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complexsubspaces

Hermitianspaces
(Cm , h) standard hermitian vector space
natural substructure : complex (hermitian) subspaces

realpicture
(Cm , h) ! (R2m , g, J ), J isometry with J 2 = " Id
complex subspaces ! real subspaces closed under J
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complexsubmanifolds

K¬ahlermanifolds
(M 2m , g, J ) looks # (R2m , g, J ) up to 2nd order
natural substructure : complex submanifolds Y $ M , i.e. TY
closed under J

remark
complex manifolds homologically volume minimising [Federer]

Y 2k complex submanifold, Y ! %[Y ] %H2k(M )

& vol(Y !) =
!

Y !
volg|Y ! ' vol(Y )
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associativesubspaces

octonians
O = R1 ( Im O normed division algebra, not associative: in
general

[x, y, z] = x á(y áz) " (x áy) áz )= 0

realpicture
R7 = Im O + g+ cross product x * y = Im( y áx),

x * y + x, y x * y = " y * x , x * y, g= , x - y, g

natural substructure
associative subspacesY : closed under *

& dim = 0, 3, 7 and [x, y, z] = 0 for all x, y, z %Y
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associativesubmanifolds

G2Ðmanifolds
(M 7, g, * ) looks # (R7, g, * ) up to 2nd order

associative submanifolds: Y 3 $ M 7 with TY closed
under *

coassociative submanifolds: X 4 $ M 7 with TX " is
associative

question
homologically volume minimising?
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calibrations

calibrated submanifolds[Harvey–Lawson]

(M , g, ! ) (compact) Riemannian manifold, ! %! k(M ).

! calibration iff for all x %M , Uk $ TxM : ! |U . volg|U

Y $ M calibrated iff ! |Y = volg|Y

d! = 0 & calibrated submanifolds are h.v.m.

examples

Kähler case: " (x, y) = g(J x, y), ! m

m! . volg|Y 2m [Wi rti nger]

calibrated submanifolds = complex submanifolds

G2 case: #(x, y, z) = g(x * y, z), # . volg|Y 3 [HarveyÐLawson]

calibrated submanifolds = associative submanifolds
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associativesubmanifoldsof R7

Split Im O = Im H ( H = R3 ( R4, Im H = / i, j , k0. When is

graphf $ Im H ( H, f : U $ Im H 1 H

calibrated?

D(f ) = " i á " f
" x1

" j á " f
" x2

" k á " f
" x3

Dirac operator

C : H * H * H 1 H triple cross product

theorem [Harvey–Lawson]

graphf calibrated iff

D(f ) = C(f ) = C(
$f
$x1

,
$f
$x2

,
$f
$x3

)
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deformationsof associativesubmanifolds

1 Associative submanifolds

2 deformations of associative submanifolds
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deformationsof associativeswithout boundary

unboundeddeformation problem
Y closed associative. Zariski tangent space of

M Y = { Y ! | Y ! associative and isotopic to Y} ?

motivatingexample
Y = Im H = graphf $ R7 with f 2 0 calibrated, %= H

& f close to 0, linearised equation D(f ) = 0

theorem [McLean]

normal bundle %1 Y is a (twisted) spinor bundle for Y

Zariski tangent space = kerD
D : "( Y, %) 1 "( Y, %) (t wisted) Dirac operator

virtual dimension of M Y = ind(D) = 0
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deformationsof associativeswith boundary

boundeddeformation problem

X coassociative

Y compact associative with boundary $Y $ X

M X ,Y = { Y ! | Y ! associative isotopic to Y, $Y ! $ X }

question

what is the Zariski tangent space to M X ,Y ?

its (virtual) dimension?
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geometryon the boundary

near the boundary

%1 Y normal bundle, %X
Def= T$Y " TX

C $ Y collar neighbourhood of $Y , u inward pointing
normal vector field

u* : %|C 1 %|C almost complex structure
(cf. u %Im H acting on H)

lemma[Gayet–W.]

