 413 Z_jn
FIGURE 5 Dependency of z/) on the compensator states. Note that z,_ o1 =2y =yforj=r—1

3 | APPLICATION TO MINIMUM PHASE SYSTEMS

A possible application of the funnel pre-compensator cascade developed in Section I is in high-gain adaptive control in order
to solve the longstanding open question of how systems with relative degree larger than one may be appropriately treated,

(P0T6) which is able to achieve tracking with prescribed transient performance for nonlinear systems of arbitrary relative degree.
However, the derivatives of the output must be available for the controller. In practice this means that measurements must be
differentiated, which is an ill-posed problem, in particular in the presence of noise, see e.g. (Hackl POT7, Sec. 1.4.4). In order to
resolve this problem, the funnel pre-compensator cascade may be applied to the system which results in an interconnection with
new output z satisfying (Z0), and the derivatives of which are known. Then the funnel controller from Berger et all (Z016) may
be applied to the interconnection in order to achieve tracking with prescribed transient behavior without the need to calculate
output derivatives; for linear minimum phase systems with relative degree two this configuration was successfully implemented
in Berger and Reis (Z0164). The situation is depicted in Figure B .

u(?) (@)
System
z(1)
FP._jo...0FP
Funnel
Controller

FIGURE 6 Interconnection of a system with funnel pre-compensator cascade and funnel controller.

For the solution of tracking problems, a crucial condition is the input-to-state stability of the internal dynamics (the minimum
phase property in case of linear systems), cf. Byrnes and Isidori (T984); [Ichmann and Ryan (2008); Sastry and Isidori (T989).
The funnel controller in Berger et al] (Z016) requires this as well, and hence we need to ensure that for a minimum phase system,
the interconnection with the funnel pre-compensator cascade is again minimum phase. In the following we show that this can
be achieved for a special class of systems which are linear up to the influence of an operator T" and have relative degree two or
three. For relative degree larger than three this remains an open problem; we show explicitly where our proof does not work in
this case and conjecture that some kind of small gain condition is needed then.

In the following we consider systems described by functional differential equations of the form

YO =Y RYI® + f(d@), TR, ...,y ")) + Tu(r), o
i=1

Yino =¥ € WH([=h,0] - R™),
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where A > 0 is the “memory” of the system, r € N is the strict relative degree, and
o d € LR, — R?), p €N, is a disturbance;
o fECRXRT - R™),qeN;
o I' € Gl,(R) is the high-frequency gain matrix;

o T : C([-h,0) - R™)" — L> (R, — R is an operator with the following properties:

loc

a) T maps bounded trajectories to bounded trajectories, i.e., for all ¢; > 0 there exists ¢, > 0 such that for all { €
C([—h,00) = R™)" :
sup IC@OI <¢; =  sup [ITOO] < ey

t€[—h,o0) 1€[0,00)

b) T iscausal,i.e., forallt > 0andall {,& € C([—h, c0) — R™)":
a.e.
Clieny = Elimny = TOlg = Tl

c) T is “locally Lipschitz” continuous in the following sense: for all + > 0 there exist 7,6,¢ > 0 such that for all
§,Af € C([—h, 00) = R™)" with AL|,_,,; =0and || AL} 4, |l < 6 we have

|rerso-r@)|, | <el ath e

[1+7] || o

The functions u : R,y — R™and y : [-h, c0) — R™ are called input and output of the system (24, respectively. For fixed
u € LY (Ryy — R™) we call y € C™!([—h,w) - R™) asolution of (Z4) on [~h, ), @ € (0, 0], if y||_q = »° and y~ V|,
is weakly differentiable and satisfies the differential equation in (24) for almost all ¢ € [0, w); y is called maximal, if it has no
right extension that is also a solution. Existence of maximal solutions of (24) for every y° € W'~1-®([—h, 0] — R™) and every
u € LY (Ry, — R™) is guaranteed by (lichmann ef all OOZH, Thm. 5); if y, y, ... , ¥~ are bounded, then @ = 0. In this case
we clearly have (4, y|() ) € P,-

