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CK

K D1 =
∑

j njSj , D2 =
∑

k mkSk CK 0
β : CK → P1

K D1 D2

CK Cσ(C) ∼= X(Γσ)
< D1, D2 >NT

D1, D2 ∈ Div0(CK)

− < D1, D2 >NT =
∑

ν∈Pβ∪PC

δν log Nν +
2π

[K : Q]




∑

σ:K→C

∑

j,k

njmkC
σ
jk



 ,

δν Cσ
jk Cσ

jk
Γσ

!

(D1 ·D2)alg =
∑

ν∈Pβ∪PC

δν log Nν

(D1 ·D2)∞ =
2π

[K : Q]




∑

σ:K→C

∑

j,k

njmkC
σ
jk







Γσ

δν

E : y2 = x3 + 5x + 10.
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Di Si

E

(2)
C1 C8

C1 C2

C3

C4

"
"

"
"

"
"

"
"

"
"

""

C5

#
#

#
#

#
#

#
#

#
#

##

C6

C7 C8



C1 C2 2 · C3 2 · C4 2 · C5 2 · C6 C7 C8

C1

C2

2 · C3

2 · C4

2 · C5

2 · C6

C7

C8

D1 D6

(2) P16

D1 D3 D0 D6 (5)
P13 P06

(D1 ·D6)P16 = 5;

(D1 ·D3)P13 = 1;

(D0 ·D6)P06 = 1.

S0 S∞

S01 = S0 − S1 S36 = S3 − S6

(S01 · S36)alg =
25
4

log(2)− 2 log(5) ≈ 1.113294.

S01 S36

(S01 · S36)∞ ≈ 0, 040391



< S01, S36 >NT≈ −1, 155376.

(S01 · S36) ≈ 1.113294 + 0, 040391 = 1.153685.

|(S01 · S36)+ < S01, S36 >NT | ≈ 0.001691 < 2 · 10−3.



K
MK K
M∞

K K
M0

K K
ν(x) = − log |x|ν ν ∈ MK

R K (R = {x ∈ K|ν(x) ≥ 0 ν ∈ M0
K})

R∗ R (R∗ = {x ∈ K|ν(x) = 0 ν ∈ M0
K})

Kν K ν ∈ MK

ν ∈ M0
K :

Rν Kν (Rν = {x ∈ Kν |ν(x) ≥ 0})
ordν ν ordν(K∗) = Z
mν Rν (mν = {x ∈ Kν |ν(x) > 0})
πν mν (mν = (πν))
kν Rν/mν (kν = Rν/mν)
Nν kν (Nν = |kν |)

ν ∈ M0
K ν 1 − 1

p = mν ∈ Spec R

C/R
R

C(0) π : C → Spec R

C O

S = Spec R X → S S
R X

X(R) = HomS(S, X).



C/R CK = C ×R

Spec K Cν = C×R Spec kν ν
P ∈ CK P ⊂ C P C

C P
C OP O P

P OP

mP OP C P
k(P ) = OP /mP P

C P
C U P

OP
∼=

{
f

g

∣∣∣f, g ∈ O(U), g )≡ 0 mod p

}
= O(U)<p> = T−1O(U),

p ⊂ O(U) P = p ∈ U T = O(U) \ p

!

(p) = p O<p>

O<(p)>

C ξ ∈ C
K(C) C

K(C) = Oξ.

P ∈ C

QuotOP = K(C)

C



!

Pn
R = Pn

Z ×Spec Z Spec R R
R C π : C → Spec R

i : C → Pn
R n ∈ N Pn

R → Spec R

P ∈ C mP /m2
P = mP ⊗OP k(P ) k(P )

(mP /m2
P )∨ C P

TP

C C
P OP

mP

dimOP = dimk(P ) TP = dimk(P ) mP /m2
P .

dimOP

C OC,P OSpec R,π(P )

P ∈ C A → B
OSpec R,π(P )

OC,P ⊗OSpec R,π(P )
A −→ OC,P ⊗OSpec R,π(P )

B

π : C →
Spec R

(X,OX)
U ⊂ X OX(U)

C/R π : C → Spec R
C/R π φ :

X → S X S
r x ∈ X

s = φ(x) ∈ Spec B ⊂ S x ∈ Spec A ⊂ X



A = B[t1, · · · tn+r]/(f1, · · · , fn) f1, · · · , fn ∈ B[t1, · · · tn+r]

n× n (∂fi/∂tj) A

C0 C
C0 → Spec R

C/R P C P
P C

C P ∈ C
P

!

(A,m)
f ∈ m \ {0} A/fA f )∈ m2

!

A T ⊂ A
I ⊂ A T T A/I

A<T>/IA<T>
∼= (A/I)<T>.

!

C/Z

f(x, y) = y2 − x3 − x2 + 32x− 60 = 0,



C = Spec Z[x, y]/(y2 − x3 − x2 + 32x− 60).

C

∂f

∂x
= −3x2 − 2x + 32,

∂f

∂y
= 2y.

(2) P2 = V ((x, y, 2))

(3) P3 = V ((x− 1, y, 3))

OP2 = (Z[x, y]/(y2 − x3 − x2 + 32x− 60))<(x,y,2)>

= Z[x, y]<x,y,2>/(y2 − x3 − x2 + 32x− 60).

OP2 Z[x, y]<(x,y,2)>

mP2 = (x, y, 2) f = (y2−x3−x2+32x−60) ∈ m2
P2

OP3 = (Z[x, y]/(y2 − x3 − x2 + 32x− 60))<(x−1,y,3)>

= Z[x, y]<(x−1,y,3)>/(y2 − (x + 3)(x− 1)2 + 27(x− 1)− 30)

OP3 Z[x, y]<x−1,y,3>

mP3 = (x− 1, y, 3) f = (y2− (x+3)(x− 1)2 +27(x−
1)− 30) ∈ mP3 \m2

P3

P2 P3

C

D
C

Div(C)

D π(D) = Spec(R)



D π(D) = p ∈ Spec(R)

D =
∑

niDi Di

C

Divh(C) = {D ∈ Div(C)|D }.

C

Divv(C) = {D ∈ Div(C)|D }.

Cν ν ∈ M0
K Divν(C)

Cν

Divν(C) = {D ∈ Div(C)|π(D) = mν}.

Div0(C)

D
D = Dh +Dv D Dh ∈ Divh(C)

Dv ∈ Divv(C)

C D ∈ Div(C) P ∈
C D P = D

OD

OD = OP .

C D
OD D P ∈ C

D U ⊂ C P P = p ∈ U

OD
∼=

{
f

g

∣∣∣f, g ∈ O(U), g )≡ 0 mod p

}
= O<p> = T−1O

T = O \ p

f ∈ K(C)

D ⊂ C
OD

ordD : K(C)∗ → Z.



f ∈ K(C) f
div(f)

div(f) =
∑

D

ordD(f)D ∈ Div(C).

D1, D2 ∈ Div(C)

D1 " D2.

A I A

Ã =
⊕

d≥0

Id, I0 := A.

f1, . . . , fn I ti ∈ I = Ã1 fi

fi ∈ A = Ã0

A

φ : A[T1, . . . , Tn] → Ã

φ(Ti) = ti Ã A P (T )
A P (t1, . . . , tn) = 0

P (f1, . . . , fn) = 0

X = Spec A
I A X̃ = Proj Ã X̃ → X

X V (I) = Spec A/I

A I A

I Ã " A[T ]
Proj Ã → Spec A

Proj Ã = ∅ I

Ã A

A A[T0, · · · , Tn]



B A B̃ B IB
B̃ " B ⊗A Ã

Si = Ti/T1 ∈ O(D+(T1)) (Kerφ)(T1)

J1 := {P (S) ∈ A[S2, . . . , Sn]|∃d ≥ 0, fd
1 P ∈ (f1S2 − f2, . . . , f1Sn − fn)},

Ã(t1) A Af1

fi/f1, 2 ≤ i ≤ n

J = (fiTj − fjTi)1≤i,j≤n J ⊂ Ker φ fi

Z := V (J) Pn−1
A

α : Proj Ã → Z

!

X̃ → X = Spec A
V (I)

I = (f1, · · · fn) fi )= 0 i, 1 ≤ i ≤ n X̃
Spec Ai, 1 ≤ i ≤ n Ai

Quot A fjf
−1
i ∈ Quot A 1 ≤ j ≤ n

!

X = Spec A I
A π : X̃ → X V (I) π

π−1(X \ V (I)) → X \ V (I)

X = Spec A I
A A/I dim A/I = 1 π : X̃ → X

V (I) N(I) X
V (I) N(I) X π
π−1(X \N(I)) → X \N(I)

m ∈ V (I)\N(I) π : X̃ = Proj
⊕

n≥0 In → Spec A X
V (I) Proj

⊕
n≥0(A<m>I)n → Spec A<m> Spec A<m>

V (A<m>I)

D+(T1) = {p ∈ Proj Ã|T1 "∈ p}



A → A<m>




⊕

n≥0

In



⊗A A<m> "
⊕

n≥0

(IA<m>)n.

