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OPTIMAL N-TERM APPROXIMATION BY LINEAR SPLINES
OVER ANISOTROPIC DELAUNAY TRIANGULATIONS

LAURENT DEMARET AND ARMIN ISKE

ABSTRACT. Anisotropic triangulations provide efficient geometrical methods
for sparse representations of bivariate functions from discrete data, in particu-
lar from image data. In previous work, we have proposed a locally adaptive
method for efficient image approximation, called adaptive thinning, which re-
lies on linear splines over anisotropic Delaunay triangulations. In this paper,
we prove asymptotically optimal N-term approximation rates for linear splines
over anisotropic Delaunay triangulations, where our analysis applies to rele-
vant classes of target functions: (a) piecewise linear horizon functions across «
Holder smooth boundaries, (b) functions of W% regularity, where o > 2/p—1,
(c) piecewise regular horizon functions of W2 regularity, where o > 1.

1. INTRODUCTION

During the last few years, there has been an increasing demand in efficient (i.e.,
sparse) representations of bivariate functions, especially for images. From the view-
point of (image) approximation, one is interested in the construction of suitable
dictionaries A = {¢;}jen C L?([0,1]?) to obtain asymptotically optimal N-term
approximations of the form

(1.1) 1f = FxllZ2 o2y = O(NT®)  for N — oo,

where fy is, for any N € N, a linear combination of N (suitably chosen) elements
from A. Moreover, the target f is assumed to lie in a function class F, C L?([0,1]?)
of regular or piecewise regular bivariate functions, whose regularity is reflected by
the parameter o > 0. We say that an asymptotic N-term approximation of the
form (1.1) has decay rate O(N~°/?) w.r.t. the L?-norm.

Tensor product wavelets are classical tools to provide (mildly) nonlinear approxi-
mation schemes for image approximation. In this approach, for a given wavelet
orthonormal basis of L2([0, 1]?), the N-term approximation operator Wy associates
to any f € L?([0,1]?) the L2-function fy = Wy f obtained by the N largest wavelet
coefficients of f (see e.g. [14]). Provided that the chosen wavelet basis satisfies
sufficient regularity and decay conditions, the resulting decay rate of the N-term
approximation in (1.1) is related to the Besov regularity of the target f € L2([0, 1]?).

More precisely, we have the following equivalence, which directly follows from
equation (7.41) in [14], for p=2,d =2, s =2, v = a, ¢ = T, in combination with
[14, Remark 7.6] and the subsequent discussion in Subsection 7.7 of [14] on N-term
approximations by wavelet decompositions on bounded domains Q C R¢.
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2 LAURENT DEMARET AND ARMIN ISKE

Proposition 1.1. For f € L?([0,1]?), an asymptotic N-term approzimation of
decay rate O(N—/?),

If = Wx fllZ2oa2) = ONT)  for N — oo,

is achieved if and only if f € B ([0,1]?), where B2 ([0,1]?) is the Besov space of
reqularity o w.r.t. the L™-norm, and where 1/7 =1/2 4+ «/2.

However, in cases where f € L?([0,1]?) is only piecewise smooth with singulari-
ties along (smooth) curves, N-term approximations by tensor product wavelets are
of the form (cf. [15, eq. (3.5), p. 727])

(12) ||f — WNf”%?([O)l]?) = O(N_l) fOI' N — OQ.

It is well-known that the decay rate O(N~'/2) in (1.2) is only suboptimal [27].

Different geometrical methods were recently developed to design efficient image
approximation schemes, where correlations along curves are essentially taken into
account to locally capture the geometry of the given image data. Curvelets [6, 7]
and shearlets [21, 22] are prominent examples for non-adaptive redundant function
frames with strong anisotropic directional selectivity.

For piecewise Holder continuous functions f of second order with discontinuities
along €2-curves, Candés and Donoho [7] proved that a best approximation fy to
f with N curvelets satisfies the asymptotic decay rate

(1.3) 1f = fnlZ20.072) = O(N 72 (logy N)?)  for N — oo.

Up to the (logy N)3 factor, this curvelet N-term approximation rate is asymptoti-
cally optimal (see [7, Section 1.3]).

Similar decay rates were proven by Guo and Labate [21] for shearlet frames. We
remark that curvelets (and other related approximation schemes) are not adaptive
to the assumed regularity of the target f. Therefore, the curvelet N-term approxi-
mation rate in (1.3) does not apply to functions of less regularity, e.g. functions f
which are only piecewise € with singularities along € “-curves, for a < 2.

When approximating piecewise regular functions, in particular images, locally
adaptive approximation methods are of increasing interest. In fact, during the last
few years, several approaches for (locally) adaptive image approximation schemes
were developed [2, 10, 16, 17, 23, 26, 28, 29, 30, 32, 33], where the approximation
schemes are adapted to the (local) image geometry, rather than fixing a basis or a
function frame beforehand to approximate f.

Recent alternative concepts for locally adaptive approximation methods rely on
anisotropic triangulation methods. Due to their simplicity and flexibility, these
methods are enjoying an increasing popularity, especially in image approximation.
In previous work, we have developed one such image approximation scheme, termed
adaptive thinning, which works with linear splines over anisotropic Delaunay trian-
gulations, and which is locally adaptive to the geometric regularity of the image.
As demonstrated in [11, 13], adaptive thinning leads to an efficient and competitive
image compression method at computational complexity O(N log(N)). Related
methods for image approximations by anisotropic triangulations are in [5, 8, 9, 25],
see the survey [12] for a comparison of these image approximation methods.

Yet it remains to prove asymptotic error bounds of the form (1.1) for image
approximation methods relying on linear splines over anisotropic triangulations.
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In this paper, we show that linear splines over locally adaptive anisotropic De-
launay triangulations lead to asymptotically optimal N-term approximation rates

(1.4) I1f = fnlZeoz) S CN™ for a € (1,2]

for relevant classes of target functions f, including

e piecewise linear horizon functions across o Hélder smooth boundaries,
e functions of W*? regularity, where a > 2/p — 1,
e piecewise regular horizon functions of W2 regularity, where o > 1.

Our constructive approach taken for the computation of the anisotropic Delaunay
triangulations essentially depends on the local regularity of the target function f.
The resulting approximation method applies in particular to the relevant case of
piecewise Holder continuous horizon functions f of order @ € (1, 2] with singularities
along o Hélder smooth boundaries.

The outline of this paper is as follows. In the following Section 2, we briefly
introduce linear splines over Delaunay triangulations, where we recall some of their
basic properties. In Section 3, we show that linear splines over locally adaptive
Delaunay triangulations lead to asymptotic N-term estimates of the form (1.4) for
piecewise linear-affine horizon functions with o Hélder smooth boundary. Then, in
Section 4 we first discuss a classical result by Birman-Solomjak [4], which states
that piecewise affine-linear functions over quadtree partitions provide optimal ap-
proximation rates of the form (1.4) for regular functions f € WP ([0, 1]?), where
a > 2/p — 1. We transfer the Birman-Solomjak result to the special case of lin-
ear spline approximation over locally adaptive Delaunay triangulations. Finally, in
Section 5, we combine the results from Sections 3-4 to obtain N-term approxima-
tions of the form (1.4) for piecewise regular horizon functions across Holder smooth
horizon boundaries.

