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Abstract
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Introduction

Let M be a smooth compact and connected manifold of dimension m ≥ 2 with a non-trivial cir-
cle action S = {St}t∈R, St+1 = St, preserving a smooth volume µ. In their influential paper
[AK70] D. V. Anosov and A. Katok introduced the so-called “approximation by conjugation”-
method which enables the construction of smooth diffeomorphisms with specific ergodic properties
(e. g. weakly mixing ones in [AK70, section 5]) and spectral properties ([Ku16]) or non-standard
smooth realizations of measure-preserving systems (e. g. [AK70, section 6], [Be13] and [FSW07]).
These diffeomorphisms are constructed as limits of conjugates fn = Hn ◦ Sαn+1

◦ H−1
n , where

αn+1 = αn + 1
kn·ln·qn ∈ Q, Hn = Hn−1 ◦ hn and hn is a measure-preserving diffeomorphism

satisfying S 1
qn
◦ hn = hn ◦ S 1

qn
. In each step the conjugation map hn and the parameter kn

are chosen such that the diffeomorphism fn imitates the desired property with a certain preci-
sion. Then the parameter ln is chosen large enough to guarantee closeness of fn to fn−1 in the
C∞-topology and so the convergence of the sequence (fn)n∈N to a limit diffeomorphism is pro-
vided. It is even possible to keep this limit diffeomorphism within any given C∞-neighbourhood
of the initial element Sα1

or, by applying a fixed diffeomorphism g first, of g ◦ Sα1
◦ g−1. So

the construction can be carried out in a neighbourhood of any diffeomorphism conjugate to an

element of the action. Thus, A (M) = {h ◦ St ◦ h−1 : t ∈ S1, h ∈ Diff∞ (M,µ)}
C∞

is a natu-
ral space for the produced diffeomorphisms. Moreover, we will consider the restricted space

Aα (M) = {h ◦ Sα ◦ h−1 : h ∈ Diff∞ (M,µ)}
C∞

for α ∈ S1. See also the very interesting sur-
vey article [FK04] for more details and other results of this method.

As mentioned above Anosov and Katok proved that the set of weakly mixing diffeomorphisms is
generic (i. e. it is a dense Gδ-set) in A (M) in the C∞ (M)-topology. In extension of it R. Gunesch
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and A. Katok constructed weakly mixing diffeomorphisms preserving a measurable Riemannian
metric in [GKa00]. Actually, it follows from the respective proofs that both results are true in
Aα (M) for a Gδ-set of α ∈ S1. However, both proofs do not give a full description of the set
of α ∈ S1 for which the particular result holds in Aα (M). Such an investigation is started in
[FS05]: B. Fayad and M. Saprykina showed that if α ∈ S1 is Liouville, the set of weakly mixing
diffeomorphisms is generic in the C∞ (M)-topology in Aα (M) in case of dimension 2. Generalis-
ing these results Gunesch and the author proved in [GKu18] that if α ∈ R is Liouville, the set of
volume-preserving diffeomorphisms, that are weakly mixing and preserve a measurable Riemannian
metric, is dense in the C∞-topology in Aα (M). Recently, it has been proven that for every ρ > 0
and m ≥ 2 there exists a weakly mixing real-analytic diffeomorphism f ∈ Diffωρ (Tm, µ) preserving
a measurable Riemannian metric ([Ku17]).

Such diffeomorphisms preserving an absolutely continuous probability measure and a measur-
able Riemannian metric are called IM-diffeomorphisms. In [GKa00, section 3] IM-diffeomorphisms
and IM-group actions are discussed comprehensively. In particular, the existence of a measurable
invariant metric for a diffeomorphism is equivalent to the existence of an invariant measure for the
projectivized derivative extension which is absolutely continuous in the fibers. Hence, it is a natu-
ral question to study the ergodic properties of the projectivized derivative extension with respect
to such a measure. Actually, the constructions in [GKa00] as well as [GKu18] are as non-ergodic
as possible: Their projectivized derivative extensions are isomorphic to the direct product of the
diffeomorphism in the base with the trivial action in the fibers so that each ergodic component
intersects almost every fiber in a single point. In this paper we realise the other extreme possibility
by constructing IM-diffeomorphisms whose differential is ergodic with respect to such a smooth
measure in the projectivization of the tangent bundle:

Theorem 1. Let M be a smooth compact and connected manifold of dimension 2 with a non-
trivial circle action S = {St}t∈R, St+1 = St, preserving a smooth volume µ. Then there exists
a volume-preserving diffeomorphism in A (M), whose projectivized derivative extension is ergodic
with respect to a measure in the projectivization of the tangent bundle which is absolutely continuous
in the fibers.

This construction provides the only known examples of volume-preserving diffeomorphisms
whose differential is ergodic with respect to a smooth measure in the projectivization of the tangent
bundle.

By the same approach as in [GKu18] it is possible to obtain a weakly mixing diffeomorphism
and to generalise this result to dimension m ≥ 2. In order to alleviate notations and focus on the
new parts of the construction we present a proof in case of dimension 2. It will be subject of future
research to study further ergodic properties (e. g. weak mixing) of the projectivized derivative
extension with respect to such a measure and to obtain real-analytic counterparts of these results.

1 Preliminaries

1.1 Definitions and notations

We refer to [GKu18, section 2.1.] for useful definitions and notations. Additionally, we want
to introduce the invariant measure for the projectivized derivative extension: Let f : M → M
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be a smooth diffeomorphism. On the tangent bundle TM we consider the derivative extension
(f, df). Let p ∈ M . We can naturally identify the tangent space TpM with R2. Next, we consider
its projective space PR2 that is diffeomorphic to the circle and introduce the notation [a, b] ⊂
PR2 which describes the allowed values for the spherical coordinate ϕ ∈ R/πZ. This yields the
projectivized tangent bundle which will be denoted by PTM . In particular, we will use the notation
c× [a, b] ⊂ PTM with c ⊂M for the set in PTM with base points x ∈ c and spherical coordinates
ϕ ∈ [a, b]. On the projectivized tangent bundle we consider the projectivized derivative extension
of a diffeomorphism f : M →M . By misuse of notation we will denote it by (f, df) again.
Following the lines of [Ch97, chapter 5.1] we consider the cotangent bundle T ∗M and the projection
maps π1 : TM → M as well as π2 : TM∗ → M . Then we define the canonical 1-form ω on TM∗

by ω|τ = π∗2τ , where ω|τ denotes the 1-form ω evaluated at τ ∈ TM∗. Additionally we define
the canonical 2-form Ω on TM∗ by Ω = dω, which is symplectic. In the next step, let M be a
Riemannian manifold and V : M → R be a function. Then we examine the Lagrangian L : TM → R
given by L(ξ) = |ξ|