The input-to-state stability of the internal dynamics of (Z4), i.e., the minimum phase property, is modelled by the property a)
of the operator T in (24). It is shown in Berger et all (2016) that funnel control is feasible for systems of the class (Z4), provided
that I" is positive or negative definite. In the case of relative degree one, i.e., r = 1, systems similar to (24)) are well studied,
see lchmann_ef all (2002ak P2005); Ryan and Sangwin (Z001). For relative degree two systems see Hacklef-all (Z00173), and for
higher relative degree see Iichmann_ef all (Z007). In the aforementioned references it is shown that the class of systems (Z4)
encompasses linear and nonlinear systems with existing strict relative degree and input-to-state stable internal dynamics and
the operator T allows for infinite-dimensional linear systems, systems with hysteretic effects or nonlinear delay elements and
combinations thereof. In particular, the class (Z4) contains the system classes discussed in Hackl (Z011); [chmann efall (2006
2007) and the nonlinear systems in Jiang et all (2004) provided that the internal dynamics are input-to-state stable.

In order to show that the minimum phase property of systems (Z4) is preserved by the cascade of funnel pre-compensators,
we additionally need that the operator T is bounded whenever the output y is bounded, i.e., we replace property a) with the
stronger condition

a’) for all ¢; > 0 there exists ¢, > 0 such that for all §}, ..., ¢, € C([—h, o0) = R™) :

sup IOl <¢; = sup ([T, ... 6D < ¢

t€[—h,0) t€[0,00)

The class of systems (Z4) where T satisfies a’) in particular contains the class of nonlinear systems in input-normalized
Byrnes-Isidori form with exponentially stable zero dynamics as considered in Bullinger and Allgower (2005), provided the
high-frequency gain matrix is constant. We show that, if » = 2 or r = 3, the interconnection of (Z4) with the cascade of funnel
pre-compensators, where T'; = I is invertible, has again relative degree r and input-to-state stable internal dynamics in the sense
that it can be rewritten as

200t = F(d(1),T(z. 2,...,2"))(®) + Tu(),

where T is an operator with the properties a)—c).
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Theorem 3.1
Consider a system (Z4) with r € {2,3}, y° € W1®(—h,0] - R™) and assume that ' = I'" > 0 and the operator T
satisfies a”). Further consider the cascade of funnel pre-compensators F P,_,o ... oF P, defined by (I'7), (IR¥) with ¢; € ®,_,
such that

@i (0)lz;_1,(0) - 221” <1,
where z,, 1= yand q;; = ¢q; > 0, p;; = p; > 0 are such that (8) is satisfied for corresponding matrices A, P, Q for all
i=1,....,r—1,j=1,...,r. Moreover, assume that [, =" € R™" i =1,...,r — 1, such that ' = I'T > 0 and,

if r=3,then I —TT"' = (I -TF")" >0 25)
Then the conjunction of (Z4) and (I7) with input u and output z := z,_; | can be equivalently written as
20 = F(d@), T(z, 2,...,2""0)®) + Tu@), z0)=z)_ |, (26)

for d@t) 1= (@, (1), @,_ (D), ..., (pir__ll)(t))T € LR,y — R"), some F € C(R" X R? — R™) and an operator T' :
C([=h,0) > R") > EI"S’C(RZO — RY) which satisfies the properties a)—c). Furthermore, for any u € El"(‘)’c(RZO — R™) and
any solution of (1), (Z4) we have (Z0) and the derivatives of the compensator states satisfy (Z3).

