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Abstract. An adaptive ADER nite volume method on unstructured meshes is proposed.
The method combines high order polyharmonic spline WENO rec onstruction with high order ux
evaluation. Polyharmonic splines are utilised in the recov ery step of the nite volume method
yielding a WENO reconstruction that is stable, exible ando  ptimal in the associated Sobolev (Beppo-
Levi) space. The ux evaluation is accomplished by solving g eneralised Riemann problems across
cell interfaces. The mesh adaptation is performed through a n a posteriori error indicator, which
relies on the polyharmonic spline reconstruction scheme. T he performance of the proposed method
is illustrated by a series of numerical experiments, includ ing linear advection, Burgers' equation,
Smolarkiewicz's deformational ow test, and the ve-spotp  roblem.
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1. Introduction. During the last 30 years, nite volume methods (FVM) have
gained great popularity as numerical schemes for hyperbolic problems. Clasal FVM
are typically of low order (cf. e.g., [15, 17]). High order FVM include essentially non-
oscillatory (ENO) and the more sophisticated weighted essentially non-oscillatory
(WENO) schemes (see, e.g., [1, 8, 10, 17, 24, 25, 38] and references therein) for the
discretisation of the space variables. Available high order FVM often combinehigh
order space discretisations with one-step or multistep time stepping methods, suchsa
total variation diminishing Runge-Kutta (TVD-RK) methods. However, high order
TVD-RK methods have a reduced region of absolute stability [9]. This essentiayl
limits the order of TVD-RK time discretisations [20].

In the WENO framework, a collection of stencils is rst selected in the neighbour
hood of each cell (control volume). For each stencil, a high order recovery functiois
computed from the stencil's cell average values. The WENO reconstruction for the
cell is then given by a weighted sum of the stencils' recovery functions. The weights
are chosen so that unphysical oscillations in regions of low regularity oftte solution
(e.g. near sharp fronts and shocks) are avoided. In available (multivagte) WENO
methods, local (multivariate) polynomial interpolation is used in the reconstruction
step. Using multivariate polynomial interpolation in WENO reconstruct ions, how-
ever, has restrictions. Indeed, when using polynomial interpolation, the size of e
stencil is required to match the dimension of the polynomial ansatz space; thisa-
duces the exibility in the stencil selection. This restriction is particularly severe for
unstructured meshes, where for the sake of numerical stability enhanced exibility in
the stencil selection is of vital importance [1]. A standard remedy to circumventthis
restriction is the use of least-squares approximation in the reconstruction tep. Stan-
dard least-squares approximation, however, does usuallpot minimize the relevant
guantities which are used for the de nition of the WENO weights. This is regarded
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as a major drawback of least-squares reconstructions, especially when it comes to
approximate the solution in regions of low regularity.

Therefore, the development of stable high order FVM for hyperbolic problems is
still an ongoing challenge.

Recently, ADER methods were introduced in [33, 34], and further developed
in [29, 31, 36], to obtain nite volume schemes of arbitrary high order. Inthe concept
of ADER, Arbitrary high order DER ivatives are used to construct high order ux
evaluations, using generalised Godunov methods. The high order ux evaluation of the
ADER method can be combined with high order nite volume space discretisations
(e.g., WENO reconstructions), leading to an ADER-FVM of arbitrary high order .
ADER schemes have very recently gained considerable popularity in a wide range of
applications from engineering and physics, see e.g., [6, 21, 22, 23, 32].

The application of ADER schemes to nonlinear hyperbolic problems is a subject
of active research. For the multi-dimensional case, ADER schemes on Cartesiamids
can be found in [22, 23, 30]. ADER methods in combination with the discontiious
Galerkin method are introduced in [7]. Adaptive ADER methods on unstructured
triangular meshes have recently been developed in [14], giving more exible e cient
high order ADER schemes. In [14], adaptive ADER methods are combined with high
order polynomial WENO reconstructions.

Mesh adaptivity is particularly important for the computational e ciency of
FVM. Indeed, the presence of lower dimensional locally singular behaviour of the
solutions to hyperbolic problems (e.g., sharp gradients and discontinuigs) require
di erent resolutions in di erent regions of the computational domain. This can be
accomplished using adaptive methods.

This work aims at the development of new stable adaptive FVM on unstructured
meshes of arbitrary high order, both in space and in time, using the ADER method-
ology. More speci cally, a novel framework for WENO reconstruction is proposed,
whereby kernel-basedinterpolation (rather than polynomial interpolation) is utilised
in the WENO reconstruction step. Kernel-based interpolation leads to ansatz spaces
of variable dimensions, thereby can be applied to WENO reconstructions based on
stencils of variable sizes, hence enhancing the exibility of WENO reconstruction
schemes. Our preferred choice of kernels are the family of the radigdolyharmonic
splines Apart from the enhanced exibility in the stencil selection, this particular
choice has speci ¢ advantages concerning the numerical stability of local interpal-
tion. Moreover, they are easily implemented in any space dimension. Furthermore,
polyharmonic spline reconstruction leads to natural choices obscillation indicators,
as per required in the WENO reconstruction step. More speci cally, the oscillation
indicators are de ned through the natural Sobolev semi-norms associated with the
polyharmonic spline interpolation problem. For each stencil, the polyharronic spline
interpolant is the unique minimiser of the Sobolev semi-norm among all intermplants
in the corresponding Sobolev space. Thus, the polyharmonic spline interpolantsi{
in that sense { the least oscillatory interpolant in the Sobolev space, whichin turn
improves the stability of the employed WENO reconstruction. This is supported by
the numerical experiments presented in this work.

This work is organised as follows. In Section 2, the basic features of the n@
volume method are discussed. In Section 3, we present the general framework of in-
terpolation using polyharmonic splines. This includes a discussion on the numerit¢a
stability and other relevant properties of polyharmonic splines. Then, in Section4,
WENO reconstruction, based on polyharmonic splines, is introduced, before high er
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der ux evaluation by the ADER method is described in Section 5. Finally, Sections 6
and 7 contain a series of numerical experiments, illustrating the good perfonance of
the proposed method, in terms of accuracy, e ciency and numerical stability.

2. The Finite Volume Method. We consider the scalar conservation law
u+r F(u)=0; (2.1)
with u  u(t; x) : | I R, for an open bounded computational domain and a
time interval | := (0;t;], for some nal time t; > 0, with F(u) := (f1(u);:::;fq(u)’

denoting the corresponding ux function . We equip (2.1) with the initial condition
u(O;x) = up(x); x2 ; (2.2)

along with (standard) suitable boundary conditions on the in ow part @ (t) of the
boundary @, de ned by

@ (1):=fx2@: F(u(tx)) n(x)) < 0g;

with n(x) denoting the outward unit normal vector to @ at the point x 2 @.