2 −V ◦π1(ξ), where |ξ| is computed with respect to the Riemannian metric. To this

Lagrangian we associate a bundle map FL : TM → TM∗ defined by FL(ξ)(η) = d
dt (L(ξ + tη))|t=0

for p ∈M , ξ, η ∈ TpM . Hereby, we define Θ = FL∗Ω and ν = FL∗ω.
In [Ch97, chapter 5.1] the differential form ν ∧Θ on the unit tangent bundle SM is considered. It
is proven that it is the local product, up to a constant multiple, of the Riemannian volume on M
with the Lebesgue 1-form on the unit tangent spheres of M with respect to the Riemannian metric.
In particular, for any ν ∧Θ-integrable function g on SM we have “integrations over the fibers”∫

SM

g ν ∧Θ = c ·
∫
M

dVol(p)

∫
SpM

g|SpM dµp,

where Vol is the volume form induced by the Riemannian metric and µp is the standard Borel
measure on the tangent sphere SpM with respect to the Riemannian metric.
By the same approach we can deduce the same formula for the constructed invariant measurable
Riemannian metric ω∞ and for any integrable function on PTM . The corresponding measure will
be denoted by µ̄. Moreover, we point out that in our constructions the measure induced by the
measurable Riemannian metric ω∞ coincides with the measure µ on M . Since ω∞ is f -invariant,
we conclude that µ̄ is (f, df)-invariant.

1.2 First steps of the proof

By the same arguments as in [GKu18, section 2.2.] constructions on M = S1 × [0, 1] equipped
with Lebesgue measure µ and standard circle action R = {Rα}α∈S1 comprising of diffeomorphisms
Rα (θ, r) = (θ + α, r) can be transferred to a general 2-dimensional compact connected smooth
manifold with a non-trivial circle action S = {St}t∈R, St+1 = St.

1.3 Outline of the proof

The constructions are based on the “approximation by conjugation”-method developed by D.V.
Anosov and A. Katok in [AK70]. As indicated in the introduction, the desired diffeomorphism
f with ergodic projectivized derivative extension is constructed as the limit of volume-preserving
smooth diffeomorphisms fn defined by fn = Hn◦Rαn+1

◦H−1
n . Here, the rational numbers αn+1 ∈ S1
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and the conjugation maps Hn ∈ Diff∞ (M,µ) are constructed inductively:

αn+1 =
pn+1

qn+1
= αn +

1

kn · ln · qn
and Hn = h1 ◦ ... ◦ hn,

where the conjugation map hn ∈ Diff∞ (M,µ) has to satisfy hn ◦ Rαn
= Rαn

◦ hn and kn, ln ∈ N
are parameters that have to be chosen appropriately. In particular, we will show convergence of
the sequence (fn)n∈N in A (M) by choosing the parameter ln sufficiently large in section 3.
In our construction hn = in ◦ φn with two step-by-step defined smooth measure-preserving diffeo-
morphisms. As in [GKu18] φn maps a strip of almost full vertical length to a set of small diameter
on the one hand in order to get ergodicity of the map itself. On the other hand, φn acts as an
isometry on large parts of the manifold. In comparison to [GKu18], an additional map in is intro-
duced in order to obtain ergodicity of the projectivized derivative extension. This map in acts as a
composition of a translation and rotation on large parts of the domain where the angle of rotation
is different from section to section.
Additionally, we will use a sequence of partial partitions ζn, which converges to the decomposition
into points. On the partition elements of ζn the conjugation map hn will act as an isometry and
this will enable us to construct an f -invariant measurable Riemannian metric in sections 4 and 5
by the same approach as in [GKu18].
Finally, we will prove the ergodicity of the projectivized derivative extension. This proof bases upon
estimates of Birkhoff sums for Lipschitz continuous observables ρ : PTM → R. For this purpose,
we introduce so-called “trapping regions” and “target sets” covering almost the whole space PTM .
Except for initial values in a set of very small measure the vast majority of iterates of the orbit
under Rαn+1 is captured by the trapping regions. Under (hn,dhn) these iterates are mapped into
the target sets almost uniformly distributed (see Lemma 7.3). At this juncture, we require the map
in to act as a rotation by a different angle on different trapping regions. Since the diameter of these
target sets is sufficiently small, we can approximate the value of the observable by the value of its
integral on the particular target set. Hereby, we obtain the desired estimate on the Birkoff sum in
Lemma 7.5.

2 Construction of the conjugation map

We fix an arbitrary countable set Ξ = {ρ1, ρ2, ...} of Lipschitz continuous functions ρi : PTM → R,
that is dense in C(PTM ;R). Since C(PTM ;R) is separable and Lipschitz continuous functions are
dense in C(PTM ;R), this is possible. For any Lipschitz continuous function ρ on PTM we denote
its Lipschitz constant by ‖ρ‖Lip and ‖ρ‖0 = maxx∈PTM |ρ(x)|.

We present step n in our inductive process of construction. We assume that we have already
defined the rational numbers α1, ..., αn ∈ S1 and the conjugation map Hn−1 = h1 ◦ ... ◦ hn−1 ∈
Diff∞ (M,µ). First of all, we put

αn+1 =
pn+1

qn+1
= αn +

1

kn · ln · qn

and choose the parameter kn ∈ N large enough such that the following conditions are fulfilled:

kn > n2 · max
i=1,...,n

‖ρi‖Lip . (A)
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kn > 30 · n2 · max
i=1,...,n

‖ρi‖0 . (B)

For every subset c ⊂ PTM of diameter diam(c) <
3

kn
we have

diam ((Hn−1,dHn−1) (c)) <
1

n2 ·maxi=1,...,n ‖ρi‖Lip

(C)

Moreover the sequence of parameters (kn)n∈N should satisfy
∑∞
j=n+1

1
kj
≤ 1

kn
.

2.1 The conjugation map φn

In [GKu18, section 3.3] we constructed the smooth area-preserving diffeomorphism φ̃λ,ε,µ,ε2 on
S1 × [0, 1] satisfying the subsequent properties:

Proposition 2.1. Let ε, ε2 ∈
(
0, 1

4

)
and λ, µ ∈ N. Then there is a smooth area-preserving 1

λ -

periodic diffeomorphism φ̃λ,ε,µ,ε2 : S1 × [0, 1]→ S1 × [0, 1] such that

1. Let t2 ∈ Z, d2εµe ≤ t2 ≤ µ − d2εµe − 1, |u2| ≤ ε2, and u1 ∈
(
2ε, 1

2

)
be of the form t1

µ with
t1 ∈ Z. Then we have

φ̃λ,ε,µ,ε2

([
u1

λ
,

1− u1

λ

]
×
[
t2 + u2

µ
,
t2 + 1− u2

µ

])
=

[
1

λ
− t2 + 1− u2

µλ
,

1

λ
− t2 + u2

µλ

]
× [u1, 1− u1]

2. φ̃λ,ε,µ,ε2 acts as an isometry on each cuboid[
t1 + 2ε2

µ · λ
,
t1 + 1− 2ε2

µ · λ

]
×
[
t2 + 2ε2

µ
,
t2 + 1− 2ε2

µ

]
,

where ti ∈ Z, d2εµe ≤ ti ≤ µ− d2εµe − 1 for i = 1, 2.