2. LINEAR SPLINES OVER DELAUNAY TRIANGULATIONS

In this section, we introduce the basic ingredients which are required for the
subsequent analysis in the following Sections 3-5. But let us make a few preliminary
remarks concerning their approximation behaviour.

When using triangulation methods for image approximation to piecewise smooth
images f, one should consider anisotropic triangular meshes, whose triangular ele-
ments are well-adapted to the local image geometry. Therefore, we are interested
in the construction of locally adaptive triangulations, whose long and thin trian-
gles are aligned with the curve singularities of f to improve the accuracy of the
resulting approximation scheme. On the other hand, in regions of higher regularity,
larger and isotropic triangles should be used in order to increase the efficiency of
the resulting approximation scheme.

We can combine our basic requirements, especially for local adaptivity and for
computational efficiency, by using Delaunay triangulations. Delaunay triangula-
tions are well-known for providing stable and flexible approximation schemes, where
their triangular meshes are efficient to compute and to maintain. Moreover, due
to their uniqueness, Delaunay triangulations entirely avoid the coding costs for the
connectivities between their nodes.

Therefore, we prefer to work with linear splines over locally adaptive Delaunay
triangulations, whose basic properties are explained as follows.
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2.1. Conformal and Delaunay Triangulations. Let us start our discussion by
introducing conformal triangulations.

Definition 2.1. A conformal triangulation 7 = T(Y) of a discrete planar
point set'Y is a set T = {T}rer of triangles satisfying the following properties.
(a) the vertex set of T isY;
(b) any pair of two distinct triangles in T intersect at most at one common
vertex or along one common edge;
(c) the convexr hull conv(Y') of Y coincides with the area covered by the union
of the triangles in T.

In the following discussion, we require conv(Y) = [0,1]?, so that T is a parti-
tioning of the (image) domain [0, 1]2. Now let us turn to Delaunay triangulations.

Definition 2.2. TheDelaunay triangulation D(Y) of a discrete planar point set
Y is a conformal triangulation of Y, where no circumcircle of a triangle T € D(Y)
contains any point from Y in its interior.

We recall three important properties of Delaunay triangulations.

(a) The Delaunay triangulation D of Y is unique, provided that no four points
in Y are co-circular. We remark that there are efficient computational
methods for choosing, on given Y, a Delaunay triangulation of Y without
ambiguity (see [19]). Therefore, we will from now assume that D is the
unique Delaunay triangulation of Y.

(b) On a given point set Y of size N = |Y|, its (unique) Delaunay triangulation
D can be computed in O(N log(N)) steps.

(¢) For any Delaunay triangulation D of a point set Y, its dual graph is the
Voronoi diagram V of Y.

To further explain property (c), let us first introduce Voronoi diagrams.

Definition 2.3. For any finite planar point set Y, the Voronoi diagram V(Y) of
Y is a planar graph consisting of the Voronoi tiles

V) = {a € B o~y =mipllo s} forye,

each containing, for y € Y, all points in the plane whose nearest point in 'Y isy.

Now, the Delaunay triangulation of Y is dual to the Voronoi diagram in the
following way. Any pair (y1,y2) of two distinct points y1,y2 € Y are said to be
a pair of Voronoi neighbours, iff the intersection Vy-(y1) N Vi (y2) of their Voronoi
tiles is a non-degenerate edge in Vy. Now, for any pair of Voronoi neighbours
(y1,y2), the straight line [y1,y2] between y; and yo is an edge in the Delaunay
triangulation D(Y) of Y. In fact, by connecting all possible Voronoi neighbours in
V(Y'), we obtain a planar graph yielding the Delaunay triangulation D(Y') of Y. For
further details concerning the duality between Delaunay triangulations and Voronoi
diagrams we refer to the textbook [31].

2.2. Linear Splines over Conformal Triangulations. We associate with any
conformal triangulation 7 the finite dimensional linear function space

Sr={g€%([0,1]*): glr €Py forall T € T}

of all linear splines over T, containing all globally continuous functions over [0, 1]?
whose restriction to any triangle T' € T is a linear polynomial. Therefore, P; in the
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above definition of S7 denotes the linear space of all bivariate linear polynomials.
Recall that the dimension of St is the number |Y| of vertices Y.

Note that for any function f € €([0,1]?), there is a unique linear spline inter-
polant s € S5 to f over the vertices Y of T satisfying s‘y = f|Y. In particular,
any linear spline s € Sy is uniquely determined by its values at the vertices Y of T.

In the following Sections 3-5 we prove asymptotically optimal N-term approxi-
mation rates of the form (1.4) for linear spline interpolation over (conformal) De-
launay triangulations. To this end, we construct sequences of (conformal) Delaunay
triangulations {Dy } ven, such that there are constants C, M > 0 (independent of
N) satisfying the following two properties.

N C N N S X )
a Ihe IlllHlbeI ) ()f \/eItl €S 11 D 1S b()llllded ab()\/e by ) .ZM N
b the L —appIOXHIlallOIl €ITOor can be bOlHl(led abOVe by

. .

I1f = FnllZeqoyz) < ONT2,

where fy € S(Dy) is the unique linear interpolant to f at Yy, and o > 0
is essentially related to the regularity of f, as detailed in Sections 3-5.

3. APPROXIMATION OF HORIZON FUNCTIONS

Horizon functions [17] are popular and simple prototypes for piecewise smooth
images with discontinuities along Holder smooth curves. In this section, we prove
asymptotically optimal N-term approximations of horizon functions by linear splines
over conformal triangulations.

To introduce the class of horizon functions, first recall that for any o = r + £,
with r € Ny and g € (0, 1],

¢°10,1] = {9 € €701 [9") (2) — g (y)| < Clo —y|” for all a,y € [0,1]

is the linear space of a-Hélder smooth functions over [0, 1]. Moreover, %[0, 1] is by

@ (o,1)) = inf{C : |g"(z) — ¢ (y)| < Clz —y|® for all 2,y € [0,1]}

lg

equipped with the usual semi-norm.
In our following analysis, we require o € (1,2], i.e., we assume o = 1 + 8 for
B =a—1¢€(0,1], in which case for any a-Holder smooth function g € €“([0,1]),

l9lga (o, = nf{C + |g'(x) — ' (y)] < Clo —y|*~" for all z,y € [0,1]}
is the semi-norm of g in €’*([0, 1]). Note that ¢’ € €*~1([0,1]), where
19l g-1(10,1) = |9l@a(0,1)) for all g € ([0, 1]).
In the remainder of this paper, we let
|9la = lglwa(o,1)) for g € *([0,1])

for notational convenience.

Now the class of a-horizon functions comprises all piecewise affine-linear func-
tions with one discontinuity along an a-Holder smooth horizon boundary. To be
more precise, we give the following definition.
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Definition 3.1. For any o € (1,2], a function f : [0,1]> — R is said to be an
a~horizon function, iff it has the form

plz,y)  fory < g(),
fla,y) = ‘
q(z,y) otherwise,

for some affine-linear functions p,q : R? — R and with g € €([0,1]) satisfying
9([0,1]) € (0,1). The a-Holder smooth function g € €*([0,1]) is called the horizon
boundary of f.

