
A few results about topological types -
Definitions and bibliography

Definition 1 (ordinal) A set S is an ordinal if and only if it satisfies the
two following conditions :

(o1) every non-empty subset of S has a least element for the relation ∈ ; 1

(o2) for all x, if x ∈ S then x ⊆ S.

Definition 2 (inverse image) Let U and V be sets ; the inverse image of
S ⊆ V under the function f : U → V is the subset f−1[S] of U defined as
follows :

f−1[S] := {u ∈ U ; f(u) ∈ S}.

Definition 3 (topology) Let U be a set ; T ⊆ ℘(U) is a topology on U if
and only if the three following conditions are satisfied :

(t1) ∅ ∈ T and U ∈ T ;

(t2) T is closed under countable union ;

(t3) T is closed under finite intersection.

Definition 4 (base) Let U be a set and T a topology on U ; B ⊆ ℘(U) is a
base for T if and only if every non-empty element of T can be written as a
union of elements of B.

Definition 5 (open set, closed set, clopen set) Let U be a set and T a
topology on U ; an open set is an element of T , a closed set is an element of
{{O

U ∈ ℘(U) ; O ∈ T } where {O
U := U � O := {x ∈ U ; x 6∈ O}, and a clopen

set is an element of T ∩ {{O
U ∈ ℘(U) ; O ∈ T }.

Definition 6 (topological space) T is a topological space if and only if
T := (U, T ) where U is a set and T is a topology on U.

1In other words, S is well-ordered by the relation ∈.
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Definition 7 (continuous function) Let (U, TU) and (V, TV) be topological
spaces ; f : U → V is a continuous function if and only if for all O ∈ TV,
f−1[O] ∈ TU.

Definition 8 (homeomorphism) Let (U, TU) and (V, TV) be topological spa-
ces ; a function f : U → V is a homeomorphism between (U, TU) and (V, TV)
if and only if the three following conditions are satisfied :

(h1) f is a bijection ;

(h2) f is continuous ;

(h3) f−1 is continuous.

Definition 9 (homeomorphic) Let (U, TU) and (V, TV) be topological spa-
ces ; (U, TU) and (V, TV) are homeomorphic, noted (U, TU) ∼= (V, TV), if and
only if there exists an homeomorphism f between (U, TU) and (V, TV).

Definition 10 (topological type) Let T be the class of all topological spa-
ces ; a topological type is an element of T / ∼=.

Definition 11 (closure) Let (U, TU) be a topological space and S ∈ ℘(U) ;
the closure of S, noted cl(S), is the smallest closed set containing S.

Definition 12 (accumulation point) Let (U, TU) be a topological space
and S ∈ ℘(U) ; x ∈ U is an accumulation point of S if and only if x ∈
cl(S � {x}).

Definition 13 (derivative) Let (U, TU) be a topological space and S ∈ ℘(U) ;
the derivative of S, noted S ′, is the set of all accumulation points of S.

Definition 14 (transfinite derivative of degree α) Let (U, TU) be a to-
pological space and S ∈ ℘(U) ; the transfinite derivative of degree α of S
where α is an ordinal, noted S(α), is defined as follows :

S(α) =


S if α = 0(
S(β)

)′
if α = β + 1⋂

δ<λ

S(δ) if α = λ with λ limit.

Definition 15 ((topological) neighbourhood) Let (U, TU) be a topologi-
cal space and x ∈ U ; N ∈ ℘(U) is a neighbourhood of x if and only if there
exists O ∈ TU such that x ∈ O and O ⊆ N .
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Definition 16 ((topological) neighbourhood system) Let (U, TU) be a
topological space and x ∈ U ; the neighbourhood system of x, noted ν(x), is
the set of all its neighbourhoods. 2

Definition 17 ((topological) neighbourhood base) Let (U, TU) be a to-
pological space and x ∈ U ; a neighbourhood base for x, noted b(x), is a subset
of ν(x) such that for all elements V ∈ ν(x) there exists B ∈ b(x) such that
B ⊆ V .