The first property will enable us to prove in Lemma 7.2 that φn maps sets of almost full length
in the r-coordinate to sets of small diameter. By the second property φn acts as an isometry on
each partition element Ǐn ∈ ζn (see the proof of Lemma 5.2).
In the construction of the map φ̃λ,ε,µ,ε2 one uses a map Cλ causing a stretch by λ in the first
coordinate and a so-called “quasi-rotation” ϕε constructed with the aid of “Moser’s trick”, which is
the rotation by π/2 about the point

(
1
2 ,

1
2

)
on [2ε, 1− 2ε]

2
and coincides with the identity outside

of [ε, 1− ε]2. With these maps one also defines a family of “inner rotations of type A” ψµ,ε2 in
order to get the second property stated above: A map of the form C−1

λ ◦ ϕε ◦ Cλ would cause an
expansion by λ in one coordinate and by λ−1 in another, so far away from being an isometry. The
“inner rotations of type A” cause that Cλ and C−1

λ act on the same coordinate on the elements
Ǐn ∈ ζn.

Proof of Proposition 2.1. As announced we will use the “quasi-rotations” introduced in [FS05] and
[GKu18, Lemma 3.7]:
Fact: For every ε ∈

(
0, 1

4

)
there exists a smooth area-preserving diffeomorphism ϕε on R2 which

is the rotation by π/2 about the point
(

1
2 ,

1
2

)
on [2ε, 1− 2ε]

2
and coincides with the identity outside
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of [ε, 1− ε]2.

Furthermore, for λ ∈ N we define the maps Cλ (x1, x2) = (λ · x1, x2) and Dλ (x1, x2) =
(λ · x1, λ · x2). Moreover, let µ ∈ N. We construct a diffeomorphism ψµ,ε2 in the following way:

• Under the map Dµ any cube of the form
[
l1
µ ,

l1+1
µ

]
×
[
l2
µ ,

l2+1
µ

]
with li ∈ N is mapped onto

[l1, l1 + 1]× [l2, l2 + 1].

• On [0, 1]
2

we will use the diffeomorphism ϕ−1
ε2 from the above mentioned fact. Since this is

the identity outside of [ε2, 1− ε2]
2
, we can extend it to a diffeomorphism ϕ̄−1

ε2 on R2 using
the instruction ϕ̄−1

ε2 (x1 + l1, x2 + l2) = (l1, l2) + ϕ−1
ε2 (x1, x2), where li ∈ Z and xi ∈ [0, 1].

• Now we define the smooth measure-preserving diffeomorphism

ψµ,ε2 = D−1
µ ◦ ϕ̄−1

ε2 ◦Dµ.

This is a smooth map because ψµ,ε2 is the identity in a neighbourhood of the boundary by
construction.

Using these maps we build the following smooth area-preserving diffeomorphism:

φ̃λ,ε,µ,ε2 :

[
0,

1

λ

]
× [0, 1]→

[
0,

1

λ

]
× [0, 1] , φ̃λ,ε,µ,ε2 = C−1

λ ◦ ψµ,ε2 ◦ ϕε ◦ Cλ

Afterwards, φ̃λ,ε,µ,ε2 is extended to a diffeomorphism on S1 × [0, 1] by the description

φ̃λ,ε,µ,ε2

(
x1 +

1

λ
, x2

)
=

(
1

λ
, 0

)
+ φ̃λ,ε,µ,ε2 (x1, x2) .

This map satisfies the properties stated in Proposition 2.1.

Using these maps we define the diffeomorphism φn on
[
0, 1

kn·qn

]
× [0, 1]

φn = φ̃kn·qn, 1
2k2

n
,k2

n,
1

2·k3
n·qn

.

Since φn coincides with the identity in a neighbourhood of the boundary of its domain, we can
extend φn to a diffeomorphism on S1 × [0, 1] using the description φn ◦R 1

kn·qn
= R 1

kn·qn
◦ φn.

2.2 The conjugation map in

In this subsection we define the so-called “inner rotations of type B” in which will allow us to prove
ergodicity of the projectivized derivative extension. In particular, we will exploit the different
rotation angles on the particular sections in the proof of a “trapping property” in Lemma 7.3. This
trapping property will be crucial in the estimates on Birkhoff sums in Lemma 7.5.

Proposition 2.2. Let an = k6
n · qn, cn = k2

n and εn = 1
k2
n

. There is a smooth measure-preserving

diffeomorphism in : S1 × [0, 1]→ S1 × [0, 1] such that
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1. Each square of the form
[
i
an
, i+1
an

]
×
[
j
an
, j+1
an

]
with i, j ∈ Z is mapped onto itself by in and

in coincides with the identity on a εn
an

-neighbourhood of its boundary.

2. On every square
[
i
an

+ s1+εn
cn·an ,

i
an

+ s1+1−εn
cn·an

]
×
[
j
an

+ s2+εn
cn·an ,

j
an

+ s2+1−εn
cn·an

]
⊂
[
i
an
, i+1
an

]
×

[0, 1], where s1, s2 ∈ Z, 1 ≤ s1, s2 ≤ cn−2, in is a composition of a translation and a rotation
by βi, where βi = s·π

kn
in case of s ≡ i mod kn.

3. in ◦R 1
qn

= R 1
qn
◦ in

For the construction we need the subsequent Lemma:

Lemma 2.3. Let c ∈ N, c ≥ 3, ε ∈
(
0, 1

5c

]
and β ∈ [0, π]. Then there is a smooth measure-

preserving diffeomorphism ψc,ε,β : [0, 1]2 → [0, 1]2 satisfying the following properties:

• ψc,ε,β coincides with the identity on [0, 1]2 \ [ε, 1− ε]2.

• On every square
[
j+ε
c , j+1−ε

c

]
×
[
k+ε
c , k+1−ε

c

]
with 1 ≤ j, k ≤ c− 2 the map ψc,ε,β is equal to

a composition of a translation and a rotation by arc β around a new center.

Figure 1: The action of ψc,ε,β on [0, 1]
2
.