We remark that our definition for a-horizon functions differs from that in [17],
where piecewise constant horizons (rather than piecewise affine-linear horizons) are
used. This slight extension of the definition in [17] leads us to a slightly larger
target space (of piecewise affine-linear horizons), which better complies with the
concept of our approximation scheme, where we use linear splines, i.e., piecewise
affine-linear functions over conformal triangulations. But otherwise our extension
in Definition 3.1 to that in [17] is immaterial for the subsequent analysis.

3.1. Optimal Decay Rates on Conformal Triangulations. Now let us turn
to the approximation of a-horizon functions by linear splines over anisotropic De-
launay triangulations. Our first result relies on a rather straightforward application
of the classical univariate spline theory. In fact, we can immediately extend well-
known results from univariate spline approximation to bivariate approximation of
horizon functions as follows. We remark that a similar result for €2-curves is given
in [27, pp. 404-405].

Proposition 3.2. For a € (1,2], let f be an a-horizon function. Then, there
exist constants C;, M > 0 (independent of N ), such that for any N € N there is a
conformal triangulation Ty with |Ty| < M x N wvertices satisfying

(3.1) If = Fnll7e,2 S ONTF,
where fn € St is the spline interpolant to f at the vertices of Tn.

Proof. We split the proof into three steps.

Step 1. In the first step, we apply univariate spline interpolation to approximate
the horizon boundary g € €%[0,1]. To this end, let Sy(g) be the unique linear
spline interpolant to g at uniform knots, z; = i/N, ¢ = 0,..., N, of mesh width
h=1/N.

In this case, the approximation error between g and Sy (g) can, over any interval
[;,2i11], be represented as

32 la(o) - Swa)(a)| = |ofo) - glar) - LI g,
Since ¢’ € €*1([0,1]), we have
9(@i1) — g(x;)
Ti+1 — T4

— g/(SUZ‘) S C‘l‘i+1 — ,’Eila_l = Cha_l,

for some constant C' > 0, which in turn implies
l9(2) = (Sng)(2)] = [9(2) — g(=:) — (¢'(2s) + O(A*T)) (z — z3)| .

On the other hand, by Taylor series expansion, we have

9(x) = g(xi) + ¢'(x:)(z — ;) + O(Jz — 2:|*)
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so that (3.2) can further be rewritten as
l9(z) = (Sng)(@)| = O(|z — 2;]%) + O(h*) = O(R?).
This yields the uniform bound
lg — Sn(9)llLe=(o,1) < Ch* =CN™*
for some constant C' > 0 independent of N.
Step 2. We wish to approximate f by functions fu : [0,1]> — R of the form
p(z,y) for y < (Sng)
(3.3) In(,y) = q alz,y) for y > (Sng)

gn(z,y) otherwise,

(
(

x) —en,
)

T +€N7

for a sequence of sufficiently small constants ey > 0 (to be specified in step 3),

and where the functions gy : [0,1]> — R are required to be uniformly bounded

on [0,1]% by [lgnllre=(o,112) < [If]lL(0,1)2), so that, in particular, the functions

fn :[0,1]2 — R are in this case also uniformly bounded on [0, 1]?, i.e., we have
||fN||L°O([0’1]2) < Hf||Loo([O’1]2) for all N € N.

Moreover, note that fy coincides with f outside the ey -corridor

(3.4) Koy = {(0,9) € (0,12 ly — (Swg)(@)] < en}

so that

I = il = [ @)= o) dedy

EN

IN

o) /K drdy = 8|13 o112, -

EN

Step 3. Finally, we construct a conformal triangulation 7y, whose associated
linear spline interpolant to f is a function of the form fy in (3.3). To this end, we
regard the following three sets of (strictly) convex quadrilaterals.

The first set, QT, contains all quadrilaterals with vertices

(zi, (Sng)(@i) +en), (@it1, (Sng)(@iv1) +en), (24, 1), (@ig1, 1),
the second set, @7, contains all quadrilaterals with vertices
(@i, (Sng) (@) — en), (@it1, (Sng)(@it1) — €n), (24, 0), (2i41,0),
fori =0,...,N—1, and the third set, Q. , contains all quadrilaterals with vertices
(i, (Sng)(x;) £ en), (Tit1, (Sng)(xit1) en) fori=0,...,N — 1.

Now, we triangulate each quadrilateral Q € QF U Q. by splitting ) across one
of its two diagonals. This then yields a conformal triangulation Ty of [0, 1], whose
vertices are given by the 4(N 4 1) vertices of the quadrilaterals in QF U Q. ., see
Figure 1 (b) for illustration.

Moreover, the unique linear spline interpolant fx € Sy, to f satisfying fxv = f
on QF has the desired form (3.3), so that

1 = FlBaqo.s) < 811 0.2y
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A
///

(a) (b)

FIGURE 1. (a) Approximation of the horizon boundary g by linear
spline Sy (g), (b) conformal triangulation of vertices QF and Q. .

Now we finally let ey := h® = N~ which then yields the stated error estimate in
(3.1) for C = 8Hf||2L°°([O,1]2)' This completes our proof. O

Remark 3.3. The decay rate O(N~=%/2) in (3.1) is optimal, i.e., no polynomial depth
search dictionary can achieve better decay rates for the class of a-horizon functions.
This result, in fact, is proven in [24] by using arguments from estimation theory.

3.2. Optimal Decay Rates on Delaunay Triangulations. Note that the tri-
angulations Ty constructed in Proposition 3.2 are anisotropic. In fact, smaller
triangles are aligned with the horizon boundary g, whereas larger triangles are
in smooth areas of f. The triangulations 7Ty are conformal but not necessarily
Delaunay triangulations of the vertices QF U Q. .

In this section, we construct a sequence of Delaunay triangulations Dy of size
|IDy| < M x N, with some M > 0 independent of N, such that the associated
sequence of linear spline interpolants fy € Sp, to f satisfies the error bound

1f = FnlZ2qo,2) SCN™

for some C' > 0 independent of N. The Delaunay triangulations Dy are obtained
by triangulating the individual quadrilaterals in Q* and Q. (from the proof of
Proposition 3.2) according to the Delaunay criterion. To see this, we first prove the
following lemma, which constructs a Delaunay triangulation preserving the upper
and the lower boundary line of the corridor K., .

