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The scalar s in field theories take their values in a differentiable
manifold 7, called the target space.

dp=("): X =T

The kinetic energy term of the scalars in the Lagrangian £ of the
theory defines a metric on the target space

Szfczf—gwaaqwa%”+....
b b

Supersymmetry leads to restrictions on the target space metric
depending on the (dim. of the) space-time manifold > and on the
number of supersymmetry generators, e.g.: g,y = %.

PHOP
Dimensional reduction relates supersymmetric theories of different
space-time dimensions and hence their corresponding scalar

geometries.
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global NV = 2 SUSY

local N' = 2 SUSY

5d vector multiplets
4d vector multiplets
3d (4d) hypermultiplets

S=special
K=Kahler
R=real
A=affine
P=projective
H=hyper
Q=quaternionic

ASR
ASK
HK
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Completeness in supergravity constructions:
Local r-map:
From PSR to PSK manifolds
Local c-map:
From PSK to QK manifolds
r- and c-map preserve completeness!

Classification of complete PSR surfaces
= 1-parameter family of complete 16-dimensional QK manifolds

One-loop deformation of c-map and HK/QK correspondence
Rigid c-map:
From ASK to HK manifolds
Local c-map:
From PSK to QK manifolds
HK/QK correspondence relates rigid and local c-map+one-loop

deformation
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Dimensional reduction of A" = 2 supergravity 5d — 4d — 3d
=

r-map bok c-map

Y

Y

PSR QK

Theorem 1 [CHM]

Let (M1, g1) be a complete Riemannian manifold and (g2(p)), a smooth
family of G-invariant Riemannian metrics on a homogeneous manifold

My = G /K, depending on a parameter p € M. Then the Riemannian
metric g = g1 + go on M = M x M> is complete. Moreover, the action
of G on My induces an isometric action of GG on (M, g).

[CHM] Cortés, Han, Mohaupt,
Completeness in supergravity constructions,
Comm. Math. Phys. 311 (2012), no. 1, 191-213.
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Definition 1 Let A be a homogeneous cubic polynomial in n variables
with real coefficients and let 7 C R™\{0} be an R~ -invariant domain
such that h|y > 0 and such that g3, := —?h|4 is a Riemannian metric
on the hypersurface H := {h = 1} C U. Then (H, g3 ) is called a
projective special real (PSR) manifold.

Example 1 H = {(z,y) € R?|2*y = 1,2 > 0},U = (R>?)? Cc R,
~—~

y _
100 - =h

80 -

20

0.0 0.2 04 0.6 0.8 10
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Conical affine special K ahler (CASK) geometry

niroduction . Definition 2 A conical affine special K &hler manifold
Scjprgf;‘j;eyﬂjss " (M, J, g, V, &) is a pseudo-Kahler manifold (M, .J, gpr) endowed with
constuctore . aflat torsionfree connection V and a vector field £ such that

Completeness

el S ) Vw = 0, where w := gy (J-, -) is the Kahler form,
Conical affine special § ||) (VXJ)Y — (VYJ)X for all )(7 Y e F(TM)’

Kéhler (CASK) .
geometry i) V& = D¢E = 1d, where D is the Levi-Civita connection,

Projective special

caner (P geomery - IV) g 1S positive definite on D = span{&, J&} and negative definite on

The local r-map g DJ— .
The local c-map E
Completeness :  Locally, there exist so-called conical special holomorphic coordinates 2!,

Classification of

compee s suces - 1 =0, ..., n and a holomorphic function F'(z), homogeneous of degree
Complete QK metrics E 2 SUCh that
One-loop deformation of § gM — N[szldzj7 S — Zla] _|_ 2[61_7

the c-map and 1
HK/QK-correspondence ¢

where N := 2Im F7;(z). The Kahler potential is
K :=r?:=gu(& &) = 2'Nyyzl = i(2'Fy — 2' F).