Proof. There is a rearrangement of these squares
[
j+ε
c , j+1−ε

c

]
×
[
k+ε
c , k+1−ε

c

]
rotated by β in

[2ε, 1 − 2ε]2. Corresponding to this, each center
(
j+0.5
c , k+0.5

c

)
of such a square is translated by

(aj,k, bj,k). We will need these translations later. Moreover, we will use a smooth diffeomorphism
ψ2 : R2 → R2, which coincides with the identity on R2 \ [ε, 1− ε]2 and with a dilation by 1

5 in each
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coordinate about the center on each of the translated and rotated squares.
Now, let ψ1 : R2 → R2 be a smooth diffeomorphism satisfying

ψ1 (x, y) =

{
(x, y) on R2 \ [ε, 1− ε]2(
j+0.5
c + 1

5

(
x− j+0.5

c

)
, k+0.5

c + 1
5

(
y − k+0.5

c

))
on each

[
j+ ε

2

c ,
j+1− ε

2

c

]
×
[
k+ ε

2

c ,
k+1− ε

2

c

]
Additionally, we choose a smooth diffeomorphism τ1 that is the identity on R2 \ [ε, 1 − ε]2 and a

rotation by β on each disc
{(
x− j+0.5

c

)2
+
(
y − k+0.5

c

)2 ≤ 1√
50c

}
. Furthermore, let τ2 be a smooth

diffeomorphism with the following properties

τ2 (x, y) =

{
(x, y) on R2 \ [ε, 1− ε]2

(x+ aj,k, y + bj,k) on each
{(
x− j+0.5

c

)2
+
(
y − k+0.5

c

)2 ≤ 1√
50c

}
We define ψ̄ := ψ−1

2 ◦ τ2 ◦ τ1 ◦ ψ1. Then the diffeomorphism ψ̄ coincides with the identity on R2 \
[ε, 1−ε]2 and with a composition of a rotation by β and a translation on every square

[
j+ε
c , j+1−ε

c

]
×[

k+ε
c , k+1−ε

c

]
with 1 ≤ j, k ≤ c − 2. In particular, ψ̄ is measure-preserving on the union of these

sets. Hence, we can construct the desired measure-preserving diffeomorphism ψc,ε,β with the aid of
Moser’s trick similarly to [GKu18, Lemma 3.4.].

Proof of Proposition 2.2. Using the dilation Da :
[
0, 1

a

]2 → [0, 1]
2
, Da (x1, x2) = (a · x1, a · x2) for

a ∈ Z we define the map ψa,c,ε,β :
[
0, 1

a

]2 → [
0, 1

a

]2
, ψa,c,ε,β = D−1

a ◦ ψc,ε,β ◦Da. Since it coincides
with the identity in a neighbourhood of the boundary, we can extend it to a smooth diffeomorphism
on S1 × [0, 1] equivariantly by the description

ψa,c,ε,β

(
x1 +

a1

a
, x2 +

a2

a

)
=
(a1

a
,
a2

a

)
+ ψa,c,ε,β (x1, x2)

for a1, a2 ∈ Z.

On
[

i
k6
n·qn

, i+1
k6
n·qn

]
× [0, 1] we define:

βi =
s · π
kn

in case of s ≡ i mod kn

as well as
in = ψk6

n·qn,k2
n,

1
k2
n
,βi
.

Since each map coincides with the identity in a neighbourhood of the boundary, we can piece them
together in order to get a smooth diffeomorphism on S1 × [0, 1].

2.3 The conjugation map hn

With the aid of the previous constructions we define the conjugation map hn = in ◦ φn. By the
observations in the previous subsections we have hn ◦R 1

qn
= R 1

qn
◦ hn.

8



3 Convergence of the sequence (fn)n∈N in Diff∞ (M,µ)

In the following we show that the sequence of constructed measure-preserving smooth diffeomor-
phisms fn = Hn ◦ Rαn+1 ◦H−1

n converges. For this purpose, the next result, that can be found in
[FSW07, Lemma 4] is very useful.

Lemma 3.1. Let k ∈ N0 and h be a C∞-diffeomorphism on M . Then we get for every α, β ∈ R:

dk
(
h ◦Rα ◦ h−1, h ◦Rβ ◦ h−1

)
≤ Ck · |||h|||k+1

k+1 · |α− β| ,

where the constant Ck depends solely on k. In particular C0 = 1.

Under some conditions on the proximity of αn and αn+1 we can prove convergence:

Lemma 3.2. There exists a sequence αn = pn
qn

of rational numbers such that our sequence of

constructed diffeomorphisms fn converges in the Diff∞(M)-topology to a diffeomorphism f ∈ A(M).
Additionally, we have for every ρ ∈ {ρ1, . . . , ρn} ⊂ Ξ

sup
x∈PTM

|ρ ((fm,dfm) (x))− ρ ((fmn ,df
m
n ) (x))| < 1

n2

for every natural number m ≤ qn+1 and n ∈ N.

Proof. First of all, we recall the relations αn+1 − αn = 1
kn·ln·qn and hn ◦Rαn = Rαn ◦ hn. Hereby

we observe for any m ∈ N

fmn = Hn◦Rmαn+1
◦H−1

n = Hn−1◦hn◦Rmαn
◦Rm 1

kn·ln·qn
◦h−1

n ◦H−1
n−1 = Hn−1◦Rmαn

◦hn◦Rm 1
kn·ln·qn

◦h−1
n ◦H−1

n−1.

Since the construction of the conjugation map hn does not involve ln, we can obtain

sup
x∈PTM

d
(
(fmn ,df

m
n ) (x),

(
fmn−1,df

m
n−1

)
(x)
)
<

1

2 · kn
for every natural number m ≤ qn as well as

|αn+1 − αn| ≤
1

2n · Cn · kn · qn · |||Hn|||n+1
n+1

(3.1)

by choosing ln ∈ N large enough.

We can apply Lemma 3.1 for every k, n ∈ N:

dk (fn, fn−1) = dk
(
Hn ◦Rαn+1 ◦H−1

n , Hn ◦Rαn ◦H−1
n

)
≤ Ck · |||Hn|||k+1

k+1 · |αn+1 − αn| .