Proj
⊕

n≥0

In

π

!!

Proj








⊕

n≥0

In



⊗A A<m>



"" Proj
⊕

n≥0

(IA<m>)n

!!

"

Spec A Spec A<m>
""

A<m> A<m>/IA<m> dim A<m>/IA<m> = 1
IA<m> A<m>

Spec A<m> " Proj
⊕

n≥0

(IA<m>)n

m X V (I)

m

Proj
⊕

n≥0 In ×A Spec A/m

= Proj
(⊕

n≥0 In ⊗A A/m
)

= Proj
(⊕

n≥0 In ⊗A A<m> ⊗A<m> A/m
)

= Proj
(⊕

n≥0 In ⊗A A<m>

)
×A<m> Spec A/m

= Spec A<m> ×A<m> Spec A/m

= Spec (A<m> ⊗A<m> A/m)

= Spec A/m.

A/m m

π′ : X̃ \ π−1(N(I)) → X \N(I), x /→ π(x).



X \ N(I) X̃ \ π−1(N(I))
X X̃ π′ π

!

I
I I

X I
{Xi} X Xi = Spec Ai I(X1) = I

A1 N(I) X V (I)
N(I) ⊂ X1 φ : X̃ → X X V (I)

φ1 : X̃1 → X1 X1 V (I)

R
π k X ⊂ P2

R

f(x, y, z) = 0 f(x, y, z) ∈ R[x, y, z].

X = ProjR[x, y, z]/(f) X

f f

X
P2

R

P2
R π, x, y z

π = 0

P = V ((π, x, y, z − 1)

f(0, 0, 1) ≡ ∂f

∂x
(0, 0, 1) ≡ ∂f

∂y
(0, 0, 1) ≡ 0 (mod π).



X0 = Spec R[x, y]/f(x, y)

f(x, y) = f(x, y, 1)

I (x, y, π) P = V (I) = V ((π, x, y)) ∈ X0

X0

X V (I)

x = πx1 y = πy1,

ν

f(πx1, πy1) = πνf1(x1, y1), f1(x1, y1) ∈ R[x1, y1].

π
f1 R

X V (I) X1 ⊂ A2
R = Spec R[x1, y1]

X1 := Spec R[x1, y1]/(f1(x1, y1)).

A = R[x, y]/(f(x, y, 1) f1 = π, f2 = x f3 = y

A Quot(A) πx−1, πy−1

x1 = πx−1 x2 = πy−1

π′, x′ y′

π = π′y′, x = x′y′, y = y′.

f(x, y) a
f(x, y) π π′y′

π2|a π3 ! a a (π′y′)2π−2a
y′

f(x′y′, y′) = (y′)ν′f ′(x′, y′) f ′(x′, y′) ∈ R[π′, x′, y′],

X ′ := Spec R[π′, x′, y′]/(π − π′y′, f ′(x′, y′)).

π′ x′ y′

X ′ A3
R = Spec R[π′, x′, y′]

π = π′y′ f ′(x′, y′) = 0



π′′, x′′, y′′

π = π′′x′′, x = x′′ y = y′′x′′.

f(x, y)
x′′

f(x′′, y′′x′′) = (x′′)ν′′f ′′(x′′, y′′) f ′′(x′′, y′′) ∈ R[x′′, y′′].

X ′′ := Spec R[π′′, x′′, y′′]/(π − π′′x′′, f ′′(x′′, y′′)).

X1 X ′ (π′, x′, y′) (π, x1, y1)

π′ =
π

y′
=

π

y
=

1
y1

, x′ =
x

y′
=

x

y
=

x1

y1
y′ = y = πy1.

X1 → X ′

C1 y1 = 0
X1 → X ′′

π′′ =
π

x′′
=

π

x
=

1
x1

, x′′ = x = πx1 y′′ =
y

x′′
=

y

x
=

y1

x1
.

X ′ → X ′′

π′′ =
π

x′′
=

π

x
=

π′

x′
, x′′ = x = x′y′ y′′ =

y

x′′
=

y

x
=

1
x′

.

X̃ X V (I)
A Ã

Ã

X̃ X̃ = Proj Ã

π = 0 k

X̃1 = Spec k[x1, y1]/(f̃1(x1, y1)).

X̃1 f̃1 = 0



X ′ π = 0

X̃ ′ = Spec k[π′, x′, y′]/(π′y′, f̃ ′(x′, y′)).

π′ X̃ ′

π′ = 0
y′ = 0

X̃ ′′

X̃ ′′ = Spec k[π′′, x′′, y′′]/(π′′x′′, f̃ ′′(x′′, y′′)),

X̃ ′′ π′′ = 0 x′′ = 0

$ !

X̃p

X̃1

X̃ ′
1

X̃ ′′
1

Xp

P
X0

K = Q E/Q

E : y2 = x3 + x2 − 32x + 60,

W/Z

W = Spec Z[x, y]/(y2 − x3 − x2 + 32x− 60).

P2 = V ((x, y, 2))
P2

x /→ x y /→ y + x + 2



E0/Q

E0 : y2 + 2xy + 4y = x3 − 28x + 56

W0/Z

W0 = Spec Z[x, y]/(y2 + 2xy + 4y − x3 + 28x− 56).

P2 = V ((x, y, 2)) W W0 P2 = V ((x, x + y + 2, 2)) =
V ((x, y, 2)) V ((x, y, 2))

2

x = 2x1 y = 2y1,

4y2
1 + 8x1y1 + 8y1 = 8x3

1 − 56x1 + 56.

4 W1

W1 : y2
1 + 2x1y1 + 2y1 = 2x3

1 − 14x1 + 14.

2 = 0

y2
1 = 0.

C3 = {y1 = 0},
2

x

2 = x′π′, x = x′ y = x′y′,

x′2y′2 + π′x′3y′ + π′2x′3y′ = x′3 − 7π′2x′3 + 7π′3x′3.

x′2 W ′
1

W ′
1 : y′2 + π′x′y′ + π′2x′y′ = x′ − 7π′2x′ + 7π′3x′.

2 = 0
π′ = 0 x′ = 0

y′2 = x′, π′ = 0 y′2 = 0, x′ = 0.

C′1 = {y′2 = x′, π′ = 0}, C′3 = {y′ = 0, x′ = 0},

C′3 2



y

2 = y′′π′′, x = x′′y′′ y = y′′,

y′′2 + π′′x′′y′′3 + π′′2y′′3 = x′′3y′′3 − 7π′′2x′′y′′3 + 7π′′3y′′3.

y′′2 W ′′
1

W ′′
0 : 1 + π′′x′′y′′ + π′′2y′′ = x′′3y′′ − 7π′′2x′′y′′ + 7π′′3y′′.

2 = 0
π′′ = 0 y′′ = 0

1 = y′′x′′3, π′′ = 0 1 = 0, y′′ = 0.

C′′1 = {1 = y′′x′′3, π′′ = 0}.

φ21

φ23

φ21 : → φ21

φ21(x′) = x = 2x1,

φ21(y′) = y
y = 2y1

2x1
= y1

x1
,

φ21(π′) = π
x = 2

2x1
= 1

x1
.

φ21 Φ21

Φ21(C ′
1) = Φ21({y′2 = x′, π′ = 0}) = { y2

1
x2
1

= 2x, 1
x1

= 0}

= {y2
1 = πx3

1, 1 = 0} = ∅
Φ21(C ′

3) = Φ21({y′ = 0, x′ = 0}) = { y1
x1

= 0, 2x1 = 0}
= {y1 = 0} = {C3}.

1 2 C′3
C3 C′1



φ23 : → φ23

φ31(x′) = x = x′′y′′,

φ23(y′) = y
x = y′′

x′′y′′ = 1
x′′ ,

φ23(π′) = 2
x = π′′y′′

x′′y′′ = π′′

y′′ .

φ31 Φ31

Φ23(C ′
1) = Φ23({y′2 = x′, π′ = 0}) = { 1

x′′2 = x′′y′′, π′′

y′′ = 0}
= {1 = x′′3y′′, π′′ = 0} = {C′′1}

Φ21(C ′
3) = Φ21({y′ = 0, x′ = 0}) = { 1

x′′ = 0, x′′y′′ = 0}
= {1 = 0, x′′y′′ = 0} = ∅.

