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Toric varieties I

Exercise 1.

Let d be a positive integer and ey, es the standard basis of R%2. Show that the toric variety
U, determined by the cone o = (de; — eg, e2) is isomorphic to Spec[Xo, ..., X4]/I where I is
the ideal generated by the 2 x 2 minors of

Xo ... Xg1
). CH. ¢
This variety is known as the rational normal cone.

Exercise 2.
Classify all the 1-dimensional toric varieties.

Exercise 3.

i. Let o0 be a cone in N and ¢’ a cone in N’. Show that ¢ x ¢’ is a cone in N & N’ and
construct an isomorphism

!
UUXU’ = UO’ X Ua

ii. Let 3,%’ be fans in Ng and Nf. Show:
L xYi={oxo |oexdiny}
is a fan in Ng x Ng. Also, show
X(Zx¥) = X(Z) x X(2).
Exercise 4. Let S = CNM, A= k[Ty, T, ",...,T,, T;']. Suppose A = k[M] with M = ZS.
The action «a of the torus G}!, = Spec(A) on the affine toric variety U = Spec(k[S]) is given
by a morphism
a:GhxU—=U

satisfying a number of axioms. These can also be stated in terms of the coaction

p:k[S] = k[S]® A
of . We require

(ida ®€)op=rida
and

(ida @ AN)op=(pRidya) o p.
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Here, A is the comultiplication given by A = p* ® - - - ® p*, where
k[T, T = k[T, T @ k[T, T7Y
is the comultiplication on the factors of G}, and is given by p*(T) = T ® T. Similarly, € is
the product e* ® - -- ® e* of the counits e* : k[T, T~!] — k given by e*(T) = 1.
Check that the algebra homomorphism k[S] — k[M] ® k[S] given by x™ — x™ @ x™ is a
coaction. This is the algebra homomorphism defining the torus action.