The construction of the nite volume method for the problem (2.1), (2.2) works
as follows. The time interval | is rst partitioned into sub-intervals ( t";t"*1] of length

no=t"*l " forn=0;:::;N 1, with t° =0 and tN = t;. Moreover, for each

n=0;1;:::;N, the computational domain is partitioned into (possibly di erent)
conforming shape-regular triangulationsT" = f Tgr,t », consisting of d-dimensional
closed simplices, i.e., triangles fod = 2 or tetrahedra for d = 3, which we shall refer
to as control volumes or cells

Integrating (2.1) over a space-time control volume ¢(";t"**] T, T 2T", yields

1 yc.l Z tn+1 Z
ur (") = ur (t") = F(u) n; dsdt forn=0;:::;N 1; (2.3)
]Tszl tn @7
where
1 Z
ur(t"):= =  u(t";x)dx forn=0;:::;N
iTi 1

is the cell averageof the solution u on the control volume T 2 T" at time t = t".
unit normal vector to the face @T. Finally, jTj and j@7] are the d-dimensional volume

of T and the (d 1)-dimensional volume of the face@T, respectively.
We approximate (2.3) by the (standard, one-step) nite volume method,

Wt =l = R forn=0;inN L (2.4)

where ull is an approximation to ur (t") and the numerical ux
|

Z tn +1 Z
Fry - F(u) njds dt (2.5)
tn @7
is an approximation to the time-average ux across the face@T,j =1;:::;d+1, of
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More speci cally, upon discretisation of both the temporal and spatial integrals
in (2.5), using a Gaussian quadrature with a number ofg and gx quadrature points
in time and in space, respectively, the numerical ux F{; is chosen as

Fn.o= X KLi@1 R n;k;h .
T — k]@]rj LhF(uT;j ) nj ’ (26)
k=1 h=1

where u?fj‘;h are approximations to the function values u(tg, ; X, ) (also known as
states of the solution) at the Gaussian integration points (tg, ; Xs, ) With correspond-
ing weights (Ky;Lp), forl k qgandl h q.

We remark that the (standard) nite volume method (2.4) is only a low order
method. However, high order reconstruction techniques can be used to retrieve higher
order approximations of the problem (2.1), (2.2) (see, e.g., [15, 17] and refences
therein). To avoid spurious oscillations near steep gradients and discontinuigs, we
shall employ WENO-type reconstructions relying on polyharmonic spline kernels fo
the interpolation step, rather than (standard) multivariate polynomial s. The next
section provides a brief discussion on kernel-based interpolation from cell avege
values using polyharmonic splines.

3. Interpolation of Cell Averages by using Polyharmonic Splin es. Given
a conforming triangulation T = fTgr,r anda xed cell T 2 T, we consider astencil

S:=fRgros T ;

of size# S 2 N, where we assume thatT lies in S, i.e., T 2 S. Note that any cell
R 2 S is associated with a linear functional r, de ned by
z
1
r(U) = R u(x) dx; forR2S and u(x) u(t; x);
R

i.e., r is the cell average operator forR. We assume that the functionalsf ggr2s

are linearly independent.
Now for the purpose of reconstructing given cell averageé g (u)gr2s on stencil
S T , we consider using aninterpolant of the form

X
s(x) = R k (k< yK+p(x); p2Pg; 3.1)
R2S

where (k k):RY! Ris a (xed) radial kernel function w.r.t. the Euclidean norm
k konRY and ‘FQ denotes action of functional g on variabley, i.e.,

1 Z

Lokx  yk= = (kx  yk)dy forR2S:

IR r
Moreover, P4 denotes the space of altl-variate polynomials of order at mostm (i.e.,
degree at mostm 1), so that any polynomial p2 P8 can be represented as

X
p(x) = X

J j<m

where =( 1;:::; ¢) 2 Nd is a multi-index of degreej j:= 1+ :::+ 4.
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Now on given cell averaged r(u)gr2s, We consider solving the interpolation
problemu 4 = s g, i.e,

r(UW) = Rr(S) forall R2S: (3.2)
To this end, we need to determiner + g parameters, whereq = dim( Pd)= ™ d“d

and r = # S. Noting that the linear conditions (3.2) amount to r equations, we
consider solving (3.2) under linear constraints

X
r r(P)=0 forall p2PZ;

R2S

leading to the (r + ) (r + Q) linear equation systemA = of the form
A P
PT 0 -0 (33)
with unknown vectors  =( r)r2s 2 R" and =( ) j<m 2 RY, matrices
A=( 7% k (kx YK)1r2s 2R" T and P =( r(X Dgras;jjem 2R %

and right hand side =( r(uU))r2s 2 R".

We nally remark that the linear system (3.3) has a solution, thus giving an
interpolant s of the form (3.1), provided that the radial kernel is conditionally
positive de nite of order m on RY (see [16] for details). Moreover, the solution will be
unique, if the setf rgr2s of cell average operators i g -unisolvent, i.e., forp2 P ¢
the implication

r(p)=0 foral R2S =) p O

holds, so that any polynomial p 2 P¢ can uniquely be reconstructed from its cell
averagesf r(p)gr2s. Finally, note that the interpolation scheme is invariant under
translations and rotations.

3.1. Polyharmonic Spline Interpolation. We now make the specic choice
dak :[0;1)! Rin (3.1), where

.k k& d for d odd;
ak(K K=\ gk diogk k) for d even, (34)
for 2k > d. In this case,m = k d d=2e+ 1 is the order of the conditionally positive
de nite kernel 4. The so obtained class of radial kernels is known agolyharmonic
splines
We pair each polyharmonic spline 4 with the Beppo-Levi space

BLk(RY := fv:D v2 L?(RY forall j j= kg C(RY):
equipped with the semi-normj jg_, (re), being de ned by
X

. k
JVJZBLk(Rd) = kD VkEZ(Rd): (3.5)
ji=k
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Due to Duchon [4], the resulting interpolant s 2 BLy(RY) in (3.1) satisfying (3.2) is
the unique minimiser of the energyj jg_, (rey @among all interpolants v 2 BL(RY)
satisfyingv = u g, i.e., we have

ISlBL (R?) | ViBL,(RY) for every v 2 BL (RY) with v s=S (3.6)

st
This optimality of s gives rise to use the energy functionaj jg_, (rsy as an oscillation
indicator for the ensuing WENO reconstruction algorithm. In fact, since the energy
value jsjg , (re) re ects the minimum of high order variations among all interpolants
in BL(RY), the semi-normj JBL, (re) IS @ very suitable and most obvious choice for the
WENO oscillation indicator, which { in contrast to previous WENO reconstr uction
schemes { comes naturally with the utilised interpolation scheme. Further detaik on
this are explained in the following section.