Proof. Step 1: We start with several transformations of the error dynamics between two successive systems.
Step la: Define Vij i=2Ziy— zl-yjfori =2,....,r—1landj=1,...,r. Then

D;,](t) = U,’,z(t) - (ql +P1ki(t)) : Ui,1(t) + (ql +P1k;_1(t)) : U,'_l,](t)»

O () = 0,(1) = (Gpoy + Py k(D) - 0O + (Gmy + Prmi ki) (1) - 0,2, (1),

Ui,r(t) = - (qr + prki(t)) : Ui,l(t) + (qr + prki—l(t)) : Ui—l,l(t)’
Step 1b: Defining e, ;(1) := YD) — zy M) forj=1,....r—1ande, (1) := YD) — Ff‘lzl’r(t) we obtain
e () = e - (a1 + Pk () - eq (1),

1,0 =€, (1) = (g2 + P2k (D) - €1, (D), i
e = e () = (gy +p1ky () - ey () + (T = 1) 2,0,
e (1) = = T (g, + p (D) - €, + Y R + f(d®), T, ¥, ..., 3")D)).
i=1
Set v (1) := e () and (1) := er;ll v; 1(t), then we may define v, (1) := ey ;(t) — Zi;ll R,_j 11 0% V(1) and obtain

01, = v30) — (‘12 +P2k1(t)) v () + R,_,0(0),

Oy,0() = vy, (1) — (qr—2 +Pr—2k1(’)> v (0 R30(1), ~
O, = 0,0 = (g +Piky@) -0, + RBE) + AT = Dz, (1),

0p,(1) = — T (g, +p, k(1) - 0,0+ R0 + YR (Y700 = D))
i=1

+ £(d@. TG 3y e s y)0)).

Now we observe that

y(@) = 0() =y(t) — vy 1 () — vy (D) — ... — v, 1 (D)
=y(t) = (¥(1) = z1,()) = (21,0 = 20, ) = ... = (2,01(O) = 2,1, (D)) = 2,1, (1) = 2(D).
Furthermore,
r=2 .
2,0 = 2700 = Y (L) (ot + Proscis®) 0110
i=0

and
r—1

Z1,1(t) =y - U],](t) = z(f) + 0(1) — U1,1(t) =z(t) + 2 U;,1(t)’
i=2
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hence
r—1 r=2 i
2,0=2 0+ Y v,0-Y (%) (g1 + Drir e ()0, (0] -
i=2 i=0
Step Ic: Define wi’j(t) = Ui’j(t)fori =2,...,r=landj=1,...,rand w () := v ,@),
r—1 . r=2 i
w0 =0, ,O0+6 | Y T 0= Y (%) [(4y-ics + Prsr ey ()01, )]
i=2 i=j

forj=1,...,r—1, where G .= — TN in particular we have

r—1

W, () =0, (O +G Y v (D).
i=2

With (1) 1= Y, w; (1) we find

w0 = w0 - FI?_I(41 +piki (1) - (w0 = Gw(®) + R.w, (1) + anj_lw(f),
W) = wiat) - T gy + poky (@) - (w,,(0) — G(D) +  R_yw, (1) + R,_ T (),

Wy, = wy,_ () = TN gy + Pk () - (w1(0) = Gw(D) +  Ryw (1) + RTT (),
Wy, () = w0 =TT g,y + p,_ k() - (w,() = G(D) +  Ryw, (1) +  RIT () — GzV(r), (272)
W, (1) = - ITYq +pk®) - (w () - Gw(®) +  Ruw () + RIT @)

r

+ ) RzV@ + f(dD), T, 5, ...y ")®),
i=1
ki (1) = !
1 1— @02 |lw, (1) - GO®)||*
and, fori =2,...,r —1,
w; (1) = w; (1) — (a1 + pik;(D) - w; (1) + (a1 + prkiy () -w,_y 1 (@)
N———
=(wl.l(t)_G'Z}(t)) ifi=2
wi,r—l(t) = wi,r(t) - (qr—l +pr—1ki(t)) . w,',l(t) + (q,_l + p,_lki_l(t)) 'wi—l,l(t)’
N———
=(wy,00-Gaw) ifi=2 (27b)
@ B B (qr +prki(t)) Fwiy (1) + (qr +prki—1(t)) Wiy (@),
N——
=(wy,0-Gww) ifi=2
ki) = L

