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(C™, h) standard hermitian vector space
natural substructure: complex (hermitian) subspaces
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(C™ h)! (R?™,g,J), J isometry with J2= " Id
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Kahlermanifolds

(M2™,g,J3) looks # (R®™,g,J) up to 2" order

natural substructure: complex submanifolds Y $ M, i.e. TY
closed under J

remak
complex manifolds homologically volume minimising  [rederen

Y 2 complex submanifold, Y' %[Y] %H (M)
!
& vol(Y') = volg,, " vol(Y)
Y!
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asseiative subspaces

octonians
O = R1( Im O normed division algebra, not associative: in
general

[x,y.z]= xa(yaz) " (xay)azy 0

real picture
R’ = Im O+ g+ cross product X * y = Im(y &x),

X*y+X!y X*y:"y*x 1X*y’g:!X_yvg

natural subsructure
asscciative subspacesY : closed under *

& dim=0,3,7and [X,Yy,z] = Ofor all X,y,z %Y
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GorPmanifolds
(M7,9,*) looks # (R”,g,* ) up to 2" order
e asscciative submanifolds: Y3 $ M 7 with TY closed
under *

e coasscciative submanifolds: X4 $ M 7 with TX " is
associative

guestion
homologically volume minimising?
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calilrated submanifoldgHarvey—-Lawson]

(M,g,!) (compact) Riemannian manifold, ! %! X(M).
o ! calibration iff for all x %M, Uk $ TxM: I}y . volg,
oY $ M calibrated iff !y = volg,

o d' = 0& calibrated submanifolds are h.v.m.

examples

o Kahler case: " (X,y) = g(JXx,Y), 'm—n: . Volg|Y2m [Wirtinger]
calibrated submanifolds = complex submanifolds
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Aeaiye (M,g,!) (compact) Riemannian manifold, ! %! *(M).
submantolds o ! calibration iff for all x %M, Uk $ TxM: I}y . volg,
oY $ M calibrated iff !y = volg,

e d = 0& calibrated submanifolds are h.v.m.

Frederik Witt

examples
o Kahler case: " (X,y) = g(JXx,Y), 'm—n: . Volg|Y2m [Wirtinger]
calibrated submanifolds = complex submanifolds

(*] GZ_ case: #(X, Y, Z? = g(X * Y, Z?, # . VOIles' [HarveybLavson]
calibrated submanifolds = associative submanifolds
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SRR Split MO = ImH( H=R3( R* ImH = /i,j,kO When is

Asscciative

submanifolds graphf $ Im H( H, f :U $ Im H 1 H

calibrated?
o D(f)="i&n-" j &n" kar, Dirac operator
e C:H* H* H1 H triple cross product

theaem [Harvey—Lawson]
graphf calibrated iff

$f  $f  $f

D)= C(M) = Clg 55" 3x5
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unboundeddefamation problem
Y closed associative. Zariski tangent space of

My = {Y']Y' associative and isotopic to Y}?

motivating example
Y = ImH = graphf $ R’ with f 2 0O calibrated, %= H
& f close to 0, linearised equation D(f) = 0

theaem [McLean]

@ normal bundle %1 Y is a (twisted) spinor bundle for Y

@ Zariski tangent space = kerD
D:"(Y, %1 "(Y,% (twisted) Dirac operator

@ virtual dimension of My = ind(D) = 0
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@ what is the Zariski tangent space to M x v 7
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boundeddefamation problem

@ X coassociative
@ Y compact associative with boundary $Y $ X
e My vy = {Y']|Y' associative isotopic to Y, $Y'$ X}

guestion

@ what is the Zariski tangent space to M x v 7

@ its (virtual) dimension?
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@ %1 Y normal bundle, % = T$Y 7x

@ C$ Y collar neighbourhood of $Y, U inward pointing

deformations
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o U* %1 % almost complex structure
(cf. u%Im H acting on H)

lemma[Gayet-W.]
°© % $ %y and % is u* —closed

Def
@ Ux = %" also u* —closed
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Frederik Witt Def B
@ %1 Y normal bundle, % = T$Y 7x

@ C$ Y collar neighbourhood of $Y, U inward pointing

deformations

of asswiative normal vector field
submanifolds

o U* %1 % almost complex structure
(cf. u%Im H acting on H)

lemma[Gayet-W.]