A prominent example from the family of polyharmonic spline kernels is thethin-
plate spline 22(k k) = k k?log(k k), which is a fundamental solution of the
biharmonic equation on R?. For the thin-plate spline kernel, the interpolant s in (3.1)
has the form

X
s(x) = R & kx yKilog(kx yK) + 1+ axi+ 3o
R2S

where x = (X1;X2)T 2 R?, and the corresponding Beppo-Levi semi-norm
z
iail — 2 2 2
JSJBLZ(RZ) - - lexl +25x1><2 + szxz dx

gives the bending energy of a thin-plate of in nite extent.

Similarly, polyharmonic splines of higher order are de ned by using the formulas
(3.4) in (3.1). To make another relevant example, in our numerical results ofSections 6
and 7 concerning the two-dimensional cased = 2, we work with the polyharmonic
spline kernel ,.3(k k) = k k*log(k k). In this case, the interpolant s in (3.1) has
the form

X
s(x) = R & kx  yk'log(kx yk) + 1+ aXi+ gXp+ axi+ sXiXo+ eX5:
R2S

The accuracy of Lagrangian interpolation by polyharmonic splines is analged
in [11]. As proven in [11], 4k has local approximation orderm = k d d=2e+ 1 for
C™ functions. In other words, the local approximation order of polyharmonic spline
interpolation, using 4, is given by the order of their corresponding polynomial space
Pd in (3.1). Since polynomials from P¢ are exactly reconstructed, the expected
accuracy order of polyharmonic spline interpolation ism. This complies with our
numerical results in Section 6, where the thin-plate spline, ».,, yields second order
spatial convergencem = 2, while .3 yields third order spatial convergence,m = 3.

3.2. Stable Evaluation of Polyharmonic Spline Interpolants. The nu-
merical stability of interpolation by radial kernels is a critical issue in general, and
so particularly for polyharmonic spline interpolation. This is due to a large spectral
condition number of the collocation matrix A in (3.3), especially in situations, where
the functionals f rgr2s are nearly (i.e., numerically) linearly dependent. For fur-
ther details concerning the conditioning of the system (3.3), we refer to the seminal
work [18] of Narcowich and Ward.
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As a remedy, a preconditioning strategy for Lagrange interpolation by polyhar-
monic splines is developed in [11]. The basic idea in [11] is to work with a Gally
scaled interpolation problem. In this section, we adapt the preconditioning method
of [11] to the speci c situation of this work.

In the present setting, the numerical stability of interpolation from cell average
values is critical in situations, where the minimal Euclidean distance between bargen-
tres of the distinct cells in a stencilS T is small. This is supported by our numerical
observations. Moreover, this is consistent with the results in [18], wheretiis proven
(for the case of Lagrange interpolation) that the spectral condition number of the
interpolation matrix is bounded above by a monotonically decreasing functionof the
minimal Euclidean distance between the interpolation points.

As we shall see in Section 5, a stable implementation of the ADER method does
not only require stable evaluations of the interpolants, but it also needs stal# eval-
uations of their derivatives, necessitating the implementation of an e cient precon-
ditioner. To this end, we extend the construction of the preconditioner in [11] (for
Lagrange interpolation) to the present case of interpolation from cell aerages.

We begin by considering the Lagrange representation of the interpolans in (3.1),
as given by

X
s(x) = "R(X) r(U); (3.7)
R2S

where the Lagrange basis functionsr are uniquely de ned by the cardinal interpo-
lation conditions

1 forT=R;

rRCT(X) = 0 forT 6 R forT;R2S:

in combination with the moment conditions

‘R(X) R(P=p(x)  foral p2PY;
R2S

requiring exact reconstruction of polynomials in P2 .
The Lagrange basis functions (x) = ( "1(X))r2s 2 R" can then be evaluated at
any xed argument x 2 RY by the solution of the linear system

A P x) - )

PT 0 (X) - (X) ; (38)

or, A (x)= (x), in short-hand notation, where

(X) :( (X))j j<m 2 Rq;
(x)=( g (kx yK)rzs 2 R';
(X) = ( X )j j<m 2 R%

The Lagrange representation (3.7) of the interpolants is particularly useful when
analysing the e ect of local a ne transformations. To see this, we consider fora xed
stencil S and xed cell T 2S the ane map Fr :RY! RY, dened by

Fr(x)=(x br)=hr;
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wherebt and hy denote the barycentre and the diameter ofT, respectively. We per-
form the change of variables® = F1(x) and consider the corresponding transformed
interpolation problem u o = s 4, i.€.,

au)= a(s); forall R2 S; (3.9)

on the pulled-back stencilS := fRgs, e, whereR := Fr(R) for R2S.
This leads us to the linear system, corresponding to (3.8),

A P ®) ) .
PT 0 NR) MR

or, A ~(®) = ~(R), in short hand notation, where

"®)= @) e 2RO
AR)= (M (R); jem 2 RY;
N _ N4 r.
®= (& 90 2R,
MR)Y=(R )j j<m 2 R%

and

A= %% (x yo 2R " and Pz 4(x) gpen 2R

Note that the Lagrange basis"(®) immediately yields the solution s of the trans-
formed interpolation problem (3.9) by

X AN
s(R) = r(R)  p(u):
R2S

Moreover, note that any derivative D (x), j j <m, of the Lagrange basis functions
(x) can be expressed as

D (x)=hl D "@®) for every x 2 RY: (3.10)

Using (3.10) we are now in a position to propose a numerically stable eduation of
D sforj j<m. This is done by rewriting D s(x) as

D s(x)= D (x); i=hl D "®); i=hl D ~@®); i
=h} ' D ~®R); i=ht TD ARKAR T
whereh; i denotes the Euclidean inner product, and is the right hand side in (3.3).
Due to the conformity and the shape-regularity assumptions on the simplicial mek
T, T is locally quasi-uniform, i.e., the sizes and shapes of neighbouring simplices in

astencilS T are not subject to strong variations. In this case, the matrix A has
a small spectral condition number, and so the evaluation of the derivative

D s(x)= hi D ~(®);bi

is numerically stable by solving the preconditioned systemfb =  rather than solving
the unpreconditioned systemA = in (3.3).
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4. Kernel-Based WENO Reconstruction. We shall now apply polyharmonic
spline interpolation to weighted essentially non-oscillatory (WENO) methods for the
reconstruction step of nite volume methods, and so obtain kernel-based WENO re-
construction methods.

4.1. Oscillation Indicator and Weights. For each cellT 2 T, we consider a
nite number of pairwise distinct stencils S; T with T 2 S;, each giving a unique
polyharmonic spline interpolant s;, which can be computed from the available cell
averages in (2.4). We then de ne the WENO reconstructions as a convex combination

X X
s:= lisi with =1 (4.1)

of the interpolants s; with non-negative weights ! ;. We remark that the choice of
the weights ! ; is crucial in order to damp down spurious oscillations in the numerical
solution. In fact, !'; should be small whenevers; is highly oscillatory (indicating a

large gradient/discontinuity of the solution across the region of the sencil S;); on the
contrary, !; should be large whenevers; varies slowly in the region of the stencilS;

(indicating a region of local smoothness).