1= @, lw;, (Ol

Step 2: We define the operator T : C([—h, c0) — R™)" — Ly Ry, — RY), where G = (r — 1)rm + r, (essentially) as the
solution operator of (1), i.e., for {,, ..., ¢, € C([—h, o) = R™) let w;; [0,5) = R™, B € (0, ], be the unique maximal
solution of (ID) for z = {, 2 = &, ..., 2"~V = ¢ with appropriate initial values according to the transformation which
leads to (1), and define

Ty EX0) 2= (10110 oy w0y (8, w1 (O, s 10,y O Ky (), o K (D)) 1 €O, ).

We stress that v, y, ..., Y™V in (IZ3) can be replaced by w;; and z,Z, ..., 20D ysing y© = z0 + w(li)1 + T 'Y and
the differential equations (I2). Furthermore, the operator T depends on the disturbance d and several initial values. In the
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following we show that T is well-defined, i.e., p = oo, and has the properties a)—c). Note that for
D :=

r—1

wy =G Z Wi

i=2

{ (Lwy gy Wy Wy, w,_y,) € Ryg XR™ | py(0) <1, gOllwll<1,i=2,....r—1 }

we have (t, Wy (), e Wy (1), Wy 1 (B), ... s wr_lyr(t)) € D for all t € [0, B), and the closure of the graph of the solution
(wlgl, ey W Wy s e s wr_l‘,) is not a compact subset of D.

Step 2a: First assume that {,, ..., §, are bounded on [0, p). We show that w, ; and k; are bounded as well. As the solution
evolves in D, it is clear that w| | — GW, w, |, ..., w,_; | are bounded, and thus also w, | is bounded. Since y = z + w, | +
T4, it follows that y is bounded and hence T(y, y, ..., y"~V) is bounded by property a’). Boundedness of d and continuity
of f then imply that f(d(-),T(y, ¥, ..., y""V)()) is bounded.

Now let w; = (w],, ..., er)T, then it follows from (I2) that

W, (1) = Aw, () — k() PTT ™! (w, (1) — Gi(®)) + B, (1),
W, (1) = Aw, (1) — ky () Pw, () + k() P (w1 () — GI(t)) + B, (1), (28)

wi(1) = Aw(t) — k;(t)Pw, (1) + k;_;(DPw,_, ,(t) + B;(?)

fori=3,...,r—1, where A is as in the proof of Proposition I, B, is some suitable bounded function and
_ Dy Im
P:=] :
ply,

Recall that ATP + PA + O =0, where P > 0.and O > 0, and that
PTP=1pI,.0,...,0], p:=(P,—PP'P])>0.
We consider the cases r = 2 and r = 3 separately.
Step 2b: Assume that r = 2. Then (IR) reads
w, () = Aw, (1) — k\()PTT 'w, () + B, (1)

Using the Lyapunov function V (w,) = wlTﬁw | one can then show, as in the proof of Proposition 1, that w, and k, are
bounded on [0, ).
Step 2c: Assume that r = 3. Then (ZR) reads