2 3 C′1
C′′1 C′3

C1 C3

C1 C′′1 C1

C′1 C3

C1 C3

C3

Pa = V ((pa(x1), y1, 2)) pa(x1) 2

OW0,Pa = (Z[x1, y1]/(y2
1 + 2x1y1 + 2y1 − 2x3

1 + 14x1 − 14))<(y1,2,pa(x1))>

= Z[x1, y1]<(y1,2,pa(x1))>/(y2
1 + 2x1y1 + 2y1 − 2(x3

1 − 7x1 + 7)).

Z[x1, y1]<(y1,2,pa(x1))>

m = (y1, 2, pa(x1)) f = (y2
1 + 2x1y1 + 2y1− 2(x3

1− 7x1 + 7)) ∈ m.
OW0,Pa f /∈ m2

pa(x1) )= x3
1 − x1 + 1

Q = V ((x3
1 − x1 + 1, y1, 2)).



Pa = V ((x′, y′, pa(π′))) pa(π′)
2

OW ′
0,Pa

= (Z[x′, y′, π′]/(2− π′y′, y′2 + π′x′y′ + π′2x′y′ − x′ + 7π′2x′ − 7π′3x′))<(x′,y′,pa(π′))>

= (Z[x′, y′, π′]/(2− π′y′))<(x′,y′,pa(π′))>/(y′2 + π′x′y′ + π′2x′y′ − x′(1− 7π′2 + 7π′3)).

(Z[x′, y′, π′]/(2 − π′y′))<(x′,y′,pa(π′))>

m = (x′, y′, pa(π′)) f = (y′2+π′x′y′+π′2x′y′−x′(1−7π′2+7π′3)) ∈
m. OW ′

0,Pa
f /∈ m2

pa(π′) )= π′3 − π′2 + 1

Q′ = V ((x′, y′, π′3 − π′2 + 1)).

Φ21

Φ21(Q′) = Φ21(V ((x′, y′, π′3 − π′2 + 1)))

= V ((2x1,
y1
x1

, 1
x1

3 − 1
x1

2 + 1)) = V ((x3
1 + x1 + 1, y1, 2)) = Q.

Q Q1, Q2 Q3

2

Q1# Q2# Q3#
C1

2C3

(2) E

W1

W1 : y2
1 + 2x1y1 + 2y1 = 2x3

1 − 14x1 + 14

C3 = V ((y1, 2))



2

y1 = 2y2

4y2
2 + 4x1y2 + 4y2 = 2x3

1 − 14x1 + 14.

2 W2

W2 : 2y2
2 + 2x1y2 + 2y2 = x3

1 − 7x1 + 7.

2 = 0

x3
1 + x1 + 1 = 0.

C2 = {x1 = σ1}, C4 = {x1 = σ2} C5 = {x1 = σ3},

σ1, σ2 σ3 x3
1 + x1 + 1 Q

y

2 = y′π′, x1 = x′ y1 = y′

y′2 + π′x′y′2 + π′y′2 = π′x′3y′ − 7π′x′y′ + 7π′y′.

y′ W ′
2

W ′
2y
′ + π′x′y′ + π′y′ = π′x′3 − 7π′x′ + 7π′.

2 = 0
π′ = 0 y′ = 0

y′ = 0, π′ = 0

0 = π′(x′3 + x′ + 1), y′ = 0.

C′2 = {x′ = σ1, y′ = 0}, C′4 = {x′ = σ2, y′ = 0},

C′5 = {x′ = σ3, y′ = 0} C′3 = {y′ = 0, π′ = 0},

C′3 σ1, σ2 σ3

x3
1 + x1 + 1 Q



C2

2C3

C4 C5

C1 C2

2C3

C4 C5

(2) E

C2 C′2 C4 C′4
C5 C′5

W1

(2)

X1/R X2/R φ : X1 → X2

φ
Γ X2 x0

Γ x0

φ φ−1



C/R

D ∈ Div C x ∈ D
Cν C D x f ∈ Ox

ordD(f) = 1 ordE(f) = 0 E )= D x ∈ E

D x ∈ D

D x ∈ D D Dx

SpecOx Ox Dx

Dx = (fx) fx ∈ K OD = (Ox)<fx> ordD(fx) = 1

E gx ∈ K Ex = (gx) D )= E Dx )= Ex

fx )= gx fx ∈ O∗E = ((Ox)<gx>)∗ ordE(fx) = 0

!

D1, D2 ∈ Div(C)
x ∈ C Cν C

f1, f2 ∈ Ox D1, D2 D1

D2 x Ox/(f1, f2) Ox

ix(D1, D2) = *OxOx/(f1, f2).

C
(2) C (2)

y2 = x3 + x2 − 32x + 60

(2)

C
(2) C

C(2) = C1 + C2 + 2C3 + C4 + C5.

(C1 · C3)P

C1 C3

W ′
1 = Z[x′, y′, π′]/(y′2 + π′x′y′ + π′2x′y′ − x′ + 7π′2x′ − 7π′3x′)

P = V ((x′, y′, π′))



C1 C3

C1 = {y′2 = x′, π′ = 0}, C3 = {y′ = 0, x′ = 0}.

y′2 + π′x′y′ + π′2x′y′ = x′ − 7π′2x′ + 7π′3x′

y′2 − x′ = π′(−x′y′ − π′x′y′ − 7π′x′ + 7π′2x′)

y′2 = x′(−π′y′ − π′2y′ + 1− 7π′2 + 7π′3)

ord1(y′2 − x′) = 1, ord1(π′) = 1, ord1(y′) = 0 ord1(x′) = 0

ord3(y′2 − x′) = 1, ord3(π′) = 0, ord3(y′) = 1 ord3(x′) = 2.

f1 = π′ f3 = y′ C1 C3

OC,P /(f1, f3)
(Z[x′, y′, π′]/(y′2 + π′x′y′ + π′2x′y′ − x′ + 7π′2x′ − 7π′3x, 2− π′x′)<π′,x′,y′>)/(π′, y′)

(Z[x′, y′, π′]/(y′2 + π′x′y′ + π′2x′y′ − x′ + 7π′2x′ − 7π′3x, 2− π′x′, π′, y′)<π′,x′,y′>)

π′ /→ 0, y′ /→ 0 x′ /→ 0

(Z/(2)<2>) = Z/(2)

(C1 · C3)P = *OC,POC,P /(f1, f3) = *OC,P Z/(2) = 1,

OC,P

0 ⊂ Z/(2)

1



C/R

D1

D2

i(D1, D2) =
∑

ν∈M0
K

∑

x∈D1∩D2∩Cν

ix(D1, D2)[k(x) : kν ],

[k(x) : kν ] x

[k(x) : kν ]

D1, D2 D D1 " D2

i(D1 ·D) = i(D2 ·D).

R
C = P1

R = Proj R[X, Y ]

D1 = {X = 0} D2 = {X + πnY = 0}.

π ∈ R p R n ≥ 1

x = {X = π = 0} ∈ Cp = P1
k

Y = 1

ix(D1, D2) = *OxR[X](X)/(X, X + πn)

= *OxR[X]/(X, X + πn)(X)

= *OxR/(πn) = n.

D2 D3

D3 = D2 + div(
Y

X + πnY
) = {Y = 0}.

D1 D3

D1 D2



C/R

i : Div(C)×Divv(C) → Z, (D,F ) /→ i(D,F ) = D · F,

D ∈ Div(C) F ∈ Divv(C)

D · F =
∑

ν∈M0
K

∑

x∈D∩F∩Cν

ix(D,F )[k(x) : kν ].

D1, D2 ∈ Div(C) F ∈ Divv(C) D1 " D2

D1 · F = D2 · F.

div(f) · F = 0 f ∈ K(C)∗ F ∈ Divv(C)

F1, F2 ∈ Divv(C)

F1 · F2 = F2 · F1.



!

C/R
Cν C

Cν

F ∈ Divν(C) F 2 ≤ 0

F 2 = 0
F · F ′ = 0 F ′ ∈ Divν(C)
F = aCν a ∈ Q

F ∈ Divν(C) F · Cν = 0

!

Cν =
∑

niFi

Fi ni > 0 (aij)

aij = niFi · njFj

(aij)

aij ≥ 0 i )= j
∑

j aij =
∑

i aij = 0.

i )= j i j aij > 0
i j

i = i0, i1, . . . , im

ik ik+1 0 ≤ k < m im = j



!

C1 C3 C

Ci Cj Ci · Cj = 1





C2
1 C1 · C2 C1 · 2C3 C1 · C4 C1 · C5

C2 · C1 C2
2 C2 · 2C3 C2 · C4 C2 · C5

2C3 · C1 2C3 · C2 4C2
3 C3 · C4 2C3 · C5

C4 · C1 C4 · C2 C4 · 2C3 C2
4 C4 · C5

C5 · C1 C5 · C2 C5 · 2C3 C5 · C4 C2
5





=





−2 0 2 0 0

0 −2 2 0 0

2 2 −8 2 2

0 0 2 −2 0

0 0 2 0 −2





K o

E/K E K
E R

E/K R
E (E , i) E R
i : EK

∼= E K E



E R E
R (E , i) → (E ′, i′)

f : E → E ′ i′ ◦ fK = i

E (E , i)

E/K

Y 2Z + a1XY Z + a3Y Z2 = X3 + a2X
2 + a4X + a6, ai ∈ K.