M. Dyckmanns Geometrical insights from supergravity constructions — 10/ 30
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Let (M, J, gar, V, &) be a CASK manifold. Then J¢ is a holomorphic
Killing field and the Kahler reduction of (M, J, gas) w.r.t. J€ with the
choice of level set S := {gns(&, &) = 1} gives a Kahler manifold

{M — S/S}ga _9M7j}'

MCASK

lR>0 )
S Definition 3 (M, g5z, J) is called

1 st a projective special K ahler manifold .
MPSK

If 21, I = 0, ..., n are conical special holomorphic coordinates on M,
then X# := §—§ u=1,...,n define a local holomorphic coordinate

system on M . The Kahler potential for g,; is
K :=—log XIN;;(X)X”, where X := (XY, ..., X") with X0 := 1.

Geometrical insights from supergravity constructions — 11/ 30
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Let (H, —0?hl|) be a projective special real manifold.
Then U = R>Y . H and —H?%h is a Lorentzian metric on U.

We define M := R" + U C C"™ with holomorphic coordinates
(XH) = (y* + ixt) € R™ 44U and endow it with a Kahler metric

gy = %dX“dX” defined by the Kahler potential

K(X,X) := —logh(z) = —log h(Im X).

Definition 4 The correspondence (H, gy ) — (M, gas) is called the
local r-map .

e

G /7 -\ N\

— 0% log h(x 5
(M, gur) =~ (H xR x R", gy + dr* — axﬂax(’/)dyudy ).

In terms of the prepotentials h and F', the local r-map is given by
h(z*)

~0

h(zh) — F(z1) =

Geometrical insights from supergravity constructions — 12 / 30
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ga = Hd’) +— (do + > (¢"dly — (¢! )2+—ZIIJ p)d¢’d¢’

_|_2_p ZII‘](p)(dEI + R[K(p)dCK)(dé:J + RJL(p)dCL)a

where (p, ¢, (r, ¢T) € RZ0 x R2mH3,

Do Nrgz™ 3 Nypz®
ZIJ Npgzlzt
Definition 5 Let (M, g;;) be a 2n-dim. projective special Kahler

domain. The correspondence

Nij:=Rrj+ilry:=Fry+i , Nrj:=2ImF7;.

(M,QM) —> (N — M x R>O X R2n+3,gN = gns —|—g(;)
is called the local c-map .

(N, gn ) is quaternionic Kahler [FS].

[FS] Ferrara, Sabharwal, Nucl. Phys. B332 (1990), 317-332.
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Dimensional reduction of A" = 2 supergravity 5d — 4d — 3d
=

r-map bok c-map

Y

Y

PSR QK

Theorem 2 [CHM]

Let (M1, g1) be a complete Riemannian manifold and (g2(p)), a smooth
family of G-invariant Riemannian metrics on a homogeneous manifold

My = G /K, depending on a parameter p € M. Then the Riemannian
metric g = g1 + go on M = M x M> is complete. Moreover, the action
of G on My induces an isometric action of GG on (M, g).

[CHM] Cortés, Han, Mohaupt,
Completeness in supergravity constructions,
Comm. Math. Phys. 311 (2012), no. 1, 191-213.
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Dimensional reduction of A" = 2 supergravity 5d — 4d — 3d
=

complete r-map complete c-map  complete
PSR PSK QK

Corollary 1 [Cortés, Han, Mohaupt 2012]

Combining the supergravity r- and c-map, one obtains a complete

4m + 8-dimensional quaternionic Kahler manifold from each complete
m-dimensional projective special real manifold.
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Classification of complete PSR surfaces

noduction :  Theorem 3 [CDL '13]
e :  There exist precisely five discrete examples and a one-parameter family of
complete projective special real surfaces, up to isomorphism:

constructions

Completeness :
Projective special real ; a) {(ZC, Y, Z) c Rg TYz = ]_, xr > O, Yy > 0}7

(PSR) geometry :
Conical affine special : b) {(:C,:U,Z = Rg x(xy _ 22) = ]_, x > O},

Kahler (CASK)
geometry E C)
Projective special .

)
{ ) (
Kéhler(PSK)geometryg d) {(z,y,2) € R?|z(2x® +9y* —2%) =1, z < 0},
{ ) (
{ ) ’

The local r-map : e) (x’y’Z c Rg T y2 _ 22) + yg — 17 Y < O, xr > O},
e O s A T S Sy SV
Classification of 3 where b € (—]., ].) C R.

complete PSR surfaces E

Complete QK metrics

One-loop deformation of o

e : [CDL] Cortés, D—, Lindemann,
Classification of complete projective special real surfaces,
arXiv:1302.4570.