(1) = Aw, () — k() PTT™" (w, ;1) — Gw, (1)) + By (1),
(1) = Awy () = k(1) Proy () + ki (1) P (w0, 4 (1) = G, 1 (1)) + By(1).
From condition (23) we obtain that G = G > 0, hence GIT™! = (GFf_l)T > 0 has a unique matrix square root. Let
K =1,® (Gl"f“‘1 )% > 0 (recall the Kronecker product @ from the proof of Proposition Z1) and define the Lyapunov
function V(wy,w,) 1= w] Pw, + w] KT PKw, for w,, w, € R3". Then, for all t € [0, p),
%V(wl(t), w,(1) = w; (O (ATP + PA)w, (1) - 2k;(Ow, ()T PPTT™" (w, (1) - Git(1))
+2w,()T By (1) + w,()T (ATKTPK + KTPKA)w, (1) — 2k, (1w, ()T KT PK Pw, (1)
+2w,(NTKTPK B, (1) + 2k, (Dw, ()K" PK P (w, (1) — Gw, (1)),
and since it is easy to see that A and K commute and KT PK P = pl1,.0, ... ,O]TGFf_l, it follows that, for some positive
o, oy, My, M,,
LV (10,0, 1w0,0) < =a, 0, I = ayly O = 2ky(0) (5] T = ] GTT) (w;,0) = Guoy (1)
+ M |lw, Ol + My||w, ()]
= —a,[|w, DI = ally@)* + M, ||, @) + M, ||lw, ()|
= 2k, (1) (wy, = Gwy,) T (w,,() = Gy, ()
< —allw, I = allw, 17 + M, [Jw, @)l + My|w,@)]].



16|

As in the proof of Proposition &1l we may now show that w, and w, are bounded and that k, and k, are bounded as well

on [0, p).

Step 2d: We show f = oo (not assuming boundedness of ,, ... ,(,.). Assume that f < oo. Then {,, ..., , are bounded on
[0, B) and hence w; ; and k; are bounded by Steps 2a-2c. Therefore it follows that the closure of the graph of the solution
(wl,l, s Wy s wz,l, . w,_l,,) is a compact subset of D, a contradiction, thus f = co.

Step 2e: It remains to show that T has the properties a)—c). Properties b) and c) are clear and property a) is an immediate
consequence of Steps 2a—2c.
Step 3: By Step 2 we may write the conjunction of (24) and (1) with input u and output z = z,_; | in the form

200 = Fu(r) + Z (dt) (4,; + Pyl () w0,y )]

and hence

200t = F(d(0),T(z, 2, ..., 2")®) + Tu()
for @) : ((p, 1@, ¢,_,@), ... (r 1)(t)) € LR,y — R"), some F € C(R" x RI — R™) and the operatorT :
C([—h,0) = R™)" — L (IR>0 - R") which satisfies the properties a)—c). It is clear that any solution of (1), (Z4) satisfies
the properties (23) and () O

Remark 3.2. A careful inspection of the proof of Theorem Bl reveals that in order for Theorem Bl to hold true for r > 4 we
would need to show that (Z8) has bounded solutions. However, we were only able to find suitable Lyapunov functions in the
cases r = 2 and r = 3, thus the proof for » > 4 remains an open problem; in particular, a recursive Lyapunov function of the
form Vi(w,, ..., w;) = Vi_j(wy, ..., w,_)) + wI KT PK,w, does not exist in the latter case. It is worth noting that in the case
r = 2 no condition on I" is present and for » = 3 condition (I3) means, roughly speaking, that we need to choose I" “larger than”
I, which resembles a small gain condition, cf. Dashkovskiy et al] (Z0007). We conjecture that some kind of small gain condition
is needed in the case r > 4.

4 | FUNNEL CONTROL VIA FUNNEL PRE-COMPENSATOR

As discussed in Section B, in virtue of Theorem Bl we may apply the funnel controller from Berger et al] (2(1T6) to the intercon-
nection of system (Z4) with the funnel pre-compensator cascade in the cases r = 2 and r = 3, cf. Figure B . For completeness
we state the resulting controller structure and the corresponding feasibility result. The funnel controller as in Berger et all (Z0T)
is given by

) = e) =y =y (1), k() = 1 im0 —1
e(t) = &)+ ko) - eo(@), L= @,(0?lle I
e, (?) : é (1) + ky(@) - eq(2), ut) = —k,_;(He,_, (1), (29
e,_ (1) = é,,(t) + k,_,(t) - e,_»(1),
where r € N is the relative degree and the reference signal and funnel functions satisfy
Viet € W(R,y = R™), €D, 9, €D, ..., @._ €D,. (30)