By assumption (3.1) it follows for every k ≤ n:

dk (fn, fn−1) ≤ dn (fn, fn−1) ≤ Cn · |||Hn|||n+1
n+1 ·

1

2n · Cn · qn · |||Hn|||n+1
n+1

<
1

2n
. (3.2)

In the next step we show that for arbitrary k ∈ N (fn)n∈N is a Cauchy sequence in Diffk (M), i.e.
limn,m→∞ dk (fn, fm) = 0. For this purpose, we calculate:

lim
n→∞

dk (fn, fm) ≤ lim
n→∞

n∑
i=m+1

dk (fi, fi−1) =

∞∑
i=m+1

dk (fi, fi−1) . (3.3)
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We consider the limit process m→∞, i.e. we can assume k ≤ m and obtain from equations (3.2)
and (3.3):

lim
n,m→∞

dk (fn, fm) ≤ lim
m→∞

∞∑
i=m+1

1

2i
= 0.

Since Diffk (M) is complete, the sequence (fn)n∈N converges consequently in Diffk (M) for every
k ∈ N. Thus, the sequence converges in Diff∞ (M) by definition.

Moreover, we estimate for every m ≤ qn+1

sup
x∈PTM

d ((fmn ,df
m
n ) (x), (fm,dfm) (x)) ≤

∞∑
j=n+1

sup
x∈PTM

d
((
fmj ,df

m
j

)
(x),

(
fmj−1,df

m
j−1

)
(x)
)

<

∞∑
j=n+1

1

2 · kj
≤ 1

kn
.

By requirement (A) on the number kn we obtain for every ρ ∈ {ρ1, . . . , ρn} ⊂ Ξ

sup
x∈PTM

|ρ ((fm,dfm) (x))− ρ ((fmn ,df
m
n ) (x))| < 1

n2

for every number m ≤ qn+1 and n ∈ N.

4 Criterion for the existence of a f-invariant measurable
Riemannian metric

Let ω0 denote the standard Riemannian metric on M = S1 × [0, 1]. By the same approach as in
[GKa00, section 4.8] we prove the subsequent criterion for the existence of a f -invariant measurable
Riemannian metric:

Proposition 4.1 (Criterion for the existence of a f -invariant measurable Riemannian metric). Let
(ζn)n∈N be a sequence of partial partitions whose elements cover a set of measure at least 1 − 1

n2

for every n ∈ N. Suppose that for every n ∈ N the conjugation map hn acts as an isometry on
every element of the partition ζn. Then the limit diffeomorphism f = limn→∞ fn of the sequence
fn = Hn ◦Rαn+1 ◦H−1

n admits an invariant measurable Riemannian metric.

Proof. The assumption implies that for every Ǐn ∈ ζn h−1
n |hn(Ǐn) is an isometry as well. In

the following we construct the f -invariant measurable Riemannian metric. For it we put ωn :=(
H−1
n

)∗
ω0. Each ωn is a smooth Riemannian metric because it is the pullback of a smooth metric

via a C∞ (M)-diffeomorphism. Since R∗αn+1
ω0 = ω0 the metric ωn is fn-invariant:

f∗nωn =
(
Hn ◦Rαn+1

◦H−1
n

)∗ (
H−1
n

)∗
ω0 =

(
H−1
n

)∗
R∗αn+1

H∗n
(
H−1
n

)∗
ω0 =

(
H−1
n

)∗
R∗αn+1

ω0

=
(
H−1
n

)∗
ω0 = ωn.

With the succeeding Lemmas we show that the limit ω∞ := limn→∞ ωn exists µ-almost everywhere
and is the desired f -invariant Riemannian metric.
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Lemma 4.2. The sequence (ωn)n∈N converges µ-a.e. to a limit ω∞

Proof. For every N ∈ N we have for every k > 0:

ωN+k =
(
H−1
N+k

)∗
ω0 =

(
h−1
N+k ◦ ... ◦ h

−1
N+1 ◦H

−1
N

)∗
ω0 =

(
H−1
N

)∗ (
h−1
N+k ◦ ... ◦ h

−1
N+1

)∗
ω0.

Since the elements of the partition ζn cover M except a set of measure at most 1
n2 and h−1

n |hn(Ǐn)

is an isometry for every Ǐn ∈ ζn, ωN+k coincides with ωN =
(
H−1
N

)∗
ω0 on a set of measure at least

1−
∑∞
n=N+1

1
n2 . As this measure approaches 1 for N → ∞, the sequence (ωn)n∈N converges on a

set of full measure.

Lemma 4.3. The limit ω∞ is a measurable Riemannian metric.

Proof. The limit ω∞ is a measurable map because it is the pointwise limit of the smooth metrics
ωn, which in particular are measurable. By the same reasoning ω∞|p is symmetric for µ-almost
every p ∈ M . Furthermore, ω∞ is positive definite because ωn is positive definite for every n ∈ N
and ω∞ coincides with ωN on T1M ⊗ T1M minus a set of measure at most

∑∞
n=N+1

1
n2 . Since this

is true for every N ∈ N, ω∞ is positive definite on a set of full measure.

Lemma 4.4. ω∞ is f -invariant, i.e. f∗ω∞ = ω∞ µ-a.e..

Proof. By Lemma 4.2 the sequence (ωn)n∈N converges in the C∞-topology pointwise almost ev-
erywhere. Hence, we obtain using Egoroff’s theorem: For every δ > 0 there is a set Cδ ⊆ M such
that µ (M \ Cδ) < δ and the convergence ωn → ω∞ is uniform on Cδ.
The function f was constructed as the limit of the sequence (fn)n∈N in the C∞-topology. Thus,

f̃n := f−1
n ◦ f → id in the C∞-topology. Since M is compact, this convergence is uniform too.

Furthermore, the smoothness of f implies f∗ω∞ = f∗ limn→∞ ωn = limn→∞ f∗ωn. Therewith,

we compute on Cδ: f
∗ω∞ = limn→∞

((
fnf̃n

)∗
ωn

)
= limn→∞

(
f̃∗nf

∗
nωn

)
= limn→∞ f̃∗nωn = ω∞,

where we used the uniform convergence on Cδ in the last step. As this holds on every set Cδ with
δ > 0, it also holds on the set

⋃
δ>0 Cδ. This is a set of full measure and therefore the claim

follows.

Hence, the desired f -invariant measurable Riemannian metric ω∞ is constructed and thus Propo-
sition 4.1 is proven.