E E
ai R

E/K
o

x, y ∈ K(E)

φ : E → P2

φ = [x, y, 1]

E/K C

C : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6

ai ∈ K φ(o) = [0, 1, 0]
x, y

E

X = u2X ′ + r

Y = u3Y ′ + su2X ′ + t

u, r, s, t ∈ K, u )= 0

fK : EK → E ′K f EK



C
K o = [0, 1, 0]

!

∆

E/K

W : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6,

b2 = a1 + 4a2, b4 = 2a4 + a1a3, b6 = a2
3 + 4a6, b8 = (b2b6 − b2

4)/4.

∆

∆ = ∆W = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6.

ν ν ∈ M0
K

E/K

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

ai ∈ K (x, y) (u−2x, u−3y) ai

uiai

E E
∆ ν(∆) ≥ 0 ν

E/K
E ν ν(∆) ν(∆)

E ν

ν ν(∆) < 12

!

ν
ν ∈ M0

K



ν

Rν → kν , t /→ t.

E

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.

πν ν

Eν : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.

Eν/kν E ν

Eν/kν

P ∈ E(K) [x : y : z] P
x, y, z ∈ Rν

Pν = [x, y, z] Eν(kν)

E/K

E(K) → Eν(kν)

P → Pν

ν E(K)

E/K E
ν Eν E

ν

Eν

C/K

x x

x x



C1 C2

C1 : y2 = x3 C2 : y2 = x2(x+1)

E W
E ν c4 = b2

2 − 24b4

Eν

Eν ∆W )= 0

Eν ∆W = 0 c4 )= 0

Eν ∆W = c4 = 0

!

E/K
o E R

(W, i) W P2
R

y2z + a1xyz + a3yz3 = x3 + a2x
2z + a4xz2 + a6z

3

i : WK
∼= E [0, 1, 0] o

(W, i) → (W ′, i′) E
R f : W → W ′ i′ ◦ fK = i

i
W (W, i)

E

W = Proj R[x, y, z]/(y2z + a1xyz + a3yz3 − x3 − a2x
2z − a4xz2 − a6z

3).

E/K W/R
E

E(K) = W (R).



!

E/K W W

ν

E/Q

W1 : y2 = x3 + 64

∆W1 = −33 · 216

x /→ 22x y /→ 23y 26

W2 : y2 = x3 + 1

∆W2 = −33 · 24 W2 (2) (3)

W/Z W2

W = Spec Z[x, y]/(y2 − x3 − 1).

(2) P2 = V ((x, y − 1, 2))
P2

OP2 = (Z[x, y]/(y2 − x3 − 1))<(x,y−1,2)> = Z[x, y]<(x,y−1,2)>/((y − 1)2 + 2(y − 1)− x3).

OP2 Z[x, y]<(x,y−1,2)>

mP2 = (x, y−1, 2) ((y−1)2 +2(y−1)−
x3) ∈ m2

P2
W P2

(3) P3 = V ((x + 1, y, 3))
P3

OP3 = (Z[x, y]/(y2−x3− 1))<(x+1,y,3)> = Z[x, y]<(x+1,y,3)>/((y2− (x+1)3 +3x(x+1)).

OP3 Z[x, y]<(x+1,y,3)>

mP3 = (x+1, y, 3) (y2−(x+1)3+3x(x+
1)) ∈ m2

P3
W P3



E/K W/R E/K
P ∈ E(K) P Wν

PWν

W/R E/K P ∈ E(K)
PWν P P W Wν

PWν = Pν ,

Pν P ν

P ∈ E(K) [x0 : y0 : z0] P
x, y, z ∈ Rν

P P P = V ((y0x − x0y, z0x − x0z, z0y − y0z))
Wν = V ((πν))

PWν = P ∩Wν = V ((y0x− x0y, z0x− x0z, z0y − y0z)) ∩ V ((πν))

= V ((y0x− x0y, z0x− x0z, z0y − y0z, πν))

= V ((y0x− x0y, z0x− x0z, z0y − y0z, πν))

= Pν .

!

C/R C/K
C

C(K) = C(R) = C0(R)

!

K
R C

E/K

E E/K
E/R E/K



Emin/R E/K

E/R E/K
E Emin

R
E → Emin

R Emin/R
E/K R

!

R W/R
E/K W

W reg W

!

C3

E/K

W/R
E/K W reg W

W

!

W



C P1

−1

C " P1 C · C = −1.

E

E : y2 = x3 + x2 − 32x + 60.

E ∆E = 1536 = 29 · 3
(2) (3)

(3) (2)
W(2)

C/Z E/Q

C1 C2

2C3

C4 C5

(2)
E

b′is



R
p K

k E/K E/R
E/K E r

C1, . . . , Cr

Ep =
r∑

i=1

niCi.

ni 1

KE E

KE · F = 0 F ∈ Divp(E)

r = 1 C2
1 = 0 pa(C1) = 1

r ≥ 2 1 ≤ i ≤ r

C2
i = −2, Ci

∼= P1
k,

∑

1≤j≤r,j ,=i

njCj · Ci = 2ni.

!

R
p K

k E/K E/R
E/K Ep

I0 Ep

I1 Ep



In Ep n n ≥ 2 n

II Ep

III Ep

IV Ep

I∗0 Ep

I∗n Ep n+1

IV ∗ Ep

III∗ Ep

II∗ Ep

!

M/R ν ∈ M0
K

τM
ν : E(K) → M, P /→ P ∩Mν .

τM
ν

E/K W/R E/K
E

E = Wn0 → Wn0−1 → · · · → W1 → W0 = W



I0 1

I1 1

In n %
%

%
%

&
&

&
&

&
&
&
&

%
%
%
%

II 1

III 2

IV 3

'
''

(
((

(
((

'
''

I∗0 5

I∗n n + 5

IV ∗ 7

III∗ 8

II∗ 9



N(I) ⊂ W V (I) U = Spec A
N(I) ⊂ U U W

i : U ↪→ W

I(U) = I = (fi) fi ∈ {x, y, πν}

X
Spec Ai Ai, i ∈ {1, . . . , n} Quot(A)

fjf
−1
i ∈ Quot(A) i

φi : Spec Ai → U, p /→ φi(p).

φi

φi : Spec Ai → φi(Spec Ai).

B(fi)

B(fi) := {P ∈ E(K)|Pν ∈ i(φi(Ai))} ⊂ E(K).

φi

ψi : B(fi) → W1.

B∞ := {P ∈ E(K)|α(Pν) )∈ U} ⊂ E(K),

ψ∞ : B∞ → W1

ψ∞(P ) = φ−1(Pν),

Pν )∈ N(I)

B∞ ∪
⋃

i∈{1,...,n}

B(fi) = E(K).

ψ1 : E(K) → W1

P /→
{

ψi(P ) P ∈ B(fi)

ψ∞(P ) P ∈ B∞.



E/K W/R
E V (I) ⊂ Wπ ⊂ W φ : W1 → W

W V ((I)) P ∈ E(K)

τW1
ν (P ) = ψ1(P ).

!

Wn+1

ψn+1 : E(K) → Wn+1

E/K W/R E
φ : Wn → W W P ∈ E(K)

τWn+1
ν (P ) = ψn+1(P ).

!

Wn0 E
E

E/K E/R
E P ∈ E(K)

τEν (P ) = ψn0(P ).

τν τEν

!

E/K W/R
E Wn W P ∈ E(K) Wn,ν

Wn,ν =
∑

niCi Ci

ni Ni Wn Ci

ni ≥ 1 ψn(P ) ∈ Ci ψn(P ) ∈ Ni

ψn(P ) = Q ∈ Ci \Ni Q Wn

E
C(K) = C0(R)

P

!



E/K

E

f ∈ K̄(E) f

f : E → P1

P /→
{

[1, 0], P f

[f(P ), 1]

f E

hf : E(K̄) → R

hf (P ) = log(HK(f(P ))1/[K:Q]) ( ),

HK(f(P )) =
∏

ν∈MK

max{|f(P )0|ν , 1}[Kν:Qν ],

Kν Qν ν



Z

[m]P = P + P + · · ·+ P (m ).

E/K
f ∈ K(E) P ∈ E(K̄)

1
deg(f)

lim
N→∞

4−Nhf ([2N ]P )

f

!