Lemma 3.4. For a € (1,2] let g € €([0,1]) with ¢([0,1]) C (0,1). Moreover, let

Yo = U{pj:n’pijn} U {(O’ 0)7 (0’ 1)7 (170)’ (17 1)}7
i=0
where
pfn = (Tin, 9(Tin) £ en) fori=0,...,n,
for e, = |gla/n®. Then there is a non-negative integer N € N, such that for all
n > N the Delaunay triangulation D(Y,,) of Y,, contains all (horizontal) edges

[p:nvp;rl,n] and [pi_’n,p;rl,n] fori=0,...,n—1

and all (vertical) edges [p;n,pjn] fori=0,...,n.
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Proof. Note that by ¢([0,1]) C (0,1) we have Y,, C [0,1]? for n large enough.
Let us first make some notational preparations. In the remainder of this proof
it is convenient to let g; ,, = g(z; ) for i =0,...,n. Moreover, we let
_ Yitin ~ Jin
LTi+1ln — Tin

)

Sin =n(gi+1,n — Gin) fori=0,....,n—1

denote the slope of the linear spline interpolant S, (g) to g on the interval [z; », Ti+1,n]-
Note that, since g € €([0,1]), we have the uniform bound

(3.5) 18in] < 19| forall1<i<nandne&N.

Let C; 5, be the circumcircle of the triangle T; ,, with vertices Pins pfn and p; 14 ,,
and let ¢; ,, denote the centre of C;,,. Note that c;,, is given by the intersection be-
tween the perpendicular bisections of the two segments [p;,, p:rn] and [p; ., Pit1nls
see Figure 2 for illustration.

4
Ditin
.
Git1nt -
i+1,n
.
Diy,
YGin
_ Cin
Pin
t }
Ti-1,n Tin Titin Tit2.n

FIGURE 2. Circumcircle C; ,, of triangle T; ,, with vertices pii’n and

Piy1.n- Note that the centre ¢;, of C;,, is given by the intersec-
tion between the two perpendicular bisections of the line segments

[p;n7pin] and [p;,n?pijrl,n}'

Now let us determine the two coordinates of ¢; , = (cg, cy). First recall that
pfn = (Tin, Gin £ En) fori=0,...,n,

which immediately yields ¢, = g¢; . As for the computation of ¢, let p be

i_+1/2,n
the midpoint of the line segment [p;n, D5 +17n]7 whose coordinates are given by

— 1 si,n
pl+1/2,’ﬂ = xi)n + %797;’" —&n + m .

The orthogonality of the line segments [p; ,,p;,, ,,] and [cim,p;rl/2 )y

_ _\T - 1 sin 4 1 Sin
0= (pi+17n - pim) (Cim 7pi+1/27n) = ﬁv 7 Cy — Tin — %ﬂc:n - m y
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yields

B 1 Sim _ 1(s2,+1  sinlgla

for the other coordinate of the centre ¢; , = (s, ¢y).
Next, let us compute the radius r; , of C; 5, as given by the distance between
cin and p; = (%in, gin — €n), and so we obtain

2
2
T'2 82 + 1 Si,n +1 N si,n|g|a
?,m n n2 2 na—l

2
1 ‘g‘i Sg,n + 1 Si,n g|a
(37) - ﬁ n2(a—1) + 2 o no—1

Due to the uniform bound on s;, in (3.5), we can conclude r;,, = O(1/n), for
n — 0o, i.e., we have

(3.8) Tim < % forallmn € N

for some constant C,. > 0 that does not depend on n.

We split the remainder of the proof into the following special cases, where we
tacitly assume from now and throughout this proof that n is large enough.

Case 1. Suppose that s; , > 0 for the slope of S,,(g) on [z; n, Tit1,n]-

Due to the representation of ¢, in (3.6) and the uniform bound on s; , in (3.5),
we see that z;, < c¢;. Moreover, from the decay of its radius r;,, in (3.8), we can
conclude that the circle C;, is contained in the strip (z;—1,,1] x [0,1]. But this
implies that all points {pin : k < i} lie outside the circle C; .

Recall that the three vertices pfn, Piy1,n Of Tip lie on the boundary of Cin.

Now let us check the point p;Ln. To this end, we compare the distances between

the centre ¢; , and the points pirl)n = (Zit1,n, Git1,n £ €n), given by

IpE1 = Cinll* = @it1n — o) + (i1 — Gin £ )

Since git+1,n — gi,n > 0, we can conclude that the distance between pzt_l n and ¢

is larger than the distance between p;_, ,, and ¢; ;. Therefore, also the point pz'-:_lm
lies outside the circle Cj .

Case la. Suppose 0 < s;,, < 1. Given the representation of ¢, in (3.6), we see
that ¢; — 2, < 1/n, and so z; , < ¢z < Tit1,,. Likewise, by the representation of
Tin in (3.7), we obtain r; ,, < 1/n. Therefore, we can conclude that the circle C; ,,
is contained in the strip (z;—1,n, Zit2,,) X [0,1]. But this already implies that none
of the points {pzin :0 <14 < n} lies in the interior of the circle C; . Only the three

vertices pfn,pa_lm of triangle T; ,, lie on the boundary of C; .

Case 1b. Suppose s; , > 1.
We first show that no point from {p;_k i k=2,...,n—i} lies in the interior of
the circle C; ,,. Since ¢’ € €*71([0,1]) and by the mean value theorem, there are
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intermediate points & € (z; n, Tit1,n) and o € (Tix1,n, Titorn) satisfying
9i+2n — Gi+1,n _ Gi+1,n — Gin

Ti4+2n — Ti+1,n Ti+1ln — Tin

)

|5i+1,n - Si,n|

= 1g(&) g6 < Ig/lacr 6o &7 < o
for all i =0,...,n — 2, where we let C;, = 27! - |¢'|,_1. But this implies
k—1
(3.9) Sin = Sitkn < [Sitkn — Sin| < Z |Sitj+1,n — Sitjnl < knffl-
=0

Now let ¢; , denote the slope of the tangent to the circle C; ,, at the point p; i, ,,.
Note that ¢;, = —1/ tl{-n, where tz{-n is the slope of the straight line passing through
the centre ¢;,, and p; 4 ,,, see Figure 3.

Pipan

Git1,n

FIGURE 3. Case 1b. s;, > 1. The points piﬁ_hm k=1,...,n—1,
and the interior of circle C; ,, are separated by the tangent of C; ,,
at p; 4 ,,- Note that for s; , > 0 the ordinate of p; , ,, is necessarily
larger than the ordinate of p; .

Recalling the coordinates of ¢; ,, = (cz,¢y) and p;y ,, = (Tiy1,n, Jit1,n — En), We
get

2
s 1 ; 2
Tin + 3 ( T Siﬁ@l‘a) —Tiyin  Znsl sinlgle

_ _ 2 a—1
(3~10) tiyn - Sin - . ’
—— —¢&n Si,n — NER
n El
where we used x;, — Tit1,n, = —1/n.

Now for any 1/2 > § > 0, there exists Ny € N satisfying

_gla
ne, =

1§5 for all n > Ng,
ne—
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in which case s; , —nen > 55, — 6, for all n > Ny, so that

1 1
< for all n > Ng.
Sim —MNEn ~ Sin—0

This in combination with (3.10) yields

2

tin < m < (2 + 5) Sim = YSin for all n > N,

for v :=1/24 ¢ € (1/2,1), where we used s;, > 1 and 0 < § < 1/2 to establish
the second inequality. From this, in combination with (3.9), we get

C
Si+kn — ti,n > Sin — ti,n - knail
C
Z (1 - ’7)82,71 - knagl
C
2 (177)7]{:”&31 >0

for all k satisfying 2 < k < 2C,., where C,. is the constant in (3.8). In this case,
the interior of the circle C;, and the points {p;_km :2 < k <2C,} are separated
by the tangent of C; », at p; ,,, see Figure 3 for illustration. But this implies that
also the points {p;.:_km :2 <k < nC,} lie outside the circle C; .