In Berger et al] (P00T6), the existence of solutions of the initial value problem resulting from the application of the funnel
controller (Z9) to a system (P4) is investigated (actually, a much larger class of nonlinear systems is allowed in Berger et all
(2016)). The combination of the funnel controller (£9) with the cascade of funnel pre-compensators FP,_;o ... oF P, defined
by (I(2), (IX) reads as follows, where we only consider the two cases r = 2 and r = 3:

Case r = 2: ko(t) = —_—,
210 = 20 + (¢ +pik®) - GO = 2,0, l—<p0<r)2l||e0(t>||2
4,(1) = (a5 + p2ky () - () = 2,(®) + Tu(@), k) = o ear 31)
e = z(1) = yrer (1), ko) = 1—<p2<r>2||yl(t>—z1(r>||2’
ey(t) = &y(t) + ko(Deg (D), u(t) = —ky(6) - €100,
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Case r = 3:
Z.1,1(1‘) = Zl,z(t) + (‘h +P1k3(t)) VO Z1,1(7))7 ko) = m,
2100 = 2150 + (a2 + Poks(0) - (0 = 21,0, C) = — 1
z,5(0) = (43 + p3ks(®) - () — z;,, (1) + Tu(@), 7 1,02l 012
2,1(1) = 295 + (a4 prky@) - (21, () = 25,(), k(1) = m’
2201 = 25 + (@ + oky(D) - (211 = 2,0, ) = — G2
2,4(1) = (45 + p3ky(D) « (z11(1) — 25, (1)) + Tu(®), 3 1—«)3(:)2||y<rl>—z1,|<r>||z’
ey(t) = ZZ,I(t) = Veet (), kat) = 1=, (121211 (D=2, OI?°
ei(t) = €y(1) + k(1) - ey(), u(t) = —ky(1) - e(1),
es(t) = &)+ k(1) - e, (D),

where y,o; and @, ..., @,_; satisfy @0), T =TT > 0, ¢, ..., 05, € ®,_, and q,, ... ,q,, Py, ..., p, > 0 are such that (8) is
satisfied for corresponding matrices P and Q. In a slightly different structure, the controller (B1) for the case r = 2 was already
successfully implemented in Berger and Reis (Z0016a), see also the discussion therein.

Feasibility of (B1l) and (B2) in the respective cases may now be inferred.

Corollary 4.1

Consider a system (24) with r € {2,3}, y° € W~1®([-h,0] — R™) and assume that " = I'" > 0 and the operator T
satisfies a’). Let y,.; and @, ..., @,_; be such that (Bl) holds and @,, ..., @,,_, € ®,_; be such that z;, e, e; as defined
in BD) or z, , 2 1, €y, €, €, as defined in (B2), resp., with initial data (I¥) satisfy

@;(0)]le;(0)|| <1, foralli=0,...,r—1,
and
P, 0)[[y(0) = z,(O)|| < 1, ifr=2,
P3Olly©0) — 2,0 <1 and  @40)llz;;(0) — 25, (O]l <1, if r=3.
Further let gy, ..., q,,p;, ..., p, > 0 be such that (8) is satisfied for corresponding matrices A, P, Q, and let I'=17T>0be
such that (23) is satisfied.
Then the application of the funnel controller (BD) (if r = 2) or (BX) (if r = 3), resp., to (Z4) yields an initial-value problem,

which has a solution, and every solution can be extended to a maximal solution y : [-h,w) — R™, w € (0, co], which has
the following properties:

(i) The solution is global (i.e., ® = o).

(ii) Theinputu : R 4 — R™, the compensator states z;, z, or Zy1see > Zp3, TESP., the gain functions K, ..., ky,_5 : Ryg = R
and y,...,»""Y 1 Ry, — R™ are bounded.