E/K
ĥ ĥE

ĥ : E(K̄) → R

ĥ(P ) =
1

deg(f)
lim

N→∞
4−Nhf ([2N ]P ).

f ∈ K(E)

E/K
ĥ E

P,Q ∈ E

ĥ(P + Q) + ĥ(P −Q) = 2ĥ(P ) + 2ĥ(Q).

P ∈ E m ∈ Z

ĥ([m]P ) = m2ĥ(P ).

f ∈ K̄(E) P ∈ E f(P ) = f(−P )



ĥ E ĥ

< ·, · >NT : E(K̄)× E(K̄) → R

< P, Q >NT =
1
2
(ĥ(P + Q)− ĥ(P )− ĥ(Q))

P ∈ E ĥ(P ) ≥ 0

ĥ(P ) = 0 P

f ∈ K

(deg f)ĥ = hf + O(1).

!

< ·, · >NT : E × E → R

< P, Q >NT =
1
2
(ĥ(P + Q)− ĥ(P )− ĥ(Q))

E

S

S : Div(E) → E,
∑

niPi /→
∑

[ni]Pi,

Div0(E)
E(K)

< ·, · >NT : Div(E)×Div(E) → R

< D, E >NT :=< S(D), S(E) >NT .



D = (f)

< D, E >NT = 0 E ∈ Div(E)

!

C/R C = CK ν ∈ M∞
K

σν : K → C

ν ν

DivAr(C) DivAr(C)

DivAr(C) = Div(C)⊕
⊕

ν∈M∞
K

(Cν ⊗ R),

Cν = CK,ν C σνCK

ν ∈ M∞
K

D Cν

λD,ν : Cν(C)− Supp(D) → R

λD,ν D



D = (f)

λD,ν = −log|f |ν +

P,Q ∈ Cν(C)

λP,ν(Q) = λQ,ν(P ).

D U f
α U −log|f |ν − λD,ν = α U

f ∈ C(Cν)
Cν D = (f)

γν(f) = −log|f |ν − λ(f),ν

f ν

f ∈ K(C) f

(f)Ar = (f)fin +
∑

ν∈M∞
K

γν(f)Cν ,

(f)fin f C (f)fin

(f)Ar (f)∞ = (f)Ar− (f)fin

f

(f) = (f)Ar.

C (f)alg (f)C

D ∈ Div(C) C
K D

degK(D) = [K(D) : K],

K(D) =
⋂

L|D∈Div(C(L))

L.

F

degK(F ) = 0.



D =
∑

niDi D

SuppD =
⋃

ni ,=0

Di ⊂ C.

D ∈ Div(C) C DK = D ∩ CK ∈ Div(C)
Cν m = degK(D)

Dν = DK,ν =
∑

Pi.

D ∈ Div(C)
DAr

DAr = D +
∑

ν∈M∞
K

Dν .

Dalg DAr D∞ = DAr−Dalg

D =
∑

niDi ∈ Div(C)
DAr

DAr =
∑

ni(Di)Ar

Dalg =
∑

niDi D∞ =
∑

ni(Di)∞.

D = DAr.

C Dalg DC

λν

C
D,E ∈ Div(C)

Dν =
∑

Pi Eν =
∑

Qi.

Cν

(D · E)ν = λν(Dν , Eν) =
∑

i,j

λν(Pi, Qj).

(D · E)∞ =
∑

ν∈M∞

(D · E)ν .

(Cν ·D) = degK(D), D ∈ Div(C)

(Cν · Cν′) = 0, ν, ν ′ ∈ MK .



ν ∈ M0
K

ν(z) = (ordνz) log Nν .

D,E ∈ Div(C)
x ∈ D ∩ E ∩ Cν

(D · E)x = ix(D,E) log Nν .

(D · E)ν =
∑

x∈D∩E∩Cν

ix(D,E) log Nν

(D · E)alg =
∑

ν∈M0
K

(D,E)ν .

( · ) : DivAr(C)×DivAr(C) → R

(D · E) = (Dalg · Efin)alg + (D · E)∞.

C/R

( · ) : DivAr(C)×DivAr(C) → R

D1, D2, E ∈ DivAr(C) D1 " D2

(D1 · E) = (D2 · E).

(div(f) · E) = 0 f ∈ K(C)∗ E ∈ DivAr(C).

D,E ∈ DivAr(C)

D · E = E ·D.



!

DivAr(C)
Φ

0

Q
Cν

Divν(C)⊗Q

Cν ⊗Q

Q Cν

ν ∈ M0
K

Φν : Div0(C) → (Divν(C)⊗Q)/(Cν ⊗Q),

D ∈ Div0(C) D + Φν(D) Divν(C)

!

Φ : Div0(C) →
⊕

ν∈M0
K

(Divν(C)⊗Q)/(Cν ⊗Q)

Φ(D) =
∑

ν∈M0
K

Φν(D).

Div0(C)

( · ) : Div0(C)×Div0(C) → R

(D · E) = ((D + Φ(D))Ar · (E + Φ(D))Ar) = ((D + Φ(D))Ar · (E)Ar).



E/K E/R
E Div0(E)

E/K D1, D2 ∈ Div0(C)

(D1 ·D2) = − < D1, D2 >NT .

!

C ψ : CK →
J CK Θ

c = Θ + Θ− D ∈ Div0(CK) hc

< D, D >= hδ(S(D), S(D)) = −hc(S(D)),

δ J S = Sψ

Div0(CK) → J

!



C C ψ : C → P1

P1

P1 ψ

ψ : C → P1

H = {τ = x + iy|y > 0} ⊂ C
Γ(1) = SL2(Z)/{±1} Γ ⊂ Γ(1)

Γ H
Y (Γ) = Γ \ H

X(Γ)

C

C K

K β : C → P1
K

0, 1 ∞

Γ Γ(1) C ∼= X(Γ)

!

E
P1

Q

(C, β) C β

(C, β)
P ∈ C P



D C/K

Cusp(C/K, β)

E
E

(C, β)
Γ(1)

Γ(1)
Γ(2) ⊂ Γ(1) H

Γ(2) \H ∼= P1
C \ { }.

Γ ⊂ Γ(2)
P1

Q Γ
Γ

S = {S1 = ∞, . . . , Sh} X(Γ)
Sj ∈ S Γj Γ σj ∈ PSL2(R)
σj(∞) = Sj

σ−1
j Γjσj =

{(
1 m

0 1

)∣∣∣m ∈ Z
}

.

σj

σj =




γj




√

bj 0

0 1√
bj




∣∣∣ γj ∈ Γ(1) bj ∈ N




 .

Sj Ej(τ ; s)
s ∈ C, Re(s) > 1

Ej(τ ; s) =
∑

σ∈Γj\Γ

Im(σ−1
j σ(τ))s.

PSL2(R) = SL2(R)/{±1}



ΦΓ(s) (ΦΓ)jk(s)
Sj Sk

Cjk Γ
(ΦΓ)jk(s) 1

Cjk := lim
s→1

(
π1/2

(bjbk)s

Γ(s− 1/2)
Γ(s)

∑

c>0

(
rjk(c)

1
c2s

)
− 3/(π · [Γ(1) : Γ])

s− 1

)
;

rjk(c) = #

{
d(mod bkc)

∣∣∃
(
∗ ∗
c d

)
∈ γ−1

j Γγk

}

Γ
Γ(s − 1/2) Γ(s)

Γ Γ(1)

Γ Γ
Γ(1) R

Pβ ν ∈ M0
K C

PC ν ∈ M0
K

Sj Sk

Sj ∩ Cν = Sk ∩ Cν .

C/K
D1 =

∑
j njSj , D2 =

∑
k mkSk C 0

β : C → P1
K D1 D2 C

Cσ(C) ∼= X(Γσ)
< D1, D2 >NT

D1, D2 ∈ Div0(C)

− < D1, D2 >NT =
∑

ν∈Pβ∪PC

δν log Nν +
2π

[K : Q]




∑

σ:K→C

∑

j,k

njmkC
σ
jk



 ,

δν Cσ
jk Cσ

jk
Γσ



!

C δν

E/K β
D1, D2 ∈ Div0(C)

(D1, D2)alg =
∑

ν∈Pβ∪PC

δp log Nν

(D1, D2)∞ =
2π

[K : Q]




∑

σ:K→C

∑

j,k

njmkC
σ
jk



 .

δp

E

E : y2 = x3 + 5x + 10

D0, D1, D3, D6, D∞

S0 = (1, 4), S1 = (6, 16), S3 = (1,−4), S6 = (6,−16) S∞ = o = [0 : 1 : 0]

o

∆E = −51200 = −211 · 52

(2) (5)
(2) I∗3 (5)

II

W E

W = Spec Z[x, y]/(y2 − x3 − 5x− 10)



W
(5) II

(2)

!% % % % &

(Di, Dj)x

Di Dj

(2)
E E

E p = 2

x /→ x + 1 y /→ y + x + 4,

W0 : y2 + 2xy + 8y = x3 + 2x2.