5 Proof of existence of the f-invariant measurable Rieman-
nian metric

In order to apply our criterion 4.1 for the existence of a f -invariant measurable Riemannian metric
we define a partial partition ζn and check that the conjugation map hn acts as an isometry on it.
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5.1 Partial partition ζn

The partial partition ζn will be defined in such a way that it covers large parts of M = S1 × [0, 1]
and hn acts as an isometry on it. For this purpose, the partition elements will be of the form[
t1+εn
cn·an ,

t1+1−εn
cn·an

]
×
[
t2+εn
cn·an ,

t2+1−εn
cn·an

]
(with the parameters an, cn and εn in the construction of the

conjugation map in) positioned in the domain, where φn acts as an isometry. To be precise the
partial partition ζn consists of all multidimensional intervals of the following form:

Iu0,u1,u2,u3,u4;v1,v2,v3,v4
=[

u0

kn · qn
+

u1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4

k8
n · qn

+
1

k10
n · qn

,

u0

kn · qn
+

u1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4 + 1

k8
n · qn

− 1

k10
n · qn

]

×
[
v1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4

k8
n · qn

+
1

k10
n · qn

,
v1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4 + 1

k8
n · qn

− 1

k10
n · qn

]
,

where u0 ∈ Z and u1, u2, u4, v1, v4 ∈
{

1, . . . , k2
n − 2

}
and u3, v3 ∈ {0, 1, . . . , kn − 1} and v2 ∈{

knqn, knqn + 1, . . . , k3
nqn − knqn − 1

}
.

Remark 5.1. For every n ∈ N the partial partition ζn consists of disjoint sets, covers a set of

measure at least
(

1− 2
k2
n

)8

≥ 1− 16
k2
n

and the sequence (ζn)n∈N converges to the decomposition into

points.

5.2 Application of the criterion

The following Lemma shows that the conjugation map hn = in ◦ φn constructed in section 2 is an
isometry with respect to ω0 on the elements of the partial partition ζn.

Lemma 5.2. Let Ǐn ∈ ζn. Then hn|Ǐn is an isometry with respect to ω0.

Proof. The proof is similar to the proof of [GKu18, Lemma 7.1.]. Let Ǐn := Iu0,u1,u2,u3,u4;v1,v2,v3,v4 ∈
ζn be a partition element. By Proposition 2.1 and our choice of parameters this element Ǐn is po-
sitioned in such a way that φn acts as an isometry on it. In fact, φn

(
Ǐn
)

is equal to[
u0 + 1

knqn
− v1 + 1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4

k8
n · qn

+
1

k10
n · qn

,

u0 + 1

knqn
− v1 + 1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4 + 1

k8
n · qn

− 1

k10
n · qn

]

×
[
u1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4

k8
n · qn

+
1

k10
n · qn

,
u1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4 + 1

k8
n · qn

− 1

k10
n · qn

]
= Iu0,k2

n−v1−1,u2,u3,u4;u1,v2,v3,v4

On this set in = ψk6
n·qn,k2

n,
1

k2
n
,βi

is equal to the composition of a translation and the respective

rotations by the second statement in Proposition 2.2.
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Remark 5.3. As observed in Lemma 5.2 the map hn = in ◦ φn acts as the composition of the
respective rotations and translations on every Ǐn ∈ ζn. In the following Gn :=

⋃
Ǐn∈ζn Ǐn will be

called the “good domain” of hn. Its corresponding parts on the θ-axis are called the “good horizontal
length” of hn and are denoted by Gn,h. Analogously, its corresponding parts on the r-axis are called
the “good vertical length” and are denoted by Gn,v. By the same arguments as in Remark 5.1

observe that for an interval
[

l
knqn

, l+1
knqn

]
on the θ-axis the length

(
1− 2

k2
n

)4

· 1
knqn

≥
(

1− 8
k2
n

)
· 1
knqn

is part of the “good horizontal length”. Similarly, the length
(

1− 2
k2
n

)4

≥ 1 − 8
k2
n

is part of the

“good vertical length” on the r-axis.

Since the elements of the partial partition ζn cover a set of M of measure at least 1 − 16
k2
n

(see

Remark 5.1), we are able to apply the criterion in Proposition 4.1 and conclude the existence of a
measurable f -invariant Riemannian metric.

6 Criterion for ergodicity of the derivative extension

A continuous transformation f : X → X on a compact metric spaceX preserving a Borel probability
measure ν is ergodic with respect to ν if

lim
N→∞

1

N

N−1∑
i=0

ϕ
(
f i(x)

)
=

∫
X

ϕ dν for ν-almost every x ∈ X

for every ϕ ∈ C(X;R) ([Wa00]). Since C(X;R) is a separable metric space and Lipschitz contin-
uous functions are dense in C(X;R), we can choose a countable set Ξ = {ϕk : X → R | k ∈ N} of
Lipschitz continuous functions that is dense in C(X;R). With the aid of the following Lemma one
can prove ergodicity in the general setup of the Approximation by Conjugation-method.

Lemma 6.1. Consider a compact metric space (X, d), a Borel probability measure ν on X and a
countable dense set Ξ = {ϕk : X → R | k ∈ N} ⊆ C (X;R) of continuous functions. Let (qn)n∈N be
an increasing sequence of natural numbers and (fn)n∈N be a sequence of continuous transformations,
which converges uniformly to a map f . Moreover, let (εn)n∈N a decreasing sequence of numbers
converging to 0 and (Dn)n∈N a sequence of subsets of X with

∑∞
n=1 ν (X \ Dn) <∞. Suppose that

for each k = 1, ..., n

d(qn+1) (ϕk ◦ fn, ϕk ◦ f) := max
x∈M

max
i=0,...,qn+1−1

∣∣ϕk (f in (x)
)
− ϕk

(
f i (x)

)∣∣ < εn (6.1)

and ∣∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ϕk
(
f jn (x)

)
−
∫
ϕk dν

∣∣∣∣∣∣ < εn for every x ∈ Dn. (6.2)

Then f is ergodic with respect to ν.

Since every continuous function on the compact metric space is uniformly continuous, we can
fulfill requirement (6.1) if f and fn are sufficiently close to each other.
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Proof. By our assumption (6.1) we get:
∥∥∥ 1
qn+1

∑qn+1−1
j=0 ϕk ◦ f j − 1

qn+1

∑qn+1−1
j=0 ϕk ◦ f jn

∥∥∥
0
< εn for

k = 1, ..., n. Hence,
∥∥∥ 1
qn+1

∑qn+1−1
j=0 ϕk

(
f j (x)

)
−
∫
ϕk dν

∥∥∥ < 2εn for every x ∈ Dn by assumption

(6.2). By the Borel-Cantelli lemma ν (
⋂∞
n=1

⋃∞
k=nX \ Dk) = 0. Thus we get

lim
N→∞

1

N

N−1∑
i=0

ϕ
(
f i(x)

)
=

∫
X

ϕ dν for ν-almost every x ∈ X

for every ϕ ∈ Ξ. By an approximation argument this equality holds true for every ϕ ∈ C (X;R).

Hereby, we deduce the following criterion for the ergodicity of the projectivized derivative ex-
tension.