For the remaining cases, where k > 2C,., we have x4 n — T;n = k/n > 2C,/n,
in which case we can see that all points {pﬁk}n : k> 2C,/n} do also lie outside
Ci.n. Altogether, all points {piﬁk’n tk=2,...,n—1i} lic outside C; .

In conclusion from cases la and 1b, we see that (for n large enough) no point
{pfn 24 =1,...,n} lies in the interior of the circle C;,. Only the three vertices
pi_’n,p:n,p;_l,n of triangle Tj ,, lie on the boundary of C; ,,. Therefore, triangle T; ,,
satisfies the Delaunay criterion, and so its three edges [p; ,,, P; 11 ), [pi_,n,p;’:n], and
[P > P10 are contained in the Delaunay triangulation D(Y;,).

Case 2. Suppose s; , < 0. In this case, we can follow along the lines of exactly the
same arguments as in case 1, after a reflection of the z-coordinate about = 1/2, so
that g is replaced by g(1 —z), and x; ,, is mapped onto 1 —z; ,,, forall i =0, ..., n,
so that in particular the points pfn are then in reverse order.

Case 3. Suppose s;, = 0. In this case, ¢;n, = (zin + 1/(2n),¢in), so that
Zipn < g < Titp1,n. Therefore, all points from {pfn ik <iork>i+1} lie outside
the circle C; ,. Moreover, since ¢; , = gi+1,n, the four points pii,n,piﬁlm are the
corners of the rectangle R; ,, = [Zi n, Tit1,n] X [gi,n — En, Gin + €n] centred at ¢; .
Therefore, all four corner points pfn,pi_lm lie on the boundary of circle C; ,,, so
that all four edges [pfn,pﬁlm]a [Pi D)y and [y, piyy ] of rectangle R; ,, are
contained in the Delaunay triangulation D(Y},) of Y,,.

Finally, to show that all edges [p:n,pij_l,nL 1=0,...,n, are in D(Y,,), this can
be done by similar arguments as in the above cases 1.-3., but now after a reflection
of the y-coordinate about y = 1/2, where y is replaced by 1 — y. O

Now we are in a position, where we can combine Proposition 3.2 with Lemma 3.4
to prove a result which is stronger than that in Proposition 3.2. We will so obtain
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asymptotic approximation rates as in Proposition 3.2, but now for linear splines
over Delaunay triangulations rather than just over conformal triangulations.

Theorem 3.5. For a € (1,2], let f be an a-horizon function. Then, there exist
constants C; M > 0 (independent of N ), such that for any N € N there is a
Delaunay triangulation Dy = D(Yn) with |Yn| < M x N vertices satisfying

If - fN||2L2[0,1]2 <CN™",
where fn € Spy, s the linear spline interpolant to f at Y.

Proof. Let Yy be the vertex set in Lemma 3.4, whose size is |[Yy| = 2(N + 1) + 4.
Due to Lemma 3.4, all (horizontal) edges

[pj:N,p:;LN] and  [p; N:Pi1 N fori=0,...,N—1
and all (vertical) edges [p; x,Pin], © = 0,..., N, are contained in the Delaunay

triangulation Dy of Yy, for N large enough.

We can complete the Delaunay triangulation Dy by first triangulating the area of
the en-corridor K., (cf. the proof of Proposition 3.2) w.r.t. the Delaunay criterion.
Note that K., is given by the union of the parallelograms Q; v = [pr,p;t+17N],
for i =0,...,N — 1, and so the Delaunay triangulation of the corridor K., can
be obtained by the Delaunay triangulations of the parallelograms @; . This is
followed by the construction of the Delaunay criterion in the complementary area
[0,1)*\ K., which completes the Delaunay triangulation Dy of Y.

Now note that the linear spline interpolant fx € Sp, to f at Yy coincides with
fon [0,1]%\ K., so that we obtain the desired asymptotic bound

If = fnll7e2 < ONT°

by the following along the lines of our arguments in the proof of Proposition 3.2. [

In conclusion, we have proved that approximation of any a-horizon function, for
a € (1,2], (cf. Definition 3.1) by linear splines over locally adaptive triangulations
leads to the asymptotic N-term approximation error

(3‘11) ||f - fNH%2[0,1]2 = O(N_a) fOI‘ N — Q0

when using conformal triangulations (Proposition 3.2) or when using Delaunay tri-
angulations (Theorem 3.5). Recall that nonlinear N-term approximations by tensor
product wavelets (1.2) can only achieve the suboptimal decay rate O(N~1/2) [27].

To explain in which sense the achieved N-term approximation rates by Delaunay
triangulations are optimal for a-horizon functions, we rely on a concept from model
selection theory, according to which it is important that the model sizes grow at
a controlled rate (of at most polynomial growth). As proven in [18], there is no
depth-search limited dictionary which can achieve a better decay rate than that
in (3.11) for piecewise ¥“ functions with singularities along € curves.

To relate this statement to our setting, we remark that our results in Theorem 3.5
can be achieved by selecting the points pi[N, which are defining the Delaunay trian-
gulations D(Yy ), from a fine grid whose size is of polynomial growth in N. To detail
this, we consider a uniform grid with sampling size 1/N”, where 8 > . Then, in
particular, a representation for fy of the form (3.3) could also be obtained via a
selection of N functions from a dictionary Ay, whose size is of polynomial growth



14 LAURENT DEMARET AND ARMIN ISKE

in N, with maintaining the asymptotic error bound (3.11). Therefore, approxima-
tion by linear splines over Delaunay triangulations yields asymptotically optimal
approximation rates among all depth-search limited dictionaries.

4. APPROXIMATION OF REGULAR FUNCTIONS

In the previous section, we have restricted our attention to the approximation
of piecewise-affine horizon functions f with singularities along a-Holder smooth
boundary curves g € €[0,1]. In that case, our approximation scheme, relying on
linear splines over anisotropic (Delaunay) triangulations, is adapted to the smooth-
ness « of the horizon boundary g, whereas the regularity of the target function
f away from the horizon boundary does not take impact on the adaptivity of the
triangular mesh.

In this section, we turn to the approximation of regular functions, where a regular
function f is an element in a Sobolev space WP ([0,1]?), for a € (0,2] and p > 1,
where a > 2/p—1. In this case, W*P([0,1]?) is embedded in L?([0,1]2) (see e.g. [20,
Subsection 2.5.1]), but does not lie on the L?([0,1]?) embedding line. For the sake
of brevity, we will then say that WP ([0,1]?) lies above the L*-embedding line.

We will essentially adapt our approximation scheme to the regularity of f. Note
that regular functions are isotropic and, moreover, they can be characterised by
the asymptotic behaviour of their wavelet coefficients. We remark that the class of
regular functions, being investigated in this section, form a rather large subset in
the linear space of all functions which can be approximated by classical nonlinear
(tensor product) wavelet approximations at a decay rate O (N —o/ 2), for N — oo,
cf. the discussion at the end of this section.