As already explained in the previous section, the Beppo-Levi semi-normjg , (re)
in (3.5) is a suitable oscillation measure for elements from the Beppo-Levspace
BLk(RY). Moreover, due to the optimality of polyharmonic spline interpolation in
(3.6), it is most natural to de ne the oscillation indicator | : BL(RY) ! [0;1 ) by

I (V) = Vi3, (re) for v 2 BLy(RY):
For xed parameters > O and 2 N, let
Fa=( +1(s) (4.2)

and de ne the non-negative weights! ; in (4.1) by

P
sothat ;!;=1.
The parameter in (4.2) is a small positive humber used to avoid division by
zero. We remark that the numerical results are usually not sensitive to the choiceof

In general, large values are admissible for smooth regions of the solution, but
may lead to small (undesired) oscillations near shocks. Therefore, smaller vaés
are preferably used for problems with discontinuous/rapidly varying solutions In our
numerical examples, we let =10 © (cf. [10, 14]).

The positive integer in (4.2) serves to control the sensitivity of the weights with
respect to the oscillation | . Note that in the limit, when  tends to in nity, the
resulting WENO scheme becomes a classical ENO scheme. In contrast, whertends
to zero, this leads to a WENO scheme with equal weightd ;, which may become
oscillatory or even unstable. In our implementation we let = 2, which turns out to
be large enough to e ectively reduce undesired oscillations near discontinuities, but
small enough to improve upon the classical ENO scheme.

4.2. Stencil Selection. Now we discuss the selection of the stencil§;. As
documented in previous work [8, 14, 27] on polynomial-based WENO reconstructig
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the selection of stencils is a critical and challenging task which in uences heavily the
approximation behaviour of the resulting WENO reconstruction.

In the case of polynomial WENO reconstruction schemes, the number of cells
#S; in each stencil S; is required to match the dimension of the polynomial space
(cf., e.g., [14] and the references therein). This severe restriction, however, dimiriss
the desired exibility in the stencil selection, which is particularly critical in r egions
where the solution is rapidly varying or even discontinuous. A well-known remedy
to circumvent this restriction is the use of least-squares approximation insead of
interpolation, especially in situations where the condition number of the interpolation
matrix is very large, or, when the number of degrees of freedom in a stencil does not
match the dimension of the polynomial space. Standard least-squares approximiain,
however, does usuallynot minimize the relevant quantities which are used for the
de nition of the WENO weights. In fact, least-squares approximation does rather lead
to smooth reconstructions, whose corresponding smoothness functional does usually
not match the energy functional of the WENO oscillation indicator.

In contrast, the WENO reconstruction using polyharmonic splines described abog
requires that for any stencil S; its sizer =# S; exceeds the dimensiorg of the poly-
nomial space, i.e.,r g, while simultaneously minimizing the physically relevant
Beppo-Levi norm. For instance, in two dimensions, thin-plate spline WENO recon-
struction merely requires that each stencil contains at least three triangles. Ths
additional exibility gives polyharmonic spline WENO reconstructions a clear ad-
vantage over polynomial WENO reconstruction schemes when applied to complex or
unstructured grids, without excessive smearing of any sharp gradients/discontiuities
present in the PDE solution.

Nevertheless, given the additional exibility in the stencil design, the construction
of suitable stencils requires particular care. Motivated by previous work [8, #, 27],
three di erent types of stencils are constructed: isotropiccentred stencils anisotropic
forward sector stencils and backward sector stencils We describe the construction of
the three di erent types of stencils, restricting the discussion to the two-dimensiaal
setting, for the sake of simplicity. The generalisation of these constructias to three
(and higher) dimensions is rather intuitive: we refer to the algorithm of Dumbser and
Kaser [5] for further details.

Foracell T 2 S, the centred stencils are constructed by recursively including
levels of von Neumann neighboursto T. The level-0 von Neumann neighbours are
de ned to be the cells sharing a common edge withT. The level-1 von Neumann
neighbours are, in turn, the cells sharing a common edge with level-0 von Neumann
neighbours of T, and so forth (see, e.g., [14] for a formal de nition). Figure 4.1 shows
three di erent examples of cell centred stencils around one triangular celll 2 S (red),
with each stencil comprising seven triangles (one red, six green) lying in the level-1
von Neumann neighbourhood ofT .

The construction of forward sector stencils is described as follows. A forwd
sector of a cellT is a sector spanned by two di erent edges ofl that contains T itself
(see Figure 4.2 for an illustration). Therefore, any triangular cell T has three di erent
forward sectors. Now, for each forward sector ofl, a corresponding forward sector
stencil may only contain a nite (but arbitrary) number of cells whose barycentres lie
in that forward sector. Figure 4.2 shows three di erent examples for forwad sector
stencils of one triangleT 2 S (red), each comprising seven triangles (one red, six
green).

Finally, the backward sectors of a cellT are de ned using the midpoints of the
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Fig. 4.2 . Three forward stencils of size seven generated by triangle T (red). The three corres-
ponding forward sectors are marked by dashed lines, respect ively.

edges inT: the backward sector corresponding to each midpointm, of an edgee of T
is the sector with origin me and spanned by the lines passing through the midpoints of
the other two edges inT lying opposite to e (see Figure 4.3 for an illustration). The
corresponding backward sector stencil may contain a nite (but arbitrary) number
of triangles whose barycentres lie in that backward sector. Figure 4.3 shasvthree
di erent examples for backward sector stencils of one triangleT 2 S (red), each
comprising seven triangles (one red, six green).

™y
N%
oA
Nar

Fig. 4.3 . Three backward stencils of size seven generated by triangle T (red). The three corres-
ponding backward sectors are marked by dashed lines, respectively.

After extensive numerical tests in two dimensions, we observed that seven stencils
(one centred, three forward sector, and three backward sector stencils) of sizedpare
su cient for WENO reconstructions using thin-plate splines, 2.2(k k) = k k? log(k k),
when the problem admits smooth solutions. On the other hand, for problems with
locally discontinuous or rapidly varying solutions, seven stencils of size sew appear
to provide the required exibility to reduce numerical oscillations. For reconstructions
using 2.3(k k) = k k*log(k K) it was observed that using nine stencils (three centred,
three forward sector, and three backward sector stencils) of size nine gave aadtle
reconstruction in all cases.

In contrast to this, in our previous work [14] on ADER schemes using polynonal
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WENO reconstructions, we rely, for each triangle T, on nine stencils (three centred,
three forward, three backward), where the number of triangles in each stencil is d
by the dimension of the polynomial space.

