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Conformal structures

Let (M,c) be a conformal manifold
c = equivalence class of semi-Riemannian
metrics of signature (p,q)
Grge e C®(M): §g=e2¥g

Question: 47 metrics in ¢ with special properties?
E.g. e flat metrics ~ conformally flat metrics

e Einstein metrics ~» conformally Einstein

e With constant scalar curvature.
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Conformal Einstein manifolds

(M, g) Einstein <— P = f.g
(M, g) conformally Einstein

= JoeO0x(M): g= o~ 2¢g Einstein

(
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Recalling that H, = Vdo gives

O do — |
O = Vu+oP + 71g.

Derivating and tracing (x) =
0 = dr — P(uf,))
which gives a closed system.



Tractor bundle and tractor connection

T =RpTM PR — M vector bundle,
metric g on M ~ V9 on TM ~» V9 on T by:

do(X) —g(X,Y)

o
Vel Y | = | V&Y +oP(X)I+7X
T dr(X) — P(X,Y)
= V9(o,X,7) =0 < o 2g is Einstein.

g
0 0 1

Indef. metricon7: h=| 0 ¢ 0 |, VI-parallel.
1 0 O

Conformal invariance:
© € C;OO(M) defines bundle isomorphism of 7

o} o
Op| X | = XH+o- o lgrad o
T T — ¢ ldp(X) — 5llgrad ¢|[?- 972 -0

= O, € SO(Tp, hp) and if § = ¢?g, then

Vg( (©p(o,Y, 7)) = Oy (Vg((a, Y, 7')) .

I.e. (7,V,h) defined for (M,c)!



V-parallel sections < Einstein metrics in c:

o Y = grad o,
VvilY |=0 = { Hy+oP+79=0,
T i.e. o 2g Einstein.
1
g € c Einstein = VY 0 = 0.
—S/2n(n — 1)

(o,Y, 1) recurrent = (o,Y, 7) parallel and o cannot
vanish on open sets.

Tractor curvature:

0 0 0
FIX,)Y) = | c(x,v)! WX, Y) 0
0 _O(X,Y,Z) 0

Conformal holonomy:

Holpy(T,V) C SO(Tp, hp)
LA(Holpy(T,V)) C so(7p, hp)

Holp(M,c)
hol, (M, )
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Holonomy of vector bundles

Let V be a vector bundle with connection V.

{Py | v(0) = ~(1) = p}
LA (Holy(M,V))

Holp(V, V)
hol,(V, V)

{Holp(V,V) — invariant subspaces of Vp}

I

{V —invariant sub-bundles of V}

{Ve = 0} & {hol,(V, V)v = 0}.

Ambrose-Singer holonomy theorem:

M connected = hol,(M, V) is generated by
curvature endomorphisms:

P;lof(X,Y)OPﬂy:Vp%Vp}

hol,(V, V) = { X, Y eTM, v(1)=0p



Holonomy of torsion free connections

YV =TM, V torsion free.

Bianchi-identity for the curvature,
Ambrose-Singer ~»

algebraic constraints on hol,(M, V) C gl(TpM):

g C gl(E) be a Lie algebra, E a vector space.
K(g) := ker ()\ AN°E*@g— N3E*® E)
g C gl(F) is called Berger algebra <—

!
g = ({R(z,y) | z,y € E,Re€ K(g)})
= hol,(M, V) C gl(TpM) is a Berger algebra.

Classification of irreducible Berger algebras:
e g C gl(m) by Schwachhofer/Merkulow '99

e g C so(r,s) by M. Berger '55 (“Berger list")
(M, g) Riemannian, complete, 1-connected =
[ SO(n)

U(n),SU(n)

Sp(n), Sp(1) - Sp(n)
| Spin(7), G2
or isotropy group of a symmetric space.




Holonomy groups of semi-Riemannian mfs.
DeRham/Wu-decomposition theorem

Hol(M,g) = Hy X ... X H;, <—
isom.

(M,g) ~ (Mi1,91) X ... x (Mg, gx),

H; = Hol(M;, g;) trivial or indecomposable.
no non—degenerat@rinvariant subspace

Riemannian: indecomposable = irreducible ~»
Classification of Riemannian holonomy groups
(for (M, g) complete, simply connected).

Lorentzian: indecomposable # irreducible
e A proper irreducible subgroups of SOg(1,n)
[DiScala/Olmos 01].
e indecomposable, non-irreducible =

Hol(M,g) C (R x SO(n)) x R®
3 Classification [Berard-Bergery/Ikemakhen '93,
Galaev '05, - '03]



Algebraic constaints on conformal holonomy

Bianchi-identity for W and C =

F(X1,X2) ( X33 )+7:(X2,X3) ( Xll >+5’:(X3,X1) ( X22 )

0)
— ( 51+ C(X2, X3)F + s2- C(X3, X1)! + s3- C(X1, X2)* ) :
o)

Proposition.
If g is the metric of a C-space, i.e. C' =0, then

hol(M, [g]) C so(p+1,q+1) is a Berger algebra.

P,
Proof: Py = P | € End(’]:y(o),%(:[)) and
Py

(PT) " "oF (POC. ), PO( . ))oPy € K (hol, (M, ).