4.1. Optimal Approximation with Quadtree Partitions. To detail our ana-
lysis, we recall a classical result by Birman-Solomjak [4] concerning the approxima-
tion of regular functions by piecewise-affine functions over quadtree partitions of
[0,1]%. Before doing so, we first give a formal definition for quadtree partitions.

Definition 4.1. A finite set Q = {Qn}n of pairwise distinct closed dyadic squares

i it Joj+1
ok ToR | X |9k ok

Qn:|: :|’ f0ri’j€{0,,,,,2k—1}andkEN,

whose union is [0,1]?, is called a quadtree partition of the unit square [0, 1]?.
For the purpose of illustration, Figure 4(a) shows one quadtree partition of [0, 1]2.

Theorem 4.2 (Birman-Solomjak). Let a € (0,2] and p > 1 satisfy a > 2/p — 1,
so that WP([0,1]?) lies strictly above the L?-embedding line. Further suppose
f € W*P([0,1]%). Then there ezists a constant C > 0 (independent of N ), such
that for any N € N there is a quadtree partition Qn of [0,1]% with |Qn| < N leaves
satisfying

(4.1) I1f = FnllZe(oz) < ONT2,

where fn :=Tlg, f is the orthogonal L?-projection of f onto the space of piecewise
affine-linear (not necessarily continuous) functions over the quadtree partition Qp .
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We remark that the proof of Birman-Solomjak is constructive. In particular, an
explicit algorithmic construction of a quadtree partition Qpy satisfying the error
estimate (4.1) is provided in [4]. But Qu does not necessarily minimize the ap-
proximation error in (4.1) among all quadtree partitions Q of size |Q| < N. This
may affect the size of the constant C' but not the asymptotic decay rate in (4.1).

4.2. Optimal Approximation with Delaunay Triangulations. Now let us
turn to the approximation of regular functions by adaptive linear splines over
anisotropic Delaunay triangulations. On the basis of the construction by Birman-
Solomjak, we can construct a sequence of Delaunay triangulations Dy, such that
the corresponding sequence of orthogonal L2-projections Ilp,, f of f onto the space
Sp, of linear splines over D achieves the same approximation rate as the sequence
of functions Ilg, f from the Birman-Solomjak Theorem.

Corollary 4.3. Let a € (0,2] and p > 1 satisfy a« > 2/p — 1, so that WP (]0,1]?)
lies strictly above the L%*-embedding line. Suppose f € W*P([0,1]?). Then there
exist constants C, M > 0 (independent of N ), such that for any N € N there is a
Delaunay triangulation Dy of size |Dn| < M x N satisfying

(4.2) 1f =Ty fll72(0,12) < ON™,
where Ip,, f is the orthogonal L?-projection of f onto Sp, .

Proof. We split the proof into three steps.

Step 1. Let {Qn}n denote the sequence of quadtree partitions from the Birman-
Solomjak Theorem, satisfying (4.1). By Vo, = {(m, Ym) }m=1.... . we denote, for
any N € N, the vertex set of Qu, comprising all M vertices from the [Qn| < N
quadtree leaves, so that M <4 x N.

Next we associate, for some (sufficiently small) € > 0, the vertex set Vg, with
the perturbed planar point set

Vire = {(#m £ &,ym +e) :m=1,...,M}U{(0,0),(0,1),(1,0),(1,1)}) n [0, 1]°.

For illustration, Figure 4 (a) shows one example for a quadtree partition Qn with
vertex set Vg, . Its associated partition, resulting from the perturbed point set
Ve, is shown in Figure 4 (b). Note that [V, .| <4 x M <16 x N.

(a) (b) ()

FIGURE 4. (a) Quadtree partition Qy of the unit square [0, 1]?,
with vertex set Vg, , (b) Associated partition from perturbed ver-
tex set Vase, (¢) Delaunay triangulation D(Vaz e ).
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Step 2. Now we construct the Delaunay triangulation D(Vas,c) of the perturbed
point set Vas.. To this end, we partition the domain [0,1]? into a set of disjoint
areas, M small subsquares s,,, N large subsquares S,,, and K anisotropic rectangles

Ry, so that . N .
- (G-Ju(Ge)u(Ge)

m=1

where each small subsquare s, C [0, 1]? is defined as
S = conv{ (2, £ &, ym £ )} N[0, 1)2 form=1,...,M.

As for the subsquares S, recall from Definition 4.1 that any element Q,, € QN
of the Birman-Solomjak quadtree partition @y has the form

i i+ 1 7+ 1 .
QTL:|:2]€’ > ]X{;]C’]2k ] for some 0 < 4,5,k € N.
We define any large subsquare S, C Q,, as
i 141 j +1
Sn:|:2k:+€’2k:_€:|x|:2jk+€732k —E:| form=1,...,N.

Now note that the complement

o ((§+)u(Ge)

can be partitioned by K = 4 x N long and thin (anisotropic) rectangles with pair-
wise disjoint interior. We denote these rectangles as R, k = 1,..., K. Figure 4 (b)
shows one example for such a decomposition of [0,1]? into a union of small sub-
squares S,,, large subsquares .S, and anisotropic rectangles Ry, with pairwise disjoint
interior.

Next, we observe that for each small subsquare s,, lying in the interior of the
unit square [0, 1]2, and for sufficiently small € > 0, the four pairs of its vertices,

(Tm —&,Ym —¢) and  (Tm + &, Ym — €)
(Tm+e,Ym—¢) and (Tm +&,ym +¢)
(Tm+e,ym+e) and (T —&,ym +¢)
(Tm — €, ym +e) and (T — &,Yym — €)

are Voronoi neighbours in the Voronoi diagram V(Vas,c) of Vaz e, respectively. Like-
wise, for each subsquare s,, lying adjacent to the boundary of the unit square
[0,1]2, its corresponding four vertex pairs of its four vertices are Voronoi neigh-
bours in V(Vys ).

Due to the duality of the Voronoi diagram V(V)s.) and the Delaunay trian-
gulation D(Vas,e), all four edges of any subsquare s, are edges in the Delaunay
triangulation D(Vas ), for m =1,..., M. Likewise, all four edges of any rectangle
Ry, are edges in D(Vie), for k=1,..., K.

To complete the Delaunay triangulation D(Vis) of Vi, it remains to trian-
gulate the subsquares s,, and S,, as well as the rectangles R;. For the small
subsquares s,, and the rectangles Ry, this can be done by splitting each subdo-
main, s,, or Ry, across any of its two diagonals. But note that in this case their
Delaunay triangulation is not unique, since any of s,, or Ry could also be split
across the other diagonal, respectively.
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As regards the large subsquares S,,, note that any S,, may contain, besides its
four corner points, further points from Vjs . on its boundary. Therefore, the trian-
gulation of \S,, is accomplished by triangulating the point set S, N Vs . according
to the Delaunay criterion. Figure 4 (c) shows one example for a Delaunay triangu-
lation D(Vase) of a perturbed vertex set Vay ..