Definition 18 (dispersed set) A set S is dispersed if and only if it does
not contain any set X 6= ∅ such that X ⊆ X ′.

Definition 19 (limit complexity, coefficient, purity) Let α be an ordi-
nal whose (unique) Cantor normal form is

ωα0 · k0 + . . . + ωαn · kn

where α ≥ α0 > . . . > αn and 0 < ki < ω for 0 ≤ i ≤ n ; the limit complexity
of α, noted lc(α), is α0 ; the coefficient of α, noted c(α), is k0 ; the purity of
α, noted p(α), is defined as follows :

p(α) :=

{
0 if α = ωlc(α) · c(α) and ωlc(α) · c(α) ≥ ω

ωαn · kn if α 6= ωlc(α) · c(α) or ωlc(α) · c(α) < ω.

Definition 20 (Cantor-Bendixon rank) Let S be a set, the Cantor-Bendixon
rank of x ∈ S is CBS(x) := sup{α ∈ On ; x ∈ S(α)}.

Definition 21 (limit point) Let (U, TU) be a topological space and S ⊆ U ;
x ∈ U is a limit point of S if and only if every element of TU that contains x
also contains a point of S that has to be different from x.

Definition 22 (cofinal subset) Let S be a set partially ordered 3 by ≤S

and C ⊆ S ; C is a cofinal subset of S if and only if for all x ∈ S there exists
a y ∈ C such that x ≤S y.

Definition 23 (〈C, α〉-slope) Let η be a limit ordinal 4, α an arbitrary ordi-
nal and C ⊆ η a confinal subset of η ; a function f : C → α is a 〈C, α〉-slope
if and only if CBα(f(γ)) = γ for all γ ∈ C.

2A topological neighbourhood system is also called a “topological neighbourhood filter”.
3A partial order is a binary relation R over a set P which is reflexive, antisymmetric,

and transitive.
4A limit ordinal is an ordinal that is neither zero nor successor.
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Definition 24 (top) Let η be a limit ordinal, α an arbitrary ordinal, C ⊆ η
a confinal subset of η and f : C → α a 〈C, α〉-slope ; τ ∈ α is a top of the
slope f if and only if for every δ < η, the ordinal τ is a limit point of the set
fδ := {f(γ) ; γ ∈ Cδ} where Cδ := {x ∈ C ; x > δ}.

Definition 25 (cofinal slope, supremum) Let η be a limit ordinal, α an
arbitrary ordinal, C ⊆ η a confinal subset of η, f : C → α a 〈C, α〉-slope and
δ < η ; a function g : δ → σδ where σδ :=

⋃
{f(γ) ; γ ∈ Cδ} for Cδ := {x ∈

C ; x > δ} is a cofinal slope if and only if g is a constant function whose
constant value is the supremum of f .

Definition 26 (σ-algebra) Let U be a set ; S ⊆ P(U) is a σ-algebra on U
if and only if the three following conditions are satisfied :

(a1) S 6= ∅ ;

(a2) S is closed under complementation ;

(a3) S is closed under countable union.

Definition 27 (generated σ-algebra) Let U be a set and S ⊆ P(U) ;
σ(S) is the generated σ-algebra on U from S if and only if it is the intersection
of all the σ-algebras on U that contain S.

Definition 28 (Borel σ-algebra) Let (U, TU) be a topological space ; the
Borel σ-algebra on (U, TU), noted BU(TU), is the generated σ-algebra on U

from TU, that is BU(TU) = σ(TU).

Definition 29 (Borel isomorphism) Let (U, TU) and (V, TV) be topologi-
cal spaces whose respective Borel σ-algebras are BU(TU) and BV(TV) ; f :
BU(TU) → BV(TV) is a Borel isomorphism between (U, TU) and (V, TV) if and
only if the three following conditions are satisfied :

(b1) f is a bijection ;

(b2) for every U ∈ BU(TU), f [U ] ∈ BV(TV) ;

(b3) for every V ∈ BV(TV), f−1[V ] ∈ BU(TU).
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