%X $ %|" Y and %X is u* –closed

µX
Def= %" ν

X also u* –closed

µX
#= %X 3 C T$Y as C–line bundles
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near the boundary

%1 Y normal bundle, %X
Def= T$Y " TX

C $ Y collar neighbourhood of $Y , u inward pointing
normal vector field

u* : %|C 1 %|C almost complex structure
(cf. u %Im H acting on H)

lemma[Gayet–W.]

%X $ %|" Y and %X is u* –closed
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the Zariski tangentspace

corollary
D : "( Y, %) 1 "( Y, %) Dirac, B: "( $Y, %) 1 "( $Y, µX ) proj
& Zariski tangent space of M X ,Y given by

Df = 0
B(f |" Y ) = 0

question

elliptic system?

if yes, what is its index (= virtual dimension of M X ,Y )?
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elliptic boundary conditions

Calder«on operator associatedwith D

QD : "( $Y, %) 1 { f |" Y %"( $Y, %) | Df = 0}

deÞnition
M 2n+1 with boundary, S 1 M spinor bundle with Dirac
D : "( M , S) 1 "( M , S), B : "( $M , S) 1 "( $M , V )

B defines local elliptic boundary condition 4 principal
symbol &(B) satisfies

im &(B ) #= ' #V (' : T#$M \ 0 1 $M )

im &(B ) #= im
"
&(B) 5 &(QD )

# #= im &(QD )
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indextheorems

B defines l.e.b.c. then well–defined

ind(D, B) = dim ker(D ( B) " dim coker(D ( B)

P+ : "( M , S) 1 "( $M , S+ ) orthogonal projection on
positive spinors

& P+ defines l.e.b.c. with ind(D, P+ ) = 0

B1,2 define l.e.b.c.

& ind(D, B2) " ind(D, B1) = ind(B2 5 QD 5 B1)
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the virtual dimension

theorem [Gayet–W.]

B: "( $Y, %) 1 "( $Y, µX ) defines a l.e.b.c. with

ind(D, B) = ind($#X )

corollary
$Y connected & ind(D, B) =

$
" Y c1(%X ) + 1 " g

(Riemann–Roch)



deforming
associatives

with boundary
conditi ons

Frederik Witt

Associative
submanifolds

deformations
of associative
submanifolds

17/21

the virtual dimension

theorem [Gayet–W.]

B: "( $Y, %) 1 "( $Y, µX ) defines a l.e.b.c. with

ind(D, B) = ind($#X )

corollary
$Y connected & ind(D, B) =

$
" Y c1(%X ) + 1 " g

(Riemann–Roch)



deforming
associatives

with boundary
conditi ons

Frederik Witt

Associative
submanifolds

deformations
of associative
submanifolds

18/21

sketch of the proof

on $Y * [0, () collar neighbourhood, we have

D = u * (6 u + R)

compute &(QD ) from &(R) (Calderón–Seeley)

check definition & l.e.b.c.

index theory & need only &(BQD P+ )
(P+ projector onto S+ )

lemma & &(BQD P+ ) = &($#X )
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examples

arbitrary genus

Y $ R7 associative, $Y connected and real analytic

a %"( $Y, %) nowhere vanishing, real analytic section

induced geodesic flow gives N 3, real analytic, #|N 2 0

N determines coassociative germ X , $Y $ X [HarveyÐLawson]

a section of %X & ind = 1 " g

[compactexamples]
use Joyce’s construction of (co–)associatives to produce
examples with non–vanishing index in compact holonomy
G2–manifolds
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generalisationof the boundary condition

relaxingthe integrability condition
theorem remains true for top ological G2–manifolds

relaxingthe boundary condition

X 4 totally nonÐassociative iff TxX contains no
associative subspace (pointwise open condition),
for instance X coassociative

“#–free” (cf. “totally real” vs. “Lagrangian”) [HarveyÐLawson]

theorem remains true with “t.n.a.” instead of
“coassociative”
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Thank you!