Special case: Conformal class contains a locally
symmetric metric.



Einstein metrics with S #0

(M, g) Einstein with S %= 0. Construct:
<H =R x M xRT, g .= n(nT_l) (dt2 — dsz) —|-t29>
= % parallel w.r.t. LC-connection of g, and
Hol(y ,1y(M,5) = Holp(M, [g])
|

Hol(y ;1) (M, 9)

cone over (M, g):
(M =R+ x M, §="1gs? +t29),

g Riemannian = The cone is:
- Riemannian <«<— S >0

_ Lorentzian S <0 } ~» holonomy known.

Proof: construct bundle isom. 7" ~ T M|y, arx {1}

(O,X,g) éX , € TM CTM|uyxmxqi
(170’2n(n—1)) n(nS—l)% < TM‘{l}XMX{l}

g _
(1’0’_2n(n—1)) — n(n—1) ds < TM|{1}XM><{1}

11
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Einstein metrics with S = 0 (Ricci flat)

(M, g) Ricci flat. Construct:
<H:=RXM><R+ : §:=2d:r;dz—|—22-g)
0

= 5 Pparallel and

Holgyy1y(M,g) = Holy(M, [g])

@)l
HOl(p)(M, g) X @n—k

if dim M =n and
k = #parallel vector fields on (M, g)

g Riemannian or Lorentzian ~» Hol(g) known.

Proof: (1) Bundle isomorphism 7T o~ TM|{1}><M><{1}1

(0,Y,0) — Y € T% C TM|{1}><M><{1}
(1,0,0) = aﬁ € T%L{l}xMx{l}
(0,0,1) — o € TMuyxmx{1}

(2) Holg1yx pmx11(M,g) generated by paths running
in {1} x M x {1}.
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Conformal holonomy in Riemannian signature

g Riemannian metric ~
3 cases for Holy(M,[g]) C SO(1,n+ 1):

1. irreducible = Holp(M, [g]) = SO(1,n+ 1)

2. with degenerate invariant subspace V <—
V N VL light-like, invariant line «<—
light-like parallel section of 7 <—

g conformally Ricci flat.

3. with non-degenerate invariant subspace:
<= locally 4 product of Einstein metrics
in the conformal class, g1 X g» € [g] with

no(n —np —1)S1 = —ni1(ny — 1)5o,
and

Hol(M, [g]) = Hol(Mz, [91])xHol(M2, [g2])-
[Leitner '04, Armstrong '05]
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Conformal holonomy in Lorentzian signature

g Lorentzian metric ~»
3 cases for Holp(M,[g]) C SO(2,n):

1. with one-dimensional invariant subspace <«—
conformally Einstein.

2. with non-degenerate invariant subspace <—
3 product of Einstein metrics in [g] as above
... [Leitner '04, or generalise Armstrong
'05]

3. with 2-dimensional, totally isotropic, invariant
subspace: ['05]
This is the case <= ¢ is conformally
equivalent to a Lorentzian metric with

e light-like recurrent vector field, VX ~ X,
and

e totally isotropic Ricci-tensor, i.e.
g(Ric(U), Ric(V)) =0V U, V.
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Lorentzian mfd’s with recurrent, light-like
vector field

(M"™12 g) Lorentzian with recurrent vector field
X, i.e. Vy X =0(Y)X VY.

= R-Xp C X; CTpM
is a Holp,(M, g)-invariant flag in T,M and

R-X c X+ cTM are V-invariant distributions.
= Holpy(M,g) C (R* x SO(n)) x R”

(M, g) totally Ricci-isotropic
<= Y_.Ric=0VY € X+
< Rict : TM — R- X with X+ C ker Ric.

In particular: S =0, i.e. (n — 2)Ric = P.
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Hol(M,[g]) has 2-dimensional totally isotropic
subspace <= g admits light-like recurrent vf.
and totally isotripic Ricci tensor.

(<) H:=R&R-X C 7T is invariant by the
tractor connection: Vi : T'(H) — F(H) YU €
T'M, because

o U(o) —h(f-X,U)
Vol f- X | = | Vpgf- X4+oPH(U) ~ X
0 P(Y,U) = 0

(=) If H is the invariant distribution, then

PrT M z‘( N(TM & R)J
{(0,X,p)eH}

will give the line bundle in T'M which is invariant
under V9 for appropriate choice of g € c.
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Example: Plane waves

Plane wave metric on R*"72 = {z,y1,...,yn, 2):

n mn
g = 2dz dz + ( > aii(z) yz'yj) dz? 4+ Y dy?,

1,7=1 1=1
a;; are functions only of z.

X = 8% is parallel, Ric = (321" a;;)dz2,

Hol(M,g) =R"™ C (R* x SO(n)) x R™.
Tractor derivative:

o U(oc) — 7h(U, X)
vl x| = (U(T) o — dz(U)) X
0 0
= 0

<= o =o0(z) and 7 = 7(z) satisfying

O'/ T
/ a

T n_> 0.

= 2 solutions, i.e. locally conformally Ricci flat
in two ways, and Hol(M, [g]) = R2n+1,
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