Step 3. Finally, let fyv € Spy, Dn = D(Vare), be the unique linear spline
function which interpolates the piecewise affine-linear Birman-Solomjak function
Ilo, f in (4.1) at the vertices Vis.. Note that fy coincides with IIg, f on each
large subsquare S,,, and therefore

M K
Ifx =Ty fllZzqorpy = O I1fx = Toy fllize,) + O 1N = Moy fl132(a,)-

m=1 k=1
Now we can bound the L2-error over any small square s,, by

I — Moy FI2aq,.., < ClToy fI% / dz dy = C|Tlg,, £ 4€>

Sm

for some constant C' > 0 independent of N. Likewise, we can bound the L?-error
over any rectangle Ry by

1 — oy FI22 0 < Clla FI% / dz dy < O||Toy fI%2¢

Ry

for some constant C' > 0 independent of V. This then yields the error estimate

If =Mooy o2y < I = Inllzqone

< = Tan 220,02 + v = Moy fll720.12)
< CN @ +Ce,
for arbitrarily small € > 0. We let ¢ = N~¢ to complete our proof. (I

4.3. Concluding Remarks, Comparison with Wavelets, and Optimality.
Let us finally make a few remarks concerning the result of our Corollary 4.3.

Although the proof by Birman-Solomjak of Theorem 4.2 is constructive, it does
not provide a sequence of optimal quadtree partitions, { Q% }, satisfying

If —Tlox, fllz2(jo,12) = glAf, If =Ty fllz2(0,112)-

Moreover, since our construction in Corollary 4.3 relies on quadtree partitions, the
Delaunay triangulations Dy in Corollary 4.3 are in general not optimal either.
To improve on the quality of the Delaunay triangulations Dy, as output by our
construction in Corollary 4.3, one should essentially avoid long thin triangles, as
they are resulting from the splitting of the long thin rectangles Ry (cf. the proof
of Corollary 4.3). Instead, one should rather work with adaptive Delaunay trian-
gulations containing isotropic triangles, since the target function f is assumed to
be regular. In that case, however, it is much harder to prove optimal rates for
asymptotic N-term approximations, where the technical difficulties are mainly due
to the Delaunay criterion.

But our greedy approximation algorithm, adaptive thinning [11, 13], achieves to
construct a sequence of anisotropic Delaunay triangulations {D% }~, whose corre-
sponding linear spline interpolants f3, € Dy improve the approximation quality
of the interpolants fy € Dy output in Corollary 4.3. In fact, as supported by
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our numerical results, the smallest constant M in Corollary 4.3, reflecting the data
size of the Delaunay triangulations D}, can, at equal approximation error and in
comparison with the Delaunay triangulations Dy in Corollary 4.3, be reduced quite
significantly.

We may be able to show that for the piecewise affine-linear target functions,
i.e., the Birman-Solomjak functions IIg, f in (4.1), adaptive thinning outputs a
sequence of Delaunay triangulations {D% } v which are ”close” to those Delaunay
triangulations Dy in the proof of Corollary 4.3, along with a sequence of corres-
ponding linear spline interpolants f3 € D} that approximate f at the same rate as
the functions Ilg, f. We prefer to defer this rather delicate point to future work.

By Corollary 4.3, any regular function f € W*?([0,1]?), a > 2/p — 1, can be
approximated by linear splines over Delaunay triangulations at an N-term approx-
imation rate of N~®/2. We remark that this approximation rate is at least as good
as the approximation rate which can be achieved by nonlinear wavelet approxi-
mation. In fact, nonlinear wavelet approximation to f may only be superior in
situations, where f does not belong to any of the Sobolev spaces W?([0, 1]?) cov-
ered by our Corollary 4.3, but lies in the wavelet approximation space B, ([0,1]?),
where 1/7 = 1/p + a/2, cf. equation (7.41) and Remark 7.6 in [14].

Finally, we remark that the asymptotic decay rate of wavelet representations is
optimal for the Sobolev spaces WP ([0, 1]?) which are considered in Corollary 4.3
(see, e.g., [17] and references therein). This implies that the Birman-Solomjak
quadtree representations (Theorem 4.2) and those of Delaunay triangulations (as
constructed in the proof Corollary 4.3) provide asymptotically optimal decay rates
for the class of regular functions WP ([0, 1]?), where o > 2/p — 1.

5. APPROXIMATION OF PIECEWISE REGULAR HORIZONS

We remark that the utilized regularity concepts of Sections 3 and 4 are of funda-
mental difference. While the approximation of regular functions (as in Section 4)
could be covered by classical linear approximation methods (e.g. with wavelet or-
thonormal bases), the horizon functions of Section 3 have singularities which are
concentrated along a regular curve. For the latter class of target functions, optimal
approximation rates can only be achieved by anisotropic methods, as considered in
this paper.

In this section, we combine the two different regularity concepts from previous
Sections 3 and 4 for the purpose of approximating generalized horizons, i.e., piece-
wise regular horizon functions. But this requires a very careful treatment in regions
close to the horizon boundary. To handle the resulting technical problems, we work
with suitable extension operators, whereby we need to restrict ourselves to the spe-
cial case, where p = 2 and « € (1,2), to approximate piecewise regular functions
from the regularity class W*2([0,1]?).

5.1. Generalized Horizons. Let us first define the class of generalized horizons.
Definition 5.1. For a € (1,2) and g € €°([0,1]), let
QF = {(z,y) € (0,1)* 1y > g(2)} and @~ = {(z,y) € (0,1)* 1 y < g(2)}

denote the hypograph and epigraph of g on (0,1)2. A function f € L*([0,1]?) is then
said to be a generalized a-horizon, iff each of its restrictions f|o= to QF lies in
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We2(QF), where W2 (QF) are the usual Sobolev spaces of reqularity o w.r.t. the
L?-norm on Q. We collect all generalized o-horizons in the function class

A%([0,1) = {f € L*([0,1]) : flo+ € W**(QF) and flo- € W*?(Q7)}.

Note that the set 5#*2([0,1]?) is well-defined. Moreover, the open domains QF
and Q™ are simply connected and their boundaries are closed Jordan curves.

5.2. Optimal Approximation of Generalized Horizons. Now we approximate
generalized a-horizons by linear splines over anisotropic Delaunay triangulations.
To this end, we use specific ingredients from our analysis of the previous two sec-
tions. In particular, we will construct point sets Xy, such that their Delaunay
triangulations D(X ) lead (for sufficiently large N) to a sequence of linear spline
interpolants fy € Sp(x ) satisfying

If— fN||2L2([O,1] <CN™",
where, moreover, the number of triangles in D(Xy) can be bounded above by
ID(XN)| < M x N, for some M > 0, where M does not depend on N.
Now recall the point sets Y;, from Lemma 3.4. To discuss the construction of
suitable points sets Yy, we restrict ourselves, for the sake of simplicity and without
loss of generality, to the cases where v/N € N. Let

UN:Z{(J%\/%) :ogi,jgx/ﬁ} for VN € N

be a set of uniformly sampled points in [0, 1]? and, moreover, let

(5.1) Gy = {z € [0,1]? : dist(z, graph(g)) < 207"}

N
denote the set of all points in the unit square whose distance to the graph of g,
graph(g) := {(z,g(z)) : = € [0,1]},

is at most 2C,. /N, where C, is the same constant as in (3.8). Finally, we define the
point sets

(5.2) Xy =YyU(Unx\Gny),
whose following properties of their Delaunay triangulations D(X ) will be useful
in our subsequent analysis.
Lemma 5.2. The Delaunay triangulation D(Xy) of the point set Xy in (5.2)
satisfies the following properties, provided that N € N is large enough.

