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1. Prove that Gp4q ě 16, i.e., that there are arbitrarily large natural numbers which cannot
be represented as a sum of 15 biquadrates.

2. Let k ě 2. Prove Gpkq ě k ` 1, i.e., that there exist infinitely many natural numbers not
belonging to the set

Ak “ tx
k
1 ` ¨ ¨ ¨ ` xk

k : x1, . . . , xk P N0u .

3. Suppose that t ě 2 is an integer and that n is odd. Prove that there exists an integer i
such that 0 ď i ă 2t´2 and either n ” 5i pmod 2tq or n ” ´5i pmod 2tq.

4. Hardy and Littlewood conjectured that for every k ě 2 and every ε ą 0 there exists some
n0 “ n0pk, εq such that for every n ě n0 there are at most nε solutions px1, . . . , xkq P N

k
0

of the equation n “ xk
1 ` ¨ ¨ ¨ ` xk

k. Prove that this is false for k “ 3.

Hint: p1´ 9x3q3 ` p3x´ 9x4q3 ` p9x4q3 “ 1
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Hints

1. Prove x4 ” 0, 1 pmod 16q for every integer x.

2. In fact, there is ε ą 0 such that |Ak X rns| ă p1´ εqn holds for every sufficiently large n.

3. Determine the largest power of 2 dividing 52m ´ 1.