M. Dyckmanns Geometrical insights from supergravity constructions — 16 / 30
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Completeness .

Projective special real E

(PSR) geometry : + IOCal r'map
Conical affine special E

Kahler (CASK) : + local c-map
geometry E

Projective special :
Kahler (PSK) geometry ¢

The local r-map — Explicit 1-parameter family of complete 16-dim.

The local c-map

cmpeeness ¢ quaternionic K ahler metrics!

Classification of
complete PSR surfaces ¢

Complete QK metrics ¢
One-loop deformation of o

the c-map and 1
HK/QK-correspondence ¢
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4dn+4
Ny
/< N
rigid c-map "~ .conification
N \A
2n+-2 \74n—+8
MCASK NHKC’

C* H*/{=+1}

Y

—4n+4
QK

— on local c-map

Mpgg!

AN
7
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Let (M C C™L, J, gur, €) be a CASK manifold, globally described by
the holomorphic prepotential F'(z).

The real coordinates (¢%) := (z!,1;) := (Rez!,Re F;(z)) on M are
V-affine and fulfill wy; = —2dz! A dy;.

Let (pa) := (C1,¢7) be real functions on N := T*M such that (¢%, pp)
IS a system of canonical coordinates.

Proposition 1 In the above coordinates (27, ¢, (), the hyper-Kahler
structure on N = T M obtained from the rigid c-map is given by

gy =Y dz'Npsdz? +3 " AN Ay,

T OIS SN
Wy = —% Z(dil ANAr —dz' A Ap),

w3 = %Z(dz[ NAr+dzt A Ap),

where A[ = dé] + Z,] F]J(Z)dCJ (I = O, ce ,n) are
complex-valued one-forms on N and w,, = gn(Ja-, ).
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Let (IV, g, J1, J2, J3) be a 4m-dim. (pseudo-)hyper-Kahler manifold with
a J1-holomorphic Killing vector field that fulfills £, .Jy = —2J3. Then one
can (locally) construct a conical 4m + 4-dim. hyper-Kahler manifold N
such that N is obtained from N via a hyper-Kahler quotient [ACM] (see
also [Ha]). This constructions depends on a real parameter c.

Using the Swann-bundle construction of a hyper-Kahler cone as a

H /{+1}-bundle over a quaternionic Kahler manifold, we get a
correspondence between a HK manifold and a 1-parameter family of QK
manifolds which is called HK/QK correspondence.

[ACM] Alekseevsky, Cortés, Mohaupt,
Conification of Kahler and hyper-Kahler manifolds,
Comm. Math. Phys. (accepted) (2013).

[Ha] Haydys, J. Geom. Phys. 58 (2008), no.3, 293-306.
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Let (M, g, J1, J2, J3) be a pseudo-hyper-Kahler manifold, Z a time-like
or space-like J1-holomorphic Killing vector field with £, Jo = —2J3 and
f € C°°(M) suchthat df = —w(Z,-) and such that f and

fi=f— @ are non-vanishing.

Let 7 : P — M be an S*-principal bundle with a connection 7 having
curvature dn = w — %dﬂ, where 5 := g(Z,-).

We endow P with the pseudo-Riemannian metric, vector field and

one-forms

2
gp = EHQ +g Z{ = Z+(fi —n(2)Xp,
1 1
pP._ = P __ -
00 T de (91 . 77_|_ 2&7
1 1
pF = §w3(Z, ) oL = —§w2(Z, ).
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Theorem 4 The tensor field
~ o g HP 2
gp ‘= gp E :( a)

on P is invariant under Z{ and has one-dimensional kernel RZ{". Let
M’ be a submanifold of P which is transversal to the vector field Z1 .

Then
g ! gp|
= 9P| M/
2| f|

is a (pseudo-)quaternionic Kahler metric on M.
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There exists a canonical vector field Z on any HK manifold
(N, gn, J1, J2, J3) obtained from the rigid c-map that fulfills the
assumptions of the HK/QK correspondence [ACM].