Proposition 6.2 (Criterion for ergodicity of the projectivized derivative extension). We consider
a sequence of diffemorphisms (fn)n∈N constructed as above converging to f = limn→∞ fn in the
C∞-topology and its projectivized derivative extension (f, df) on PTM with invariant measure µ̄.
Let Ξ = {ϕk : PTM → R | k ∈ N} ⊆ C (PTM ;R) be a countable dense set of continuous functions,
(εn)n∈N be a decreasing sequence of numbers converging to 0 and (Dn)n∈N be a sequence of subsets
of PTM with

∑∞
n=1 µ̄ (PTM \ Dn) <∞. Suppose that for each k = 1, ..., n

max
x∈PTM

max
i=0,...,qn+1−1

∣∣ϕk ((f in,df in) (x)
)
− ϕk

((
f i,df i

)
(x)
)∣∣ < εn (6.3)

and ∣∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ϕk
((
f jn,df

j
n

)
(x)
)
−
∫
ϕk dµ̄

∣∣∣∣∣∣ < εn for every x ∈ Dn. (6.4)

Then the projectivized derivative extension (f, df) is ergodic with respect to µ̄.

Proof. This Proposition is Lemma 6.1 stated in the setting of our constructions.

7 Proof of ergodicity of the derivative extension

In order to apply our criterion for ergodicity of the projectivized derivative extension in Proposition
6.2, we have to estimate the Birkhoff sums 1

qn+1

∑qn+1−1
j=0 ϕk

((
f jn,df

j
n

)
(x)
)

for an increasing set of

x ∈ PTM . For this purpose, we introduce the following “target sets” and “trapping regions”.

7.1 Collection of targets sets

The collection Un of “target sets” consists of all sets

∆t1,t2,t3 =

[
t1

kn · qn
,
t1 + 1

kn · qn

]
×
[
t2
kn
,
t2 + 1

kn

]
×
[
t3
kn
,
t3 + 1

kn

]
in PTM for t1 ∈ Z, t2 ∈ {1, . . . , kn − 2} and t3 ∈ {0, 1, . . . , kn − 1}. We denote the union of target
sets by Un and note

µ̄ (PTM \ Un) ≤ 2

kn
. (7.1)
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Remark 7.1. By condition (C) we have

diam ((Hn−1,dHn−1) (∆)) <
1

n2 ·maxi=1,...,n ‖ρi‖Lip

for every ∆ ∈ Un

7.2 Collection of trapping regions

In the next step, we introduce the family Tn of trapping regions

Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j = Iu0,u1,u2,u3,u4;v1,v2,v3,v4 ×

[
j

kn
,
j + 1

kn

)
=[

u0

kn · qn
+

u1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4

k8
n · qn

+
1

k10
n · qn

,

u0

kn · qn
+

u1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

+
u4 + 1

k8
n · qn

− 1

k10
n · qn

]

×
[
v1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4

k8
n · qn

+
1

k10
n · qn

,
v1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

+
v4 + 1

k8
n · qn

− 1

k10
n · qn

]
×

[
j

kn
,
j + 1

kn

)

in PTM , where u0 ∈ Z and u1, u2, u4, v1, v4 ∈
{

1, . . . , k2
n − 2

}
and u3, v3 ∈ {0, 1, . . . , kn − 1} and

v2 ∈
{
knqn, knqn + 1, . . . , k3

nqn − knqn − 1
}

. We note that the M -factor Iu0,u1,u2,u3,u4;v1,v2,v3,v4

belongs to the “good domain” of the conjugation map hn for any Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j ∈ Tn.
Hence, we can describe the mapping behaviour of the projectivized derivative extension (hn,dhn)
on the “trapping regions” explicitly.

Lemma 7.2. For any Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j ∈ Tn we have

(hn,dhn) (Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j) ⊂ ∆u0,b u1
kn
c,(j+u3) mod kn .

In particular, a strip
⋃
v1,v2,v3,v4

Iu0,u1,u2,u3,u4;v1,v2,v3,v4
of almost full vertical length is mapped

to a set of small diameter under hn.

Proof. In the proof of Lemma 5.2 we computed the mapping behaviour of φn on Iu0,u1,u2,u3,u4;v1,v2,v3,v4
.

In addition to this we note that dpφn = id for base points p ∈ Iu0,u1,u2,u3,u4;v1,v2,v3
. Altogether we

get
(φn,dφn) (Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j) = Tu0,k2

n−v1−1,u2,u3,u4;u1,v2,v3,v4;j .

By the second statement in Proposition 2.2 in is a composition of a translation and a rotation by
u3·π
kn

on Iu0,k2
n−v1−1,u2,u3,u4;u1,v2,v3,v4

. Moreover, the first statement of Proposition 2.2 yields that
the image of Iu0,k2

n−v1−1,u2,u3,u4;u1,v2,v3,v4
under in stays contained in[

u0 + 1

knqn
− v1 + 1

k3
n · qn

+
u2

k5
n · qn

+
u3

k6
n · qn

,
u0 + 1

knqn
− v1 + 1

k3
n · qn

+
u2

k5
n · qn

+
u3 + 1

k6
n · qn

]
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×
[
u1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

,
u1

k2
n

+
v2

k5
n · qn

+
v3

k6
n · qn

]
.

Hence, we conclude for hn = in ◦ φn:

(hn,dhn) (Tu0,u1,u2,u3,u4;v1,v2,v3,v4;j) ⊂ ∆u0,b u1
kn
c,(j+u3) mod kn .

With the aid of this understanding of the mapping behaviour under (hn,dhn) we can prove the
following “trapping property”.

Lemma 7.3. Let (θ, r, v) ∈ PTM with r ∈ Gn,v and ∆t1,t2,t3 ∈ Un be arbitrary. Then at least(
1− 3

k2
n

)3

· qn+1

k3
n·qn

and at most qn+1

k3
n·qn

many of the iterates
(
hn ◦Riαn+1

,d
(
hn ◦Riαn+1

))
(θ, r, v),

0 ≤ i < qn+1, lie in ∆t1,t2,t3 .

Proof. Let r ∈
[
v1

k2
n

+ v2

k5
n·qn

+ v3

k6
n·qn

+ v4

k8
n·qn

+ 1
k10
n ·qn

, v1

k2
n

+ v2

k5
n·qn

+ v3

k6
n·qn

+ v4+1
k8
n·qn
− 1

k10
n ·qn

]
and v ∈[

j
kn
, j+1
kn

)
, where j ∈ Z, 0 ≤ j < kn. We choose u ∈ {0, . . . , kn − 1} such that j + u ≡ t3 mod kn.