On the basis of our numerical observations, we remark that it is possible to usa
variable stencil size in various parts of the computational domain: one can useancils
of smaller size in smooth regions of the solution and larger size stencils hon-smooth
ones, resulting to substantial savings in practical computations. We refer to 2] for a
detailed discussion on adaptive stencil selection.

5. High Order Flux Evaluation by using the ADER Method. In this
section, we give a brief account of the ADER method for ux evaluation of arbitrary
high order [29, 34, 35, 37].

5.1. Flux Evaluation. To evaluate the numerical ux (2.6), we have to compute
the approximations uF" to the function values u(t, ; X, )-

In the ADER method, the term u(tg,;Xg,) iS approximated via a truncated
Taylor series expansion w.r.t. the time variable. In this setting, a local (orthogonal)
coordinate system (;x ) is used, where isthelocaltime :=t t" with t 2 [t";t"*}]
and X, = X Xg,, I.e., Xy is a local coordinate oriented along the outer normal
vector, with origin Xg, . Then, the interface state u( ; 0) (i.e., the state at x = Xg,)
is approximated via the Taylor series expansion

) GRS
u(; 0) Uum(;0):= u(0;0)+ F@’u(o;ox (5.)
j=1 1’

where m is the local approximation order of the polyharmonic spline interpolation
scheme used in the WENO reconstruction [11]. According to the ADER method, the
Taylor expansion (5.1) is used to evaluateau,, atany intermediate time tg, 2 [t";t"*1],
giving an m-th order approximation to u(tg, ;0).

The evaluation of the time derivatives of u on the right hand side of (5.1) is the
subject of discussion in the following two subsections.

The leading term.  The leading term u := u(0;0) in the expansion (5.1),
commonly known as theGodunov stateof u, represents the rst-instant interaction of
the initial data via the PDE (2.1). The Godunov state u is, according to the classical
Godunov method, computed by solving ageneralised Riemann problem(GRP) at the
cell interface.

Now at each Gaussian pointxg, on a cell interface, the original PDE problem can
be approximated by a series of one-dimensional GRPs oriented towards the normal
direction of the cell interface [37]. More speci cally, let @ denote the derivative in
the direction normal to the interface (i.e., the direction of x,), let s. denote the
WENO reconstruction (on the actual cell T), and let sg be the corresponding WENO
reconstruction of the adjacent cell (with common interface to T). Then, the one-
dimensional GRP is de ned by the PDE

vi+ @QF(v)=0
with initial conditions

u. =lim, xg St (x) for x, <0
h

v(0ixn) = ug :=lim , ‘e sr(x) for xp > O
h

We refer to u. and ugr asleft and right states, respectively.
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The higher order derivatives. To compute the high order time derivatives
@)u(t; X), j =1;:::;m 1, at the local interface (0, 0), we shall employ the classi-
cal Cauchy-Kowaleskaja procedurgalso known asLax-Wendro procedure ), whereby
we replace the time derivatives with spatial derivatives. This is done by usingthe
governing PDE (2.1).

To be more precise, the Cauchy-Kowaleskaja procedure is formulated as follows
the PDE (2.1) can be rewritten as

xd
u= Uy (5.2)
i=1

where f Ju) = %, i =1;:::;d, thereby expressingu; by rst order space deriva-

tives. Now the second order time derivativeuy, can be computed via

Ug = fo(uuuy, + FAU) Uy,
i=1
where the mixed derivativesuy,, i = 1;:::;d, are obtained by di erentiating (5.2)
with respect to x;,
>(d 00 0, .
U, = fi (Wux, ux, + F(u)uxx, forj=1;:::;d;

i=1

and so on for the higher order derivatives [29, 35].

Therefore, the problem of computing the time derivatives ofu in (5.1) can be
reduced to the problem of computing the unknown spatial derivatives at the quadra-
ture points on the cell interfaces. To this end, following [29, 35], we rst inearise the
PDE (2.1) about the Godunov state u , before we di erentiate the linearised PDE to
arrive at

"v+r F (" )=0;

with F (v) = (fQu )v;::5;f%u )v)T and' = D w, for multi-indices ,j j <m,
where u-is the solution to the linearised problem

th+r F (#)=0:

The computation of ' at xg, is performed via the solution of the (standard)
Riemann problem [37]

L +@F (' )=0

with initial conditions
(

lim,,
" (Oixn) = '

Xq D s (x) forx, <O0;

h
lim,, .+ D sr(x) forx, >0

h
The so computed Godunov stateu and the corresponding higher order value$

j j<m, are, in combination with the Cauchy-Kowaleskaja procedure, used to obtain
the desired approximations to the time derivatives @)U(O;O) for0 j m 1
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These in turn, when inserted into the Taylor series expansion (5.1), yieldn-th order
approximations u?ﬂ'j“h of the function values u(tg, ; Xg, )-

In summary, high order ux evaluation using the ADER method requires the
solution of one (possibly nonlinear) generalised Riemann problem (GRP) and a se-
guence ofm 1 linear (standard) Riemann problems for the space derivatives. This
renders the ADER method as a high order generalisation of the classical Godunov
method. For further details concerning the ADER method, we refer to the seminal

papers [29, 34, 37] and references therein.

5.2. The CFL Condition. To maintain the stability of the ADER method, we
follow our previous work [14], where the time step size " is restricted by the CFL
condition,

n ; T .
min
max ’
T2 I

where 1 is the radius of the inscribed @ 1)-dimensional sphere of acell 2 T"
and

max .= max jFYu) nj with FOu) := (f2u);:::;Fu)T

denotes the maximum normal characteristic speed of the ux, where the maximum
is taken over all Gaussian integration points of the cell interfaces ofT (see [14] for
further details).

6. Numerical Results on Quasi-Uniform Triangular Meshes. We have
implemented the proposed ADER method in two space dimensions (i.e.d = 2) to
evaluate its performance in practice. For the WENO reconstruction step, we work
with two di erent polyharmonic spline kernels in (3.4): (a) thin-plate splines ., of
order m = 2; (b) .3 of order m = 3. As this work aims primarily in providing
a proof-of-concept for the use and performance of non-polynomial reconstructions,
we con ne ourselves (for brevity and simplicity) to a rather extensive account of
numerical experiments using second and third order polyharmonic spline kernels. We
stress, however, that it is by all means possible to consider higher order space WEN
reconstructions in conjunction within higher order ADER methods.

6.1. Linear Advection. We consider solving the linear advection equation
U + Uy, + Uy, =0 where X = ( X1;X2)
foru u(t;x):[0;1] [ 0:50:5P! R with the initial condition

1
2 Xp+ =

. 1 .
Uo(x) = u(0;x) = sin? X1+ = sin 5

2
and with periodic boundary conditions, so that ug(x) u(t=0;x) u(t=1;x).