P3 = V ((x, y, 2)) y2 +
2xy + 8y − x3 − 2x2 ∈ (x, y, 2)2 W0

W0 P3 = V ((x, y, 2))

Di



W0

P3#

W0

2

x = 2x1 y = 2y1,

4y2
1 + 8x1y1 + 16y1 = 8x3

1 + 8x2
1.

4 W1

W1 : y2
1 + 2x1y1 + 4y1 = 2x3

1 + 2x2
1.

2 = 0

y2
1 = 0.

C3 = {y1 = 0},

2

x

2 = x′π′, x = x′ y = x′y′,

x′2y′2 + π′x′3y′ + π′3x′4y′ = x′3 + π′x′3.

x′2 W ′
1

W ′
1 : y′2 + π′x′y′ + π′3x′2y′ = x′ + π′x′.

2 = 0
π′ = 0 x′ = 0

y′2 = x′, π′ = 0 y′2 = 0, x′ = 0.

C′1 = {y′2 = x′, π′ = 0}, C′3 = {y′ = 0, x′ = 0},

C′3 2



y

2 = y′′π′′, x = x′′y′′ y = y′′,

y′′2 + π′′x′′y′′3 + π′′3y′′4 = x′′3y′′3 + π′′x′′2y′′3.

y′′2 W ′′
1

W ′′
1 : 1 + π′′x′′y′′ + π′′3y′′2 = x′′3y′′ + π′′x′′2y′′.

2 = 0
π′′ = 0 y′′ = 0

1 = y′′x′′3, π′′ = 0 1 = 0, y′′ = 0.

C′′1 = {1 = y′′x′′3, π′′ = 0}.

φ12 φ32

φ12 : → φ12

φ12(x1) =
x

2
=

1
π′

, φ12(y1) =
y

2
=

y′

π′
,

φ12(2) = 2 = x′π′.

φ12 Φ12

Φ12(C3) = Φ12({y1 = 0}) =
{

y′

π′
= 0

}

= {y′ = 0, x′ = 0} = {C′3}.

1 2 C3

C′3 C′1

φ32 : → φ32

φ32(x′′) =
x

y
=

1
y′

, φ32(y′′) = y = x′y′,

φ32(π′′) =
2
y

=
π′x′

x′y′
=

π′

y′
.



φ32 Φ32

Φ32(C ′′
1 ) = Φ32({1 = x′′3y′′, π′′ = 0}) =

{
1 =

1
y′3

x′y′,
π′

y′
= 0

}

= {y′2 = x′, π′ = 0} = {C′′1}.

2 3 C′1
C′′1 C′3

C1 C3

C1 C′′1 C1

C′1 C3

C1 C3

C3

Pa = V ((pa(x1), y1, 2)) pa(x1) 2

OW1,Pa = (Z[x1, y1]/(y2
1 + 2x1y1 + 4y1 − 2x3

1 − 2x2
1))<(y1,2,pa(x1))>

= Z[x1, y1]<(y1,2,pa(x1))>/(y2
1 + 2x1y1 + 4y1 − 2x2

1(x1 + 1)).

Z[x1, y1]<(y1,2,pa(x1))>

m = (y1, 2, pa(x1)) f = (y2
1 + 2x1y1 + 4y1 − 2x2

1(x1 − 1)) ∈ m.
OW0,Pa f /∈ m2

pa(x1) )= x1 pa(x1) )= x1 + 1

P2 = V ((x1 + 1, y1, 2)) P4 = V ((x1, y1, 2)).

Pa = V ((x′, y′, pa(π′))) pa(π′)
2

OW ′
1,Pa

= (Z[x′, y′, π′]/(y′2 + π′x′y′ + π′3x′2y′ − x′ − π′x′))<(x′,y′,pa(π′))>

= (Z[x′, y′, π′]/(2 = π′y′))<(x′,y′,pa(π′))>/(y′2 + π′x′y′ + π′3x′2y′ − x′(1 + π′)).

(Z[x′, y′, π′]/(2 = π′y′))<(x′,y′,pa(π′))>

m = (x′, y′, pa(π′)) f = (y′2 + π′x′y′ + π′3x′2y′ − x′(1 +
π′)) ∈ m. OW ′

0,Pa
f /∈ m2

pa(π′) )= π′ + 1



P ′
2 = V ((x′, y′, π′ + 1)).

φ12

φ12(P2) = φ12(V ((x1 + 1, y1, 2))) = V ((
1
π′

+ 1,
y′

π′
, x′π′)) = V ((x′, y′, 1 + π′)) = P ′

2.

2

C1

2C3 P2# P4#
W0

C3

W1

W1 : y2
1 + 2x1y1 + 4y1 = 2x3

1 + 2x2
1,

C3 = V ((y1, 2))

2

y1 = 2y2,

4y2
2 + 4x1y2 + 8y2 = 2x3

1 + 2x2
1.

2 W2

W2 : 2y2
2 + 2x1y2 + 4y2 = x3

1 + x2
1.

2 = 0

x3
1 + x2

1 = 0.

C2 = {x1 + 1 = 0} C4 = {x1 = 0},

C4 2



y1

2 = y′π′, x1 = x′ y1 = y′,

y′2 + π′x′y′3 + π′2y′3 = π′x′3y′ + π′x′2y′.

y′ W ′
2

W ′
2 : y′ + π′x′y′2 + π′2y′2 = π′x′3 + π′x′2.

2 = 0
π′ = 0 y′ = 0

y′ = 0, π′ = 0

0 = π′x′2(x′ + 1), y′ = 0.

C′2 = {x′ + 1 = 0, y′ = 0}, C′3 = {π′ = 0, y′ = 0} C′4 = {x′ = 0, y′ = 0},

C′3 C′4

C2 C′2 C4

C′4
P5

P5 = V ((x, y, 2))

W1

C2

2C3

2C4

"
"

"
"

"
"

"
""
P5

#

W1

W2

W2 : 2y2
2 + 2x1y2 + 4y2 = x3

1 + x2
1

C4 = V ((x1, 2))



2

x1 = 2x2,

2y2
2 + 4x2y2 + 4y2 = 8x3

2 + 4x2
2.

2 W3

W3 : y2
2 + 2x2y2 + 2y2 = 4x3

2 + 2x2
2.

2 = 0

y2
2 = 0.

C5 = {y2 = 0},
C5 2

x1

2 = x′π′, x1 = x′ y2 = y′,

π′x′y′2 + π′x′2y′ + π′2x′2y′ = x′3 + x′2.

x′ W ′
3

W ′
3 : π′y′2 + π′x′y′ + π′2x′y′ = x′2 + x′.

2 = 0
π′ = 0 x′ = 0

x′2 + x′ = 0, π′ = 0

π′y′2 = 0, x′ = 0.

C′2 = {x′ + 1 = 0, π′ = 0}, C′4 = {x′ = 0, π′ = 0} C′5 = {y′2 = 0, x′ = 0},

C′5

C5 C′5
P6

P6 = V ((x, y, 2))

W2

W3

W3 : y2
2 + 2x2y2 + 2y2 = 4x3

2 + 2x2
2

C5 = V ((y2, 2))



2C4

"
"

"
"

"
"

"
""

2C5

#
#

#
#

#
#

#
##

P6#
W2

2

y2 = 2y3,

4y2
3 + 4x2y3 + 4y3 = 4x3

2 + 2x2
2.

2 W4

W4 : 2y2
3 + 2x2y3 + 2y3 = 2x3

2 + x2
2.

2 = 0

x2
1 = 0.

C6 = {x2 = 0},

2

y2

2 = y′π′, x2 = x′ y2 = y′,

y′2 + π′x′y′2 + πy′2 = π′2x′3y′2 + π′x′2y′.

y′ W ′
4

W ′
4 : y′ + π′x′y′ + πy′ = π′2x′3y′ + π′x′2.

2 = 0
π′ = 0 y′ = 0

y′ = 0, π′ = 0

π′x′2 = 0, y′ = 0.

C′5 = { y′ = 0, π′ = 0} C′6 = {x′ = 0, y′ = 0},

C′5 C′6



C6 C′6

P7 = V ((x2, y3, 2)) P8 = V ((x2, y3 + 1, 2))

W3

2C5

#
#

#
#

#
#

#
##

2C6
P7# P8#

W3

W4

W4 : 2y2
3 + 2x2y3 + 2y3 = 2x3

2 + x2
2

C6 = V ((x2, 2))

2

x2 = 2x3,

2y2
3 + 4x3y3 + 2y3 = 16x3

3 + 4x2
3.

2 W3

W3 : y2
3 + 2x3y3 + y3 = 8x3

3 + 2x2
3.