By Lemma 7.2 only the trapping regions Tt1,u1,u2,u,u4;v1,v2,v3,v4;j with t2kn ≤ u1 < (t2 + 1)kn (for
all allowed values u2, u4 ∈

{
1, . . . , k2

n − 2
}

) are mapped into ∆t1,t2,t3 under (hn,dhn). Since the

orbit {θ + i · αn+1}i=0,...,qn+1−1 is equidistributed on S1, there are at least b
(

1− 2
k2
n

)
· 1
k8
n·qn
· qn+1c

and at most b qn+1

k8
n·qn
c many points of the orbit

{
Riαn+1

(θ, r)
}
i=0,...,qn+1−1

contained in a set of the

form It1,u1,u2,u,u4;v1,v2,v3,v4
. Hence, there are at least kn ·

(
k2
n − 2

)2 · b(1− 2
k2
n

)
· 1
k8
n·qn
· qn+1c and

at most kn ·
(
k2
n − 2

)2 · b qn+1

k8
n·qn
c many iterates

(
hn ◦Riαn+1

,d
(
hn ◦Riαn+1

))
(θ, r, v), 0 ≤ i < qn+1,

in ∆t1,t2,t3 .

Remark 7.4. For any point x = (θ, r) ∈M with r ∈ Gn,v there are at most 9
k2
n
·qn+1 many iterates

Riαn+1
(x), 0 ≤ i < qn+1, that are not contained in the “good domain” of hn, i. e. in one one of the

trapping regions, by Remark 5.3.

7.3 Estimates on Birkoff sums

Using the notation from section 6 we introduce the sets

Dn = S1 ×Gn,v × [0, 1)

in PTM . By Remark 5.3 we have µ̄ (Dn) ≥ 1 − 8
k2
n

. With the aid of the previous “trapping

properties” we obtain the following estimate on Birkhoff sums for points in Dn and observables in
our chosen family Ξ of Lipschitz continuous functions.

Lemma 7.5. Let z = (θ, r, v) ∈ Dn and ρ ∈ {ρ1, . . . , ρn} ⊂ Ξ. Then we have∣∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ρ
(

(fn,dfn)
j

(z)
)
−
∫
PTM

ρ dµ̄

∣∣∣∣∣∣ < 2

n2
.
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Proof. Since ρ ∈ {ρ1, . . . , ρn} ⊂ Ξ is a Lipschitz continuous function on PTM , we have

|ρ ((Hn−1,dHn−1) (z1))− ρ ((Hn−1,dHn−1) (z2))| ≤ ‖ρ‖Lip ·diam ((Hn−1,dHn−1) (∆t1,t2,t3)) <
1

n2
.

for any z1, z2 ∈ ∆t1,t2,t3 ∈ Un by Remark 7.1. Averaging over all z2 ∈ ∆t1,t2,t3 yields∣∣∣∣∣ρ ((Hn−1,dHn−1) (z1))− 1

µ̄ ((Hn−1,dHn−1) (∆t1,t2,t3))

∫
(Hn−1,dHn−1)(∆t1,t2,t3)

ρ dµ̄

∣∣∣∣∣ < 1

n2
. (7.2)

Let x ∈ Dn be arbitrary. In the subsequent estimate we denote the set of iterates j ∈ {0, 1, . . . , qn+1 − 1}
such that

(
hn ◦Rjαn+1

,d
(
hn ◦Rjαn+1

))
(x) is contained in ∆ ∈ Un by I∆:∣∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)
−
∫
ρ dµ̄

∣∣∣∣∣∣
=

∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)
−
∑

∆∈Un

∫
(Hn−1,dHn−1)(∆)

ρ dµ̄

−
∫

(Hn−1,dHn−1)(PTM\Un)

ρ dµ̄

∣∣∣∣∣
≤

∣∣∣∣∣∣
∑

∆∈Un

 1

qn+1

∑
j∈I∆

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)
−
∫

(Hn−1,dHn−1)(∆)

ρ dµ̄

∣∣∣∣∣∣
+ 2µ̄ (PTM \ Un) · ‖ρ‖0 +

9
k2
n
· qn+1

qn+1
‖ρ‖0 ,

where the last summand follows from Remark 7.4. In order to estimate the first summand we
exploit Lemma 7.3 and equation (7.2) to get

1

qn+1

∑
j∈I∆

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)

<
1

k3
n · qn

·

(
1

µ̄ ((Hn−1,dHn−1) (∆t1,t2,t3))

∫
(Hn−1,dHn−1)(∆t1,t2,t3)

ρ dµ̄+
1

n2

)
on the one hand and

1

qn+1

∑
j∈I∆

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)

>

(
1− 3

k2
n

)3

k3
n · qn

·

(
1

µ̄ ((Hn−1,dHn−1) (∆t1,t2,t3))

∫
(Hn−1,dHn−1)(∆t1,t2,t3)

ρ dµ̄− 1

n2

)
.

on the other hand. These both estimates yield∣∣∣∣∣∣ 1

qn+1

∑
j∈I∆

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)
−
∫

(Hn−1,dHn−1)(∆)

ρ dµ̄

∣∣∣∣∣∣
17



<
10

kn
·
∫

(Hn−1,dHn−1)(∆)

ρ dµ̄+
1

k3
n · qn

· 1

n2
.

We also recall µ̄ (PTM \ Un) ≤ 2
kn

from equation (7.1). Altogether we conclude∣∣∣∣∣∣ 1

qn+1

qn+1−1∑
j=0

ρ
((
Hn−1 ◦ hn ◦Rjαn+1

,d
(
Hn−1 ◦ hn ◦Rjαn+1

))
(x)
)
−
∫
ρ dµ̄

∣∣∣∣∣∣
<

10

kn
· ‖ρ‖0 +

1

n2
+

4

kn
· ‖ρ‖0 +

9

k2
n

· ‖ρ‖0 <
2

n2
,

using requirement (B) on the number kn in the last step. With x = (Hn,dHn)
−1

(z) we obtain the
statement of the Lemma.

7.4 Application of the criterion

In order to check the requirements of Proposition 6.2 we consider the family Ξ = {ρ1, ρ2, ...}
of Lipschitz continuous functions ρi : PTM → R chosen at the beginning and the sets Dn =
S1 × Gn,v × [0, 1) ⊂ PTM . Since µ̄ (Dn) ≥ 1 − 9

k2
n

we have
∑∞
n=1 µ̄ (PTM \ Dn) < ∞. In our

successive construction the requirement (6.3) is fulfilled by Lemma 3.2 and condition (6.4) is satisfied
by Lemma 7.5. Hence, we can apply Proposition 6.2 and obtain the ergodicity of the projectivized
derivative extension (f, df) with respect to the invariant measure µ̄.

Acknowledgement: The author would like to thank the referee for very interesting remarks
and comments. In particular, these simplified the criterion for ergodicity and helped to improve
the presentation of the paper greatly.
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