Theorem 5 [ACDM '13]

The Ferrara-Sabharwal metric and its one-loop deformation can be
obtained from (N, gn, J1, J2, J3) by applying the
HK/QK-correspondence with respect to Z.

arwal
c Kahler.

This gives a new (mathematical) proof that the Ferrara-Sabh
metric and its one-loop deformation are indeed quaternioni
[ACDM] Alekseevsky, Cortés, D—, Mohaupt,
Quaternionic Kahler metrics associated with
special Kahler manifolds,

arXiv:1305.3549.
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Deformed Ferrara-Sabharwal metric:

c p+c 1 /0—|—26 .
Jdrs P M 4,02 ,0—|—C 2/0 D D
1 p+c, - ;o — ,
d dCr — d dc
+4,02p+20(¢+z(< Cr — Crd¢h) + cdK)
2(:
’C‘Z (X1dCr + Fr(X)d¢ )‘
where (XZ, p, ¢, (s, ¢K) € M x R* x R4+3 and

*  g%g is positive definite for p > max{0, —2c},
*  g%g is of signature (4n,4) for —c < p < —2¢, ¢ < 0,
*  g%g is of signature (4,4n) for —c < p < 0, ¢ > 0.

Geometrical insights from supergravity constructions — 25/ 30



K/K correspondence

Introduction

Completeness in
supergravity
constructions

One-loop deformation of ¢

the c-map and

HK/QK-correspondence E

Conification of the rigid E

c-map?

The rigid c-map
Conification of HK
manifolds

HK/QK
correspondence

HK/QK

correspondence for the «

c-map

The one-loop deformed E

local c-map

K/K correspondence
Simple example:

« K/Kcor. 1
C* — CH

M. Dyckmanns

Let (M, g, .J) be a pseudo-Kahler manifold, Z a time-like or space-like
holomorphic Killing vector field and f € C°° (M) such that

df = —w(Z,-)and suchthat f and f| = f — @ are non-vanishing.
Let 7 : P — M be an S*-principal bundle with a connection 1 having
curvature dn = w — %dﬂ, where 5 := g(Z,-).

We endow P with the pseudo-Riemannian metric, vector field and
one-forms

2,
gp : f177 g
2" = Z+ (L —n(2)Xp
1
p._ 1
0y = —5df

1
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Theorem 6 The tensor field

i =Y (072

I
S
g
|
~ |

on P is invariant under Z¥ and has one-dimensional kernel RZ*. Let
M’ be a submanifold of P which is transversal to the vector field Z* .

Then
/ 1 ~ ‘
9 ‘= 579P M’
2| f]

is a (pseudo-)Kahler metric on M.
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Here, we consider M = {z = re'®} = C* with its standard complex
structure and metric ¢ = dz dz = dr? + r?d¢?, endowed with the
holomorphic Killing field Z := 2(iz20, — 120z) = 20,. The Kéhler form is
given by w = 5dz AN dz = rdr N\ do.

We have w(Z,-) = —2rdr = —df and choose f = r? > 0. Then
fi=f— 9(222) —r? < 0. We consider

P=MxS8'" 8'={e¥secR}
with the connection [5 =g(Z,-) = 2r2dqb]

1

1
N =ds — —7“2dq5, dn = —w =w — §d6.
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We have ZF = 28¢ and choose the transversal manifold
M' ={¢p =0} CC*ie M = {r|r e R>V}.
We have 3|y = 0, 0 = —%df = —rdr, 0¥ |y = ds, ie.
(95))2 + (91P)2‘M/ = 7“2d7“2 + d82.
2

2
grly = —772|M/ + glpr = ——2d82 + dr?.
fi r

1
~ 2 P\2 4 2 2
gP|M’ — gP|M’ — ? azzo(ea) |M’ — —’r’_2d8 — dr*.

[ L7 2
= —¢ = ——dplm = —(d¢* + dp”) = gcm,
| f] | 4p2( )

Wherqu = —4s, p = r2.
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Thank you!

Thank you!
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