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Motivation

What does a served customer do when next node is degraded? \
Change the route. \
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Rerouting, Skipping

Random walk with random skipping
e Given a routing matrix r on a node set {0,1,...,J}

e Given an acceptance probability vector o := (o, 01, ..., 0)

Algorithm how to move from i
Q set k=1
@ move to j with probability r(k,))
© check if new node j will accept the customer with probability «;

3.1 if accepted, stay in j, END.
3.2 if not accepted, skip: set k=jgoto @

X

(4
? /\ V o:=(1,1,0.5,1,1)
o @
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Rerouting, Skipping

ANGEs c/a\ =

(a) original routing r (b) rerouting (@) by
skipping

Figure: Skipping with o := (g, a1, 06, 03, 04) = (1,1,0.5,1,1)

rerouting matrix r(%)

r(a) = (/ — rdlag(]_ — (X))_l r-diag(a)
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Properties of r\®)

Given:

@ Original routing matrix r

@ Acceptance probability vector o := (0, 01, ..., Qy)

e Rerouting matrix r(®)

Nice Property of r(®
If

solves
then

solves

n =(No,---,NJ)
nr=n,

n* = (ano, cuny, ..., M)

(@ (@) — (@)
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Modified Jackson network

Set of nodes J = {1,...,J}, routing matrix r, service rates i (n1),..., uy(ny)
Process: X(t):=(X(t):t € [0,00))

Modification

+ action: service rate changes by factor y; € [0,1], v = (11, ..., J)
=>new service rates ¥; - ij(n;)

+ reaction: rerouting r(®)

- skip

queue Server

o m: j Y22 (nj)

acceptance probability a; =
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& =7

New service rate yju;(n;)

service rate factor 7; \ acceptance @;
= service down everyone skips over
= service up everyone accepted
0<-«1 degraded sometimes accepted

Krenzler, Daduna, Otten (Uni HH) Queues in random environment ECQT 2014 7/ 17



Modified Jackson network

@ J nodes, input rate A, routing matrix r, service rates y;(n;)
@ nj is number of customers at the node j
on j-th pos.
. ~ =~
Notation: n:=(ny,...,ny), e; :=(0,...,0, 1 ,0,..0)
Classical, with generator QX = (¢X(n,n’) : n,n’ € NY)

S

a*( (>0 (1), i)

1
Lin,>011(n)r(j,0)

Modification

+ action: service rate
changes by y= (7, ..., 2)
+ reaction: rerouting r(®)

ee — 1[,,j>0]}g/,tj(nj)r(°‘)(j,i)
e = 1[nj>0]}guj(nj)r(a)(j,0)
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Modified Jackson network

Theorem (classical)

For the steady state distribution &(n) := &(ny,...,ny) holds

1j

J .
g(nl,...,nJ):qg(nj) s &(m) =[] —2-~ ()™
B

i1 Mi(k)

with N solution of Nr=mn, No=A.

Blocked nodes B(y) :={j € J, v, =0}

Theorem (modified)

If acceptance probabilities=o; = ;= service rate factors, then

E(ny,...,n))= I &) TT ei(m)

Jj€N\B(7) i€B(y)

with arbitrary distribution @;(n;).
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Jackson network with degrading nodes

Example: y=(1,0.5,1,0) = B(y) = {4}

(a) classical (b) modified

If acceptance probabilities=a; = yj=service rate factors, then steady state
distribution & is

@ the same on nodes 1, 2 and 3,

@ arbitrary on 4 in the degraded case.
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Environment

Environment: additional parameter of the system
Y =(Y(t): t€0,e))
Lives on finite state space K

e Can change its state with transition rates V = (v(k,m): k,m € K),
independent from queueing system

@ Can be changed by queueing system with probabilities
R; = (R(k,m) : k,m € K), each time a customer from j leaves the

network

Y (t) is not necessarily a Markov process! J
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Jackson network in a random environment

direction
ANS—D .

of impact

positive routing

entries r(i,j)

new positive routing
B —

entries of r(*()(j, )

partially degraded
node j
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Jackson network in a random environment

Given:

@ X-Jackson network with J nodes and parameters A, U, r
@ Y-environment on a state space K and rates V = (v(k,m): k,m e K)
@ Interactions if environment is in state k:
e Environment—Queues: by changing of service rates by y(k),
and therefore changing of rerouting r(®, o =1y

o Queues—Environment: by changing environment states with
R; = (R(k,m): k,m € K), when a customer leaves the network from j

Steady state distribution 7(n, k)
a(n,k)=&(n)-0(k), neNJ kek,

&(n) Solution for the original Jackson network,
0(k) Stochastic solution of - Qey =0,

Qred = |V + Z njdlag (r(a())(.]vo)) (RJ - I)

jeJ
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Further extensions

General service rate factor Y= (71, ...,7) with % € [0,00)
+ action: change of service rates by y= (11,...,72)
=>new service rates ¥; - i;(n;)

o : 1 if l7lle <1
+ reaction: increase overall input f3 := _ )
|17l it [ >1
; if w<1
+ reaction: rerouting r(*) with o) = YJ},. , 7l-- < .
= it [[7]le >1

g*(n.n+e;) = BArlD(0,i)
nn—ej+ej)= 1[nj>0]?ﬁ'ﬂj(”j)f(a)(j, i)
a*(n,n— ej) = 10t (n)r'®(j,0)

7

The same results for the steady state distribution J

Krenzler, Daduna, Otten (Uni HH) Queues in random environment ECQT 2014 14 / 17



Further extensions

Other rerouting strategy r(®), for example randomized reflection.
Or any rerouting r(®) for which the Nice Property holds:

If 1 =(no,...,ny) solves
nr=n,
then (%) = (ano, 0uM1,....,01,) solves
(@) (@) — (@
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Ongoing research

Nice Property of skipping

r(®) .= (] — r-diag(1 — &))" r - diag()

If 1 =(No,...,ns) solves
nr=n,
then 7(% = (agno, 01N, ..., 00y1) solves
(@ (@ _ (@)

@ How can we use this property above in importance sampling?

@ Applications for the new product form results for
Jackson network 4+ Environment.
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Thank you for your attention!
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