The numerical experiments are performed on a sequence of unstructured quasi-
uniform triangular meshes of decreasing average meshsiZes 2 , for~ = 3;4;5;6;7.
The resulting approximation errors E in the LP-norms, p 2 f 1;2; 1g , together with
the corresponding convergence ratek,, for kernels ,., and »:3, respectively, are
recorded in Tables 6.1 and 6.2.

Note that in the case of thin-plate spline WENO reconstruction, we obtain second
order convergence (see Table 6.1), whereas for WENO reconstruction by the kernel
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Table 6.1
Linear advection. WENO reconstruction by 2:2 on quasi-uniform meshes.

h E1(h) k1 E2(h) k2 E1 (h) Ky
1=8 | 5:3421 10 ? 6:9206 10 2 1:9900 10 !
1=16 | 9:9088 10 3 | 2:44 || 1:3099 10 2 | 2:40 || 4:2914 10 2 | 2:21
1=32 | 2:1862 10 3 | 2:17 || 3:0085 10 2 | 2:12 || 1:1495 10 2 | 1:90
1=64 | 5:3530 10 4 | 2:03 || 7:3156 10 4 | 2:04 || 3:1629 10 3 | 1:86
1=128 | 1:2837 10 # | 2:06 || 1:7544 10 # | 2:07 || 8:3581 10 # | 1:92

Table 6.2
Linear advection. WENO reconstruction by 2:3 on quasi-uniform meshes.

h E1(h) k1 E2(h) k2 E1 (h) k1
1=8 | 6:1728 10 ? 7:3862 10 2 1:8427 10 !
1=16 | 7:6627 10 3 | 3:01 || 9:3616 10 2 | 2:98 || 2:5205 10 2 | 2:87
1=32 | 1:0337 10 3 | 2:89 || 1:2984 10 2 | 2:85 || 3:5693 10 2 | 2:82
1=64 | 1:3658 10 4 | 2:92 || 1:6920 10 4 | 2:94 || 5:1608 10 * | 2:80
1=128 | 1:7192 10 ® | 2:99 || 2:2355 10 ° | 2:92 || 7:0106 10 5 | 2:88

2:3 in (3.4) we obtain third order convergence (see Table 6.2). These convergence
rates comply with the theoretical results in [11] concerning local approximationorders
for Lagrange interpolation by polyharmonic splines. We remark that the numerical
results presented here are quite comparable with those in [14] (where polynoadi
WENO reconstruction is used), both in terms of accuracy and of convergence rates.
The overall computational cost, however, when using polyharmonic spline reconstruc-
tions is smaller than that in the case of polynomial reconstruction, due to a smaller
number of total stencils used (cf. the discussion in Section 4.2).

6.2. Burgers' Equation. We consider solving the nonlinear inviscid Burgers'
equation

1 1
U+ 3 u? wtp U, =0 where x = (X1;X2) (6.1)

foru u(t;x):[0;0:1] [ L1P! R, with initial condition
1 1 .
Uo(x) u(0;x) = I + és:m( (X1 + X2))

along with periodic boundary conditions. The exact solution u of this problem is
given by the solution of the implicit equation

u= }+ }sin( ((xg  ut)+(x2 ut)):
4 2

The numerical experiments are performed on a sequence of unstructured quasi-
uniform triangular meshes of decreasing average meshsiZes 2 , for~ = 3;4:5:6;7.
The numerical results are shown in Tables 6.3 and 6.4. Note that the obtained corer-
gence rates are similar to those in the previous numerical example concerning linear
advection and, in particular, comply also with the theoretical results in [11]. Finally,
the numerical results presented here are comparable with those in [14] (for pghomial
WENO reconstruction), but at smaller computational costs, due to a smaller number
of stencils.
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Table 6.3
Burgers' equation. WENO reconstruction by 2:2 on quasi-uniform meshes.

h E1(h) k1 E2(h) k2 E1 (h) Ky
1=8 | 81771 10 ? 6:2890 10 2 1:8409 10 !
1=16 | 1:8045 10 2 | 2:18 || 1:4170 10 2 | 2:15 || 4:3240 10 2 | 2:.09
1=32 | 4:4844 10 3 | 2:00 || 3:4782 10 2 | 1:92 || 1:2590 10 2 | 1:78
1=64 | 1:0862 10 3 | 2:04 || 1:1468 10 2 | 1:78 || 3:4926 10 3 | 1:85
1=128 | 2:6412 10 * | 2:04 || 2:8472 10 # | 2:01 || 9:4887 10 * | 1:88

Table 6.4
Burgers' equation. WENO reconstruction by 2:3 on quasi-uniform meshes.

h E1(h) k1 Ez(h) k2 E1 (h) k1
1=8 | 6:3527 10 2 4:8526 10 ? 15243 10 !
1=16 | 9:9128 10 3 | 2:68 || 7:3650 10 3 | 2:72 || 2:4624 10 2 | 2:63
1=32 | 1:3373 10 3 | 2:89 || 1:0215 10 2 | 2:85 || 3:4390 10 3 | 2:84
1=64 | 1:8292 10 * | 2:87 || 1:3497 10 4 | 2292 || 4:6394 10 4 | 2:89
1=128 | 2:3672 10 > | 2:95 || 1:7106 10 ° | 2:98 || 86155 10 ° | 2:81
6.3. The Smolarkiewicz Deformational Flow Test. We apply the proposed

ADER method to the Smolarkiewicz deformational ow test [26], being regarded
as a challenging benchmark problem for the evaluation of numerical methods for
atmospheric ow problems. In this case, we consider solving the hyperbolic equatn

ur+ 1(X)ux, + 2(X)ux, =0 where X = (X1;X2)
on the computational domain =[100 ; 100f, where
1(x) = 8k sin(kxy) sin(kxz) and 2(x) = 8k cos(kxy) coskxy)

for k =4 =100. The highly deformational velocity eld produces symmetric counter-
rotating vortices (displayed in Figure 6.1), resulting in a multiscale behaviour of the
ow. The initial condition is given by

%) ( 1 r(x)=15 forr(x) 15;
Uo(x) =
° 0 otherwise;

wherer(x) = P (x1 502+ (x, 50), i.e., the compactly supported surfaceup(x)
is given by a cone of unit height and radius 15 centred at the midpoint (5050) of .
Figure 6.1 shows the steady velocity eld, along with a contour plot for the cone
Uo(x). Note that the support of the initial condition ug(x) overlaps with six vortices.
The analytical solution u(t; x) of the Smolarkiewicz deformational ow test ex-
hibits spiral distributions of mass densities winding gradually tighter (at incr easing
time) within the square vortex cells (we refer to [28] for a detailed discussio on the
Smolarkiewicz deformational ow test). Therefore, as the solution u(t; X) evolves in
time, this results in ne laments of the solution's pro le, thereby introducing sma ller
scales, which may become very small relative to the resolution of the triagular mesh.
In the application of the proposed ADER method to the Smolarkiewicz deforma-
tional ow test, we work with thin-plate spline WENO reconstruction on an unstr uc-
tured quasi-uniform triangular mesh of average meshsizér = 1 and for a constant
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Fig. 6.1 . Smolarkiewicz deformational ow test. Velocity eld and co  ntours of initial condition.

time step size " = T=10000, whereT = 2637:6, following [26]. Figure 6.2 shows
our numerical solution at times t = 3T=200, 3r=100, 9r=200, 3r=50, 4T=50, and
T=10, respectively.