2 = 0

y2
3 + y3 = 0.

C7 = {y3 = 0} C8 = {y3 + 1 = 0}.

x2

2 = x′π′, x2 = x′ y3 = y′,

π′x′y′2 + π′x′2y′ + π′x′y′ = π′x′3 + x′2.



x′ W ′
5

W ′
5 : π′y′2 + π′x′y′ + π′y′ = π′x′2 + x′.

2 = 0
π′ = 0 x′ = 0

x′ = 0, π′ = 0

π′y′2 + π′y′ = 0, x′ = 0.

C′6 = {x′ = 0, π′ = 0}, C′7 = {y′ = 0, x′ = 0} C′8 = {y′ + 1 = 0, x′ = 0},

C′6

C7 C′7 C8

C′8

W4

2C6

C7 C8

W4

(2)

C1 C2

2C3

2C4

"
"

"
"

"
"

"
""

2C5

#
#

#
#

#
#

#
##

2C6

C7 C8

C(2)

C(2) = C1 + C2 + 2 · C3 + 2 · C4 + 2 · C5 + 2 · C6 + C7 + C8



2

−2

0

( · ) C1 C2 2 · C3 2 · C4 2 · C5 2 · C6 C7 C8

C1

C2

2 · C3

2 · C4

2 · C5

2 · C6

C7

C8

(2) E(Q)

E/Q C/Z
E/Q Cp =

∑
niCi

A(Ci) P E(Q) P̄
Ci

A(Ci) = {P ∈ E(Q)|P̄ ∩ Ci )= ∅}.

E/Q C/Z
E/Q Cp =

∑
niCi

ni > 1 ⇒ A(Ci) = ∅

A(Ci) ∩A(Cj) = ∅ i )= j
⋃

A(Ci) = E(Q)



E(Q)

!

E : y2 = x3 + 5x + 10.

A(Ci)

W0 : y2 + 2xy + 8y = x3 + 2x

E

τ2

W0 : Y 2Z + 2XY Z + 2Y Z2 = X3 + 2XZ2

P = [x : y : z] ∈ W0(Q) Pp P

P = [x : y : z] ∈ W0(Q) x, y, z ∈ Z<p> x, y
z

P (2)
P3 = (0, 0, 1)(= V ((x, y, 2)) ∈ W0)

C1 (2) A0(C1)
ν2 x y

A0(C1) = {[x : y : z] ∈ W0(Q)|ν2(x) · ν2(y) = 0}.

W1 P
ν2(x) > 0 ν2(y) > 0 P2 = V ((x1 − 1, y1, 2)) ∈ W1



P4 = V ((x1, y1, 2)) ∈ W1

2
C2

C2 P ν2(x) = 1

A0(C2) = {[x : y : z] ∈ W0(Q)|ν2(x) = 1}

P4

P5 = V ((x1, y2, 2)) ∈ W2

P6 =
V ((x2, y2, 2)) W3

P7 = V ((x2, y3, 2)) ∈ W4

P8 = V ((x2 − 1, y3, 2))
P7 C7 P8 C8

A0(C7) = {[x : y : z] ∈ W0(Q)|ν2(y) > 3}

A0(C8) = {[x : y : z] ∈ W0(Q)|ν2(y) = 3}.

E

A(C1) = {[x : y : z] ∈ E(Q)|ν2(x− 1) · ν2(y − 1) = 0};
= {[x : y : z] ∈ E(Q)|ν2(x) · ν2(y) > 0};

A(C2) = {[x : y : z] ∈ E(Q)|ν2(x− 1) = 1};
A(C7) = {[x : y : z] ∈ E(Q)|ν2(y − x− 3) > 3};
A(C8) = {[x : y : z] ∈ E(Q)|ν2(y − x− 3) = 3}.

S0 = [1 : 4 : 1], S1 = [6 : 16 : 1], S3 = [1 : −4 : 1]

S6 = [6 : −16 : 1] S∞ = o = [0 : 1 : 0],

S0 ∈ A(C7), S1 ∈ A(C1), S3 ∈ A(C8), S6 ∈ A(C1), S∞ ∈ A(C1).

Qi S0 C(2)

C(2)

1
0



C1 C2

%Q1 = Q6

%Q∞

C3

C4

"
"

"
"

"
"

"
""

C5

#
#

#
#

#
#

#
##

C6

C7

%Q0

C8

%Q3

2

C1 C2 C3 C4 C5 C6 C7 C8

D0

D1

D3

D6

D∞

2

Q1 = Q6

Qi )= Qj

i j

D1 D6

P16 = Q1 = Q6.

C(2) D1 D6

S1 = (x1, y1), S2 = (x2, y2) ∈ E(Z)
p ⊂ Z x1 ≡ x2 y1 ≡ y2 mod p

S1 = (x1, y1), S2 = (x2, y2) ∈ E(Z)
Q p Z d12 = x1y2 − y1x2

d12 )∈ p S1 S2

p



S1 = (x1, y1) S2 = (x2, y2)
Q p Z S1 S2

p S1 ≡ S2 mod p x1 ≡ x2

y1 ≡ y2 mod p d12 = x1y2 − y1x2 ≡ 0 mod p d12 ∈ p

!

dij S0, S1, S3 S6

d01 = 1 · 16− 4 · 6 = 16− 24 = −8 = −23

d03 = 1 · (−4)− 4 · 1 = −4− 4 = −8 = −23

d06 = 1 · (−16)− 4 · 6 = −16− 24 = −40 = −23 · 5
d13 = 6 · (−4)− 16 · 1 = −24− 16 = −40 = −23 · 5
d16 = 6 · (−16)− 16 · 6 = −96− 96 = −182 = −26 · 3
d36 = 1 · (−16)− (−4) · 6 = −16− 24 = −40 = −23 · 5

(5)

D0 ∩D6 = P06 D1 ∩D3 = P13

!! ! ! ! "

D0

D1

D3

D6

D∞

#
#

#

#

#
#
#

#

#

##

#

##

#

#

#

#

##

##

$

$
$$
$$

$

$
$
$
$$



D1 D6 (2)
(2) D1 D6

P16 = V ((x, y, 2)) m16,2

D1 D6

W E

f1, f6

ord1(f1) = 1, ord6(f1) = 0

ord1(f6) = 0, ord6(f6) = 1.

E

y2 = x3 + 5x + 10

⇔ y2 − 256 = x3 + 5x− 246

⇔ (y − 16)(y + 16) = (x− 6)(x2 + 6x + 41).

(y + 16) (x2 + 6x + 41) OD1

ord1(x− 6) = 1, ord1(y − 16) = 1 ord1(y + 16) = 0

(y − 16) (x2 + 6x + 41) OD6

ord6(x− 6) = 1, ord6(y − 16) = 0 ord6(y + 16) = 1.

f1 = y − 16 D1 f6 = y + 16 D6

OW,P16/(f1, f6) = (Z[x, y]/(y2 − x3 − 5x− 10))<(2,x,y)>)/(y − 16, y + 16)

Z[x, y]/(y2 − x3 − 5x− 10, y − 16, y + 16)<(2,x,y)>

y /→ 16 x /→ 6

Z[x]/(−x3 − 5x + 246, 32)<(2,x)>

Z/(32)<(2)> = Z/(32)



iP16(D1, D6) = *OW,P16
OW,P16/(f1, f6) = *OW,P16

Z/(32) = 5.

D0 D6 (5)
(5) D0 D6

P06 = V ((5, x− 1, y + 1)) m06,5

E

y2 = x3 + 5x + 10

⇔ y2 − 256 = x3 + 5x− 246

⇔ (y − 16)(y + 16) = (x− 6)(x2 + 6x + 41)

⇔ y2 − 16 = x3 + 5x− 6

⇔ (y − 4)(y + 4) = (x− 1)(x2 + x + 6).

f0 = y − 4 f6 = y + 16

ord0(f0) = 1, ord6(f0) = 0

ord0(f6) = 0, ord6(f6) = 1.

f0 f6

OW,P06/(f0, f6)

= (Z[x, y]/(y2 − x3 − 5x− 10))<(5,x−1,y+1)>)/(y − 4, y + 16)

= Z[x, y]/(y2 − x3 − 5x− 10, y − 4, y + 16)<(5,x−1,y+1)>

= Z[x]/(−x3 − 5x + 246, 20)<(5,x−1)>

= Z[x]/((x− 6)(−x2 − 6x− 41), 20)<(5,x−1)>

= Z/(20)<(5)> = Z/(5).

iP06(D0, D6) = *OW,P06
OW,P06/(f0, f6) = *OW,P06

Z/(5) = 1.