°© % $ %y and % is u* —closed

Def .
%" also u* —closed

o My % % 3¢ T$Y as C-line bundles
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the Zariski tangentspace

caollay
D:"(Y, %1 "(VY,% Dirac, B:"($Y, %1 "( $Y,ux) proj
& Zariski tangent space of M x v given by

Df = 0
B(f~v) 0

guestion

o elliptic system?
o if yes, what is its index (= virtual dimension of M x v )?
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debPnition
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symbol &(B) satisfies
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Caldeon operata asseiatedwith D
Qp :"($Y, %1 {f}y %"(SY,%|Df = O}

debnition
M 2n+1 \with boundary, S1 M spinor bundle with Dirac
D:"(M,S)1 "(M,S),B:"($M,S)1 "($M,V)

B defines local elliptic boundary condition 4 principal
symbol &(B) satisfies

o im&B)E ' *y ( :T#$M\%l $M)
o im&@B) # im &B)5&Qp) # im &Qp)
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Erederi Witt o B defines l.e.b.c. then well-defined

ind(D,B) = dimker(D ( B)" dimcoker(D ( B)

EE%{%E&E e P*:"(M,S)1 "($M,S") orthogonal projection on
positive spinors

& P7 defines l.e.b.c. with ind(D,P*) =0

o B define l.e.b.c.

& ind(D,By)" ind(D,B1) = ind(B,5Qp 5B1)
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theaem [Gayet-W.]
B:"($Y, %1 "($Y,ux) defines a l.e.b.c. with

ind(D, B) = ind($x,)



deforming

assaiatives
with boundary
conditions

Frederik Witt

deformations
of assaiative
submanifolds

the virtual dimension

theaem [Gayet-W.]
B:"($Y, %1 "($Y,ux) defines a l.e.b.c. with

ind(D, B) = ind($x,)
caollay

$
$Y connected & ind(D,B) = ., ci(%)+ 1" ¢
(Riemann—Roch)



deforming

assaiatives
with boundary
conditions

Frederik Witt

deformations
of assaiative
submanifolds

sketch of the proof

@ on $Y * [0, () collar neighbourhood, we have

D=u* (6,+R)



deforming

assaiatives
with boundary

conditions

Frederik Witt

deformations
of assaiative
submanifolds

sketch of the proof

@ on $Y * [0, () collar neighbourhood, we have
D=u* (6,+R)

e compute & Qp) from &(R) (Calderén—Seeley)



deforming

assaiatives
with boundary

conditions

Frederik Witt

deformations
of assaiative
submanifolds

sketch of the proof

@ on $Y * [0, () collar neighbourhood, we have
D=u* (6,+R)

e compute & Qp) from &(R) (Calderén—Seeley)

@ check definition & l.e.b.c.



deforming

assaiatives
with boundary
conditions

Frederik Witt

deformations
of assaiative
submanifolds

sketch of the proof

@ on $Y * [0, () collar neighbourhood, we have
D=u* (6,+R)

e compute & Qp) from &(R) (Calderén—Seeley)
o check definition & l.e.b.c.

@ index theory & need only & BQpP™)
(P* projector onto S™)



deforming

assaiatives
with boundary

conditions

Frederik Witt

deformations
of assaiative
submanifolds

sketch of the proof

@ on $Y * [0, () collar neighbourhood, we have
D=u* (6,+R)

e compute & Qp) from &(R) (Calderén—Seeley)
o check definition & l.e.b.c.

@ index theory & need only & BQpP™)
(P* projector onto S™)

o lemma & &BQpP*) = &($4,)
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o Y $ R’ associative, $Y connected and real analytic

e a%"( $Y, % nowhere vanishing, real analytic section

e induced geodesic flow gives N 3, real analytic, #n 20

@ N determines coassociative germ X, $Y $ X

[HarveybLavson]
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e 6 6 o o

Y $ R’ associative, $Y connected and real analytic

a%"( $Y, % nowhere vanishing, real analytic section

induced geodesic flow gives N3, real analytic, #n 20

N determines coassociative germ X, $Y $ X
a section of % & ind= 1" ¢

[HarveybLavson]
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examples

arbitrary genus

Y $ R’ associative, $Y connected and real analytic
a%"( $Y, % nowhere vanishing, real analytic section
induced geodesic flow gives N3, real analytic, #n 20

N determines coassociative germ X, $Y $ X [HarveypLavson]
a section of % & ind= 1" ¢

e 6 6 o o

[compactexamples]

use Joyce's construction of (co—)associatives to produce
examples with non—vanishing index in compact holonomy
Gy—manifolds
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relaxingthe bounday condition

o X% totally nonPas®ciative iff TyX contains no
associative subspace (pointwise open condition),
for instance X coassociative

o “#-free” (cf. “totally real” vs. “Lagrangian”) (HarveypLavson)
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