(iii) The functions ey, ...,e,_; : Ry, — R™ and the compensator errors y — z; Or y — zy 1, Z; | — Z, 1, r'esp., evolve in their

s Cp—

respective performance funnels in the sense
e, ... 60, >0VE>0: le®I <@ =, i=0,...,r—1,
Iy®) = 21Dl < @, — &5, ifr=2,
Iy = 21O € @317 =5 and ||z, ,(1) = 2, DI € @) — &y, ifr=3.
In particular, the tracking error e(t) = y(f) — y,;(?) satisfies, for all r > 0,
le®ll < @~ + (07" — €9 — &5, ifr=2,
le®ll < @)™ + @37 + a7 —eg — &3~ €4, ifr=3.

S | SIMULATIONS

We illustrate the combined funnel controller and funnel pre-compensator in (B1l) and (B2) by a simulation for a mass-spring sys-
tem mounted on a car from Seifried and Blajer (Z013), see Fig. [ , and compare it to the simulation of the funnel controller (29)
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for this system as performed in Berger et all (2016). As depicted in Fig. 1 , the mass m,[kg] moves on a ramp which is inclined
by the angle a[rad] and mounted on a car with mass m;[kg]. We assume that we may control the force u = F[N] acting on it.
The equations of motion are given by

my +m, mycosa| (%(t) 0 _ fu(®)
[m2 cosa  m, ] <s'(r)> + <ks(t)+ds'(t)> N < 0 > (33)

where x[m] is the horizontal car position and s[m] the relative position of the mass on the ramp. The constants k[ N /m], d[ N s /m]
are the coefficients of the spring and damper, resp. The output is the horizontal position of the mass on the ramp,

(1) = x(t) + s(t) cos a.

FIGURE 7 Mass on car system.

The system (B3) can be reformulated such that it belongs to the class (24), see Seifried and Blajet (20113), with a relative degree r
depending on the angle a[rad] and the damping d[ N s/m]. We consider the same experimental setup as in Berger et al] (Z016)
and distinguish two cases.

V4

Case 1: If 0 < a < 3» see Fig. @ , then system (B3) has relative degree r = 2 and the high-frequency gain matrix reads

)
sin”

—— 0. For the simulation, we choose the reference trajectory y,.;(f) = cos t[m], the parameters m; = 4[kg], m, =
1 o) 1n

1[kgl,k = 2[N /m],d = 1[N s/m], the initial values x(0) = 0, x(0) = 0, s(0) =0, $(0) =0 and a = %. For the controller (B1)
we choose the initial values z,(0) = z,(0) = 0, the funnel functions

@o(1) = @, (1) = %(5e—2’ +0.1)7, @) = (1.3 +0.01)7",

é =TI". The parameters g;, p; are determined by the coefficients of the Hurwitz polynomial
(s+5)° =5"+10s + 25,

by which g; = 10 and g, = 25. Therefore, A = [ 212 || and the Lyapunov equation AT P + PA = —1I, has the solution

B_1
P11 |
2 250

by which p; = 1 and p, = %5. Obviously the initial errors lie within the respective funnel boundaries and all assumptions of
Corollary BTl are satisfied, thus it yields that funnel control is feasible. The sum (pa1 + @3 ! equals the funnel boundary as chosen
for the simulation in Berger et al] (2016), hence the results may be compared.

The simulation of the controller (B1l) applied to (B3) over the time interval [0, 10] has been performed in MATLAB (solver:
ode15s, rel. tol.: 1074, abs. tol.: 107'%) and is depicted in Fig. B . Fig. = shows the tracking error and the funnel bound-
ary, while Fig. KH shows the corresponding input function generated by the controller. It can be seen that the proposed funnel
controller (BIl) guarantees that the tracking error evolves within the prescribed performance funnel and it yields a similar
performance of the input as the controller (Z9) when we compare it to the simulation results in Berger et al] (Z016).
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FIGURE 8 Simulation of the controller (&) for the mass on car system (B3) with a = %.