D1 D3 (5) (5)
D1 D3 P13 = V ((5, x− 1, y− 1))

m13,5

f1 = y − 16 = 0 f3 = y + 3 = 0

ord1(f1) = 1, ord3(f1) = 0



ord1(f3) = 0, ord3(f3) = 1.

f0 f6

OW,P13/(f1, f3)

= (Z[x, y]/(y2 − x3 − 5x− 10))<(5,x−1,y−11)>)/(y + 4, y − 16)

= Z[x, y]/(y2 − x3 − 5x− 10, y + 4, y − 16)<(5,x−1,y−1)>

= Z[x]/(−x3 − 5x + 246, 20)<(5,x−1)>

= Z[x]/((x− 6)(−x2 − 6x− 41), 20)<(5,x−1)>

= Z/(20)<(5)> = Z/(5).

iP13(D1, D3) = *OW,P13
OW,P13/(f1, f3) = *OW,P13

Z/(5) = 1.

S0, . . . S∞ E

Sij = Si − Sj , i, j ∈ {0, 1, 3, 6,∞}.

Dij = Sij = Di −Dj , i, j ∈ {0, 1, 3, 6,∞}.

Sij Φij

D

(Dij + Φij) ·D = 0.

Dij = Dij + Φij = Di −Dj + Φij .

Φij

Φij



Φij ∈ Q⊗Div(2)(E)
Φij Φij = n1C1 +

n2C2 + n3C3 + n4C4 + n5C5 + n6C6 + n7C7 + n8C8 ni ∈ Q

Dij = Dij + Φij

(2)

Dij · C1 + n1 C2
1 + n3 C1 · C3 = 0

Dij · C2 + n2 C2
2 + n3 C2 · C3 = 0

Dij · C3 + n1 C3 · C1 + n2 C3 · C2 + n3 C2
3 + n4 C3 · C4 = 0

Dij · C4 + n3 C4 · C3 + n4 C2
4 + n5 C4 · C5 = 0

Dij · C5 + n4 C5 · C4 + n5 C2
5 + n6 C5 · C6 = 0

Dij · C6 + n5 C6 · C5 + n6 C2
6 + n7 C6 · C7 + n8 C6 · C8 = 0

Dij · C7 + n6 C7 · C6 + n7 C2
7 = 0

Dij · C8 + n6 C8 · C8 + n8 C2
7 = 0

−2

Dij · C1 − 2n1 + n3 = 0

Dij · C2 − 2n2 + n3 = 0

Dij · C3 + n1 + n2 − 2n3 + n4 = 0

Dij · C4 + n3 − 2n4 + n5 = 0

Dij · C5 + n4 − 2n5 + n6 = 0

Dij · C6 + n5 − 2n6 + n7 + n8 = 0

Dij · C7 + n6 − 2n7 = 0

Dij · C8 + n6 − 2n8 = 0.

(Dij · Dkl) = (Dij ·Dkl)

Φ01,Φ03,Φ06,Φ0∞,Φ∞1,Φ∞3

Φ∞6 P1, P6 P∞ D1, D6 D∞

Φ01 = Φ06 = Φ0∞ = −Φ∞3 Φ∞1 = Φ∞6 = 0.

Φ01 = −5
4
C1 −

3
4
C2 −

3
2
C3 − C4 −

1
2
C5 +

1
2
C7,

Φ06 =
1
2
C7− 1

2
C8,



Φ∞3 =
5
4
C1 +

3
4
C2 +

3
2
C3 + C4 +

1
2
C5 −

1
2
C8.

(S01 · S36) = (D01 · D36)

= (D01 + Φ01) ·D36

= (D0 −D1 + Φ01) · (D3 −D6)

= D0 ·D3 −D0 ·D6 −D1 ·D3 + D1 ·D6 + Φ01 ·D3 − Φ01 ·D6

= 0−m06,5 log(5) + m13,5 log(5) + m16,2 log(2)

+ 0 + (5
4C1 ·D6) log(2)

= 0− log(5)− log(5) + 5 log(2) + 0 + 5
4 log(2)

= 25
4 log(2)− 2 log(5)

(S03 · S16) = (D03 · D16) = (D0 −D3 + Φ03) · (D1 −D6) = −2 log(5)

(S06 · S31) = (D06 · D31) = (D0 −D6 + Φ06) · (D3 −D1) = 25
4 log(2)

(S01 · S3∞) = (D01 · D3∞) = (D0 −D1 + Φ01) · (D3 −D∞) = 5
4 log(2) − log(5)

(S03 · S1∞) = (D03 ·D1∞) = (D0 −D3 + Φ03) · (D1 −D∞) = − log(5)

(S0∞ · S31) = (D0∞ · D31) = (D0 −D∞ + Φ0∞) · (D3 −D1) = 5
4 log(2)

(S01 · S∞6) = (D01 ·D∞6) = (D0 −D1 + Φ01) · (D∞ −D6) = 5 log(2) − log(5)

(S0∞ · S16) = (D0∞ ·D16) = (D0 −D∞ + Φ0∞) · (D1 −D6) = − log(5)

(S06 · S∞1) = (D06 ·D∞1) = (D0 −D6 + Φ06) · (D∞ −D1) = 5 log(2)

(S0∞ · S36) = (D0∞ · D36) = (D0 −D∞ + Φ0∞) · (D3 −D6) = 5
4 log(2) − log(5)

(S03 · S∞6) = (D03 ·D∞6) = (D0 −D3 + Φ03) · (D∞ −D6) = − log(5)

(S06 · S3∞) = (D06 · D3∞) = (D0 −D6 + Φ06) · (D3 −D∞) = 5
4 log(2)

(S∞1 · S36) = (D∞1 · D36) = (D∞ −D1 + Φ∞1) · (D3 −D6) = 5 log(2) − log(5)

(S∞3 · S16) = (D∞3 ·D16) = (D∞ −D3 + Φ∞3) · (D1 −D6) = − log(5)

(S∞6 · S31) = (D∞6 · D31) = (D∞ −D6 + Φ∞6) · (D3 −D1) = 5 log(2) .
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E

β : E → P1, (x, y) /→ β(x, y) =
y(x− 5) + 16

32

0, 1 ∞

β−1(0) = 4 · (1, 4) + 1 · (6, 16) = 4 · S0 + 1 · S1

β−1(1) = 4 · (1,−4) + 1 · (6,−16) = 4 · S3 + 1 · S6

β−1(∞) = 5 · o = 5 · S∞.

!

Sij (400H1, β)

Sij

Cjk
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400H1

E : y2 = x3 + 5x + 10

∆ = −51200 = 211 · 52

Dij Si − Sj
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S0

S0

mijkl ∈ Z
< Sij , Skl >NT = −mijklhtNT (S0)

S1 = [4]S0, S3 = [−1]S0, S6 = [−4]S0 S∞ = [0]S0.

S : Div(E) → E

S(D) = S
(∑

niPi

)
=

∑
[ni]Pi, D ∈ Div(E).

mij

S(Sij) = [mij ]S0.

< Sij , Skl >NT

= 1
2 (< (Sij + Skl), (Sij + Skl) >NT − < Sij , Sij >NT − < Skl, Skl >NT )

= 1
2(hc(S(Sij + Skl))− hc(S(Sij))− hc(S(Skl)))

= 1
2(hc([mij + mkl]S0)− hc([mij ]S0)− hc([mkl]S0))

= 1
2(−m2

ij −m2
kl + (mij + mkl)2 · hc(S0)

= mij ·mkl · hc(S0)

mijkl = mij ·mkl

!

S0 0, 128375

mijkl

D01

S(D01) = S(S0 − S1) = S(S0 − 4S0) = S0 + [−4]S0 = [−3]S0,

m01 = −3 D36

S(D36) = S(S3 − S6) = S(−S0 + 4S0) = [−1]S0 + [4]S0 = [3]S0,

m36 = 3

m0136 = m01 ·m36 = −3 · 3 = −9

mijkl
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S2

(S1 · S2)alg

(S1 ·S2)∞

−(S1 · S2)
−((S1 · S2)alg + (S1 · S2)∞)

mijkl
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Sij Skl mijkl

S01 S36 −9 0.128187

S03 S16 16 0.128438

S06 S31 −25 0.128348

S01 S3∞ 3 0.128588

S03 S1∞ 8 0.128438

S0∞ S31 −5 0.128348

S01 S∞6 −12 0.128288

S0∞ S16 8 0.128438

S06 S∞1 −20 0.128348

S0∞ S36 3 0.128588

S03 S∞6 8 0.128438

S06 S3∞ −5 0.128348

S∞1 S36 −12 0.128288

S∞3 S16 8 0.128438

S∞6 S31 −20 0.128348



(2) E

(2) E
C1 : y2 = x3 C2 : y2 = x2(x + 1)

(2)
E

W0

W0

W1

W2

W3

W4

C(2)

2



2
l2 = log(2), l5 = log(5)

a

a



ABC