Also, cross-sections of the numerical solution along the horizontal straigt line
f(x1;50):0 x; 100y are, along with the corresponding cross-sections of the
exact solution u(t; x), provided in Figure 6.3 at times t = T=100, 3r=200, 3r=50, and
T=10, respectively.

We found that the numerical solution approximates the analytical solution well
in the time interval [0; T=50] (e.g. for timest; = T=100 andt, = 3T=200), even in
the vicinity of sharp gradients. However, for larger timest (e.g. for timest; = 3T=50
and t, = T=10) the approximation deteriorates and a reasonable amount of humerical
di usion is observed.

The deterioration of accuracy of the numerical solution can be explained by the
increasingly multiscale behaviour of the exact solution as time evolves. Indeedhe
smallest scales of the exact solution are, at any time¢ 2 [0; T=50], well-resolved by
the meshsize of the (xed) triangular mesh used. For larger times, however, the
numerical solution fails to capture the increasingly ner scales as the mesh is kept
xed. Nevertheless, the numerical stability of the proposed method is evident at boh
the scale resolving and the non-resolving regimes.

7. Numerical Results on Adaptive Triangular Meshes. In this section, we
develop an adaptive version of the proposed ADER method. This requires customised
rules for the adaptive re nement and coarsening of the triangular mesh. The adaption
rules, developed in Section 7.2, rely on a suitable local error indicator, describeih
Section 7.1. We prefer to keep the discussion in Sections 7.1 and 7.2 rather short,
as the construction of the adaption rules relies on a basic concept presented in the
previous work [14], where further details concerning the utilised mesh adaptation
strategy can be found.

7.1. The Error Indicator. The utilised error indicator is based on local poly-
harmonic spline interpolation from discrete cell averages. This makes sensesofar as
the local error indicator essentially needs to measure the approximation qualit of the
numerical solution (computed through the utilised kernel-based WENO reconstruc-
tion) locally around a cell T.

The error indicator for a cell T is reconstructed from cell averages of cells lying
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(a) t =3T=200 (b) t=3T=100

(c) t =9T=200 (d) t=3T=50

025

oG

0.05

(e) t =4T=50 (f) t= T=10

Fig. 6.2 . Smolarkiewicz's deformational ow test. Numerical soluti  on at six di erent times.
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Fig. 6.3 . Smolarkiewicz's deformational ow test. Solution pro les along the line x2  50.

in the Moore neighbourhoodof T. Recall that the Moore neighbourhood
Nm(T):=fR2T nfTg:R\ T6;9 T

of acellT 2 T contains all cells in (the conforming shape-regular triangulation) T
which are sharing a common face or a common vertex witi'. Note that the Moore
neighbourhoodNy, (T) of T doesnot contain T.

To each cellT 2 T, we assign its cell average valuet to the barycentre bt of T,
i.e., ur  u(bt), and we compute the (unique) polyharmonic spline interpolant st
satisfying the Lagrangian interpolation conditions

st(br) = u(bgr) forall R 2 Ny (T):
The local error indicator " : T 7! [0;1 ) is then de ned by

"= julbr) sr(br)j forT2T: (7.1)

Note that the error indicator "t estimates, for any T 2 T, the local approximation

behaviour in the neighbourhood of the cellT 2 T: a large value of"y indicates a
large approximation error around T, while a small value of" 1 indicates otherwise. As
supported by the numerical examples in the following Sections 7.3 and 7.4, the emo
indicator serves to detect discontinuities and sharp gradients of the solutioru.
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7.2. Mesh Adaptation. The local error indicator (7.1) provides a useful cri-
terion re ecting which regions of the computational mesh require higher resolution
and which regions are well approximated. When higher resolution is indicated, the
mesh is locally re ned, whereas in regions where the solution appears to be well ap-
proximated, the mesh is locally coarsened, so as to equidistribute the error ovemhe
computational mesh.

The following mesh adaptation strategy is used to mark individual cellsT in T
for re nement or coarsening. To this end, let #;;#4 be two (user-de ned) threshold
values, satisfying O<#4 #,< 1,andlet" :=maxtor "r. Acell T 2T is chosen
for re nement, if "+ > #, " , whereasT is chosen for coarsening, if't < #4
Note that this splits the current cells of T into three classes { to be re ned, to be
coarsened, or neither/nor to be re ned/coarsened. In the numerical experiments of
the following two Subsections 7.3-7.4, we choose the valud = 0:05 and#4 = 0:01.

Following along the lines of [14], the re nement/coarsening of individual cells is
accomplished as follows. A triangular cellT 2 T (t") is, at time step n, re ned by the
insertion of its barycenter bt as a new node of the triangulation. A triangular cell
T 2T (t") is coarsened by removing its three nodes from the triangulation. At each
time step, after all the new nodes have been inserted and the nodes of the triangles
to be coarsened have been removed, the triangulation is then updated by a local
Delaunay re-triangulation, giving T (t"*1). We remark that the local re-triangulation
is a computationally inexpensive.

Particular care has to be taken when transferring the cell average data fronT (t")
onto a modi ed T (t"*1) in order to maintain numerical conservation and to ensure (as
much as possible) that this process does not generate oscillations near discontities.
To this end, a strategy similar to the one presented in [12] is used, which we brie y
describe here for completeness. First, the intersection area (known also astiée) of
atriangle T 2 T (t"*1) with the triangles that it overlaps in T (t") is computed using
the chasing algorithmof O'Rourke [19].

Once the area of intersection tiles is computed, we compute the mass contained

that T=1[,., (T\ T;). Then, the total mass of T 2 T (t"*!) is given by
X‘ Z
my = My T, with mr\ 1, = up(t";x) dx; =107 (7.2)
i=1 T\ T,

where uy, is the restriction of the WENO interpolanton T; 2 T (t") over T\ T;. The
cell average ofT 2 T (t"*1) is then de ned by
1
Ur = —mr forall T2T("?):
IT]
Once the cell averages for alll 2 T (t"*!) have been computed, the WENO recon-
struction is then performed on triangulation T (t"*1).