Case 2: If a = 0 and d # O, see Fig. B , then system (B3) has relative degree r = 3 and high-frequency gain matrix

= - > 0. For the simulation, we choose the reference trajectory y,.;(f) = cost[m], the parameters m; = 4[kg],m, =

1[kg].k = 2[N /m],d = 1[N's/m] and the initial values x(0) = 0, %(0) = 0, s(0) = 0, §(0) = 0.

NSSAN\SN SSANSSASRNNRNSY

o0

FIGURE 9 Mass on car system with a = 0.

For the controller (B2) we choose the initial values zZ; j(O) =0,i=1,2,j=1,2,3, the funnel functions
o) = p5(t) = @, (t) = %(IOe_Z’ +0.)7N @) =25e +0.0D7,  @,(t) = (1.8¢72 +0.01)7!

and " = 0.8 > % = I" such that (I3) is satisfied. The parameters g;, p; are determined by the coefficients of the Hurwitz
polynomial
(s +5)° = s> + 1552 + 755 + 125,

by which g, = 15, g, = 75 and g; = 125. Therefore, A = [ :1%225 é E] and the Lyapunov equation ATP + PA = —1I; has the

solution
38 1 _136

o P

1
P = 2 125 o |’
_Be 1 1333
125 2 3125
by which p; = 1, p, = % and p; = %. The initial errors lie within the respective funnel boundaries and all assumptions of

Corollary Bl are satisfied, thus it yields that funnel control is feasible.
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FIGURE 10 Simulation of the controller (B2) for the mass on car system (B3) with a = 0.

The simulation of the controller (B2) applied to (B3) over the time interval [0, 10] has been performed in MATLAB (solver:
ode15s, rel. tol.: 10714, abs. tol.: 1071°) and is depicted in Fig. [0 , where the tracking error is shown in Fig. 4 and the input
in Fig. M"H. We see that the funnel controller (B2) is able to guarantee that the tracking error evolves within the prescribed
performance funnel. The performance of the control input generated by (B2) is comparable to that generated by the controller (Z3)
in the simulation results in Berger et al] (2(ITf); we stress that the controller (B2) does not require availability of y and j.

6 | CONCLUSION

In the present paper we have introduced the funnel pre-compensator as a novel and simple adaptive pre-compensator, which
resembles the structure of high-gain observers. We showed that the funnel pre-compensator is feasible for the large class of signal
pairs P.. The proposed adaptation scheme for the pre-compensator gain is of low complexity and inherently robust since its
design is model-free, and we showed that it guarantees prescribed transient behavior of the compensator error. Using a cascade
of funnel pre-compensators, we proved that it is possible to obtain an artificial output with explicitly known derivatives which
tracks the system output with prescribed transient behavior. As an application in adaptive control, we show that for a certain class
of nonlinear systems, the interconnection with the funnel pre-compensator cascade has input-to-state stable internal dynamics
provided the relative degree does not exceed three. This guarantees feasibility of a novel funnel controller which consists of a
funnel pre-compensator cascade in conjunction with the recently developed funnel controller from Berger et al] (Z016); this new
controller does not require the derivatives of the output.

The results that we obtained in Sections B and B suggest that the funnel pre-compensator is a suitable tool for resolving the
problem of higher relative degree in stabilization and tracking problems. If a system has a higher relative degree and derivatives
of the output are not available, then a filter or observer is frequently used to obtain approximations of the output derivatives, see
the survey [Ichmann and Ryar (2008) and the references therein. As explained there, the concept of funnel control is usually
combined with a back-stepping procedure to overcome the higher relative degree, which however is quite complicated and
impractical, cf. (Hackl POT7, Sec. 4.4.3). Nevertheless, in the last sentence of ([lIchmann and Ryan 200X, Sec. 6) it is conjectured
that the combination of a high-gain observer with a funnel-type controller might be beneficial for tracking of higher relative
degree systems. In Section Bl we have shown that the funnel pre-compensator, which resembles a high-gain observer, may be used
to achieve this for systems with relative degree two or three. Systems of higher relative degree are the topic of future research.
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