7.3. Burgers' Equation Revisited. We consider solving Burgers' equation (6.1)
againon =[ 0:5;0:5F, with the initial condition
8
< kx ck?
exp ——7 w7 forkx ck<R;
wo(q)= 0 R R | (73
' 0 otherwise;

whereR =0:15andc=( 0:2; 0:2)7.
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(b) t=0:4

(c)t=0:8 (dy t=1:2
Fig. 7.1 . Burgers' equation. Numerical solution at four di erent time
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Fig. 7.2 . Burgers' equation. Adaptive meshes at four di erent times.
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Recall that even for smooth initial data, such as in (7.3), the solution d Burgers'
equation may spontaneously develop discontinuities, corresponding to shocksThis
behaviour leads to computational challenges which (among others) motivates the de-
velopment of adaptive numerical methods, in order to balance the required accuracy
versus the computational complexity. We apply the adaptive version of the propoed
ADER method described above, using the thin-plate spline kernel ,., in the WENO
reconstruction step.

The numerical simulation is initialised on meshT © (shown in Figure 7.2(a)), which
is well-adapted to the initial condition ug using 5 iterations of the adaptive algorithm.
The mesh is subject to further adaptive modi cations during the simulation, using one
iteration of the adaptive algorithm per time-step, as described above. The resting
numerical solution is shown in Figure 7.1 at four di erent timest =0, t =0:4,t =0:8,
andt = 1:2. The corresponding adaptive meshes are shown in Figure 7.2.

Note that the adaptive triangular mesh captures the shape of the solutionu
very well. In particular, the propagation of the shock front is well-resolved during
the simulation, see Figures 7.1 and 7.2. Indeed, in regions, where the solutianm is
rather smooth, the triangular mesh is rather coarse. This helps reduce the required
computational costs, while maintaining the method's accuracy. In comparison wih
the numerical results in [14] (where polynomial WENO reconstruction is used),
observe comparable shock front resolution (and thus comparable accuracy), but at
a signi cantly smaller number of triangular cells (cf. Figures 6 and 7 in [14). We
attribute this to the customized construction of the WENO weights, being de ned by
using the native space (Beppo-Levi) semi-norm (3.5) of the kernel-based interpolain.

7.4. Two-Phase Flow in Porous Media { The Five-Spot Problem. Fi-
nally, we turn to another challenging benchmark problem concerning two-phase ow
simulation in petroleum reservoirs. This particular application scenario is concern-
ing the displacement of one uid, say oil, by another, say water, within a petroleum
reservoir. A somewhat simpli ed, but fairly realistic model problem for petrol eum
reservoir simulation is the Buckley-Leverett model[3], concerning two-phase ow of
two immiscible and incompressible uids, say water and oil, within a homogeneous
porous medium, where di usive e ects, such as capillary pressure, are ignored and
gravitational forces are neglected.

The resulting Buckley-Leverett equationis a time-dependent hyperbolic equation,

@u u?

@t+v rFw=0 where F(u) = Zr @ e
where v is the velocity eld and is the ratio of the two uids' viscosities. The
value of the solutionu  u(t; x) is the saturation of the wetting uid (water) in the
non-wetting uid (oil).

Here, we consider solving the Buckley-Leverett equation for the test case scenario
of the popular ve-spot problem. In this test case, the pores over the square-shaped
oil reservoir =[ 0:5;0:5] are assumed to be lled with the non-wetting uid (oil,

u 0)atinitial time t =0, before the wetting uid (water, u 1) is injected through
a single injection well, located at the centreo := (0 ; 0) of the computational domain .

As the simulation advances in time, the oil is displaced by the water towards the

four corner points C:= f( 0:5; 0:5)g of . The water injection is modelled by the

initial condition (
1 for kxk < 0:02;

Uo(x) = (7.5)
° 0 otherwise.

(7.4)
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Moreover, we use a steady velocity eldv = r p, where the pressure is given by

X
p(x) p(tx)= log(kx ck) log(kx ok) forall x2 ;t2l:
c2C

In the application of petroleum reservoir simulation, the location of the shack
front at the interface of the two uids, water and oil, is of particular impo rtance [13].

We apply the proposed adaptive ADER method to numerically solve the initial
value problem (7.4),(7.5) of the ve-spot problem, using thin-plate spline WENO
reconstruction.

Our numerical results are re ected by Figures 8.1 and 8.2. Figure 8.2 displays a
sequence of adaptive triangular meshes generated by the proposed ADER method at
six di erent times, t =0, t =0:013840,t = 0:033595,t = 0:050461,t = 0:068518, and
t = 0:084685. The corresponding numerical solutioru is shown in Figure 8.1, where
the progress of the oil displacement by water is visualised through the evolutio of
the time-dependent saturationu  u(t; x) of water in oil.

Note that the shock front propagation is captured quite e ectively by the adap-
tive triangular mesh (see Figure 8.2). Moreover, in regions of the solutin's rarefrac-
tion wave the triangular mesh is re-coarsened after the shock front passed thugh
them. This leads to signi cant savings in computational costs, while maintaining the
method's accuracy. The well-adapted distribution of triangles supports the utility of
the proposed adaption rules.

8. Conclusions. We have proposed an adaptive ADER nite volume method for
the numerical solution of scalar hyperbolic conservations laws. The ADERmethod,
relying on unstructured simplicial meshes, combines high order ux evaluations with
high order WENO reconstruction using polyharmonic spline kernels. This leads to a
nite volume method of arbitrary high order.

Polyharmonic spline WENO reconstruction schemes are very exible, due the
variable dimension of their corresponding ansatz spaces. This extra exibility alows
us to work with WENO stencils of variable sizes, unlike in previous polynomal recon-
structions, thereby leading to signi cant savings in computational costs. Moreover,
WENO reconstruction by polyharmonic splines is humerically stable. The stableim-
plementation of polyharmonic spline WENO reconstruction relies on a customisd
preconditioner, which is developed in this paper. Finally, polyharmonic spline re-
construction leads to a natural choice for an oscillation indicator (as requied in the
WENO reconstruction scheme), given by the energy functional of their associated
Sobolev (Beppo-Levi) space.

We have combined the polyharmonic spline WENO reconstruction scheme with a
previous mesh adaptation strategy relying on an a posteriori error indicate. This re-
sults in an e cient mesh modi cation scheme, which achieves to capture singularities
of the solution, such as sharp gradients and shock fronts, quite e ectively.

The good performance of the resulting adaptive ADER method is demonstrated
by several challenging test case scenarios, including Burgers' equation, the Smo-
larkiewicz's deformational ow test, and the ve-spot problem.
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(@ t=0 (b) t =0:013840
(c) t = 0:033595 (d) t =0:050461
(e) t = 0:068518 (f) t =0:084685

Fig. 8.1 . The ve spot problem. Solution u (saturation of water in oil) at six di erent times.
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