(a) All line segments [pi'N,pj'JrLN] and [p; D41 N are edges in D(Xy).

(b) The diameter of any triangle T € D(Xy) can be bounded above by

diam(T") < 24/2/N.
(¢) The number of triangles in D(Xy) is, for some M € N, bounded by
ID(XN)| <M XN for all N € N.

Proof. (a) By definition, any point in Uy \ G is of distance at least 2C,./N away
from graph(g). Note that the distance between any point in the interior of any circle
C;,N to its nearest point in graph(g) is smaller than the diameter diam(C; y) =
2r; n of C; n. Therefore, due to the uniform bound on the radii r; x in (3.8), no
point from Uy \ Gy is contained in the interior of a circle C; n, provided that N
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is large enough. Using similar arguments as in the proof of Lemma 3.4, this shows
that all line segments [p:fN,p;_l ~)and [p; n,pig Nl 2 =0,...,N — 1, are edges
in D(Xy).

(b) Note that

(5.3) Cr < L

N VN
holds for N large enough, which we tacitly assume from now. In this case, the
assertion in (b) is obvious for any triangle T' containing only vertices in Yy, or, for
triangles 7' containing only vertices in Uy \ G .

Let us now consider a triangle T with vertices in both sets, Yx and Uy \ Gy.
Moreover, suppose that the circumcircle Cp of T is strictly larger than 24/2/N.
Then, due to (5.3), Cr contains at least three vertices from Xp. But this violates
the Delaunay criterion, which is in contradiction to our assumption on D(Xy).

(c) Note that the size |Uy| of the regular point set Uy is (vV/N + 1)2, and so
|Ux \ Gn| < (VN + 1)2. Moreover, the point set Yy, as defined in Lemma 3.4,
contains 2(N + 1) + 4 points. But this implies that the size of X can be bounded
above by a constant multiple of N, in particular by |Xxy| < 4 x N for sufficiently
large N. In this case, and by using the Euler polyhedron formula, we can also
bound the number of triangles in D(Xy) by an integer multiple of N, so that
ID(XN)| < M x N for some M > 0 independent of N. O

For the purpose of illustration, Figure 5 shows one example for a Delaunay trian-
gulation D(X ), according to our above construction. Note that the triangulation
D(Xy) is not adaptive in the two regions QF \ G, where f € W*2(QF) is regular.
This is in contrast to the adaptive partition of the domain [0,1]? by anisotropic
quadtrees (Birman-Solomjak, Theorem 4.2) or by anisotropic Delaunay triangula-
tions (in our Corollary 4.3). But the above construction of Xy serves to simplify
our analysis in the proof of Theorem 5.3.

Now we are in a position, where we can prove the main result of this section.

Theorem 5.3. For a € (1,2), let f be a generalized a-horizon. Then, there exist
constants C,M > 0 (independent of N), such that for any N € N there is a
Delaunay triangulation Dy with |Dy| < M x N triangles satisfying

(5.4) I1f = fnlZeqoz) < ONT2,
where fy :=Up, f is the orthogonal L?-projection of f onto Sp, .

Proof. Since the boundary horizon g of f is in €%([0,1]), with & > 1, g is a
Lipschitz function. Therefore, both domains Q7 and Q~ are Lipschitz. This allows
us to apply the Stein extension theorem (see [1, Theorem 5.24]), which implies that
for any m € N there are strong and bounded total extension operators

EL . Wm™2(0F) - Wm™2(R?).

We apply classical operator theory (see e.g. [3, Corollary 4.13]) to interpolate E,
m = 1,2, for a € (1,2), where the resulting interpolation operators

Er : W*2(QF) —» W2 (R?)

are bounded on the intermediate Sobolev spaces of order « € (1, 2).
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FIGURE 5. Approximation of a generalized horizon f. The Delau-
nay triangulation D(Xy) of the point set Xy = Yy U(Uny\Gy) in
(5.2) is shown. Note that the vertices of the squares in the regular
part of f are a sufficient distance away from the horizon bound-
ary g. Moreover, any triangle in D(X ) is contained in a square
of edge length 2/v/N.

Now, in order to prove the error estimate in (5.4) we use techniques similar to
those in Section 4. In particular, we rely on the Birman-Solomjak bounds (4.1)
and on our error estimates (4.2). As in our proof of Corollary 4.3, we work with
perturbed point sets

Xne:=YNU(Unc:\Gn),

being associated with the point sets X in (5.2), where we do only perturb the grid
points in Uy, but not the points in Yy.
Moreover, we let Dy . := D(Xn,) be the Delaunay triangulation of Xy . and

Ox .= J{TeDy.:TcO*}ca*

denotes the union of all triangles in Dy that are contained in QF. Next we
decompose the domain [0, 1]? into three subdomains with pairwise disjoint interior,

[0, 1]2 =K U QJJ\FLE U Q;V,s’
where K., = [0, 1] \Qﬁg is, for ey > 0, an € y-corridor around g of the form (3.4).

Now let fn, :=Ilp, . f denote the orthogonal L2-projection of f onto Sp(xXn.)-
We split the L?-approximation error between f and fy . as

If = fvelleqons) = ”f_fN,eH%?(KEN)
(55) I = oy )+ IF = e
Note that the first term in the right hand side of (5.5) can be bounded above by
(5.6) 1f = fne |%2(K5N) < C | flloeqo,y2) - 1Ken| < CNTE,

where |K.,| is the area of K., and C' > 0 is some constant independent of N
(cf. our proof of Proposition 3.2).

2
L2(Qy )’
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In order to obtain upper bounds for the other two terms in (5.5), we consider
using, for each of the two extensions EX f : [0,1]2 — R (here restricted to [0, 1]?),
their corresponding sequence of Birman-Solomjak approximations Ilg, EX f (from
Theorem 4.2). Recall that the Birman-Solomjak bounds (4.1) are relying, for the
general case of approximating functions from W*?([0,1]?), for a > 2/p — 1, on
adaptive quadtree partitions.

We remark that in the situation of this proof, where we are concerned with the
special case p = 2, i.e., approximation in W*2([0,1]?) for a € (1,2), we obtain
error bounds of the form (4.1) for non-adaptive quadtree partitions Qy of [0, 1]
(see [4]), consisting of quadtree elements, each of whose diameter is bounded above
by C/v/N, for some constant C' > 0 independent of N (cf. Figure 5 for illustration).

By following along the lines of our construction in the proof of Corollary 4.3, we
obtain, for each of the two extensions EajE f, a corresponding sequence of approxi-
mations fie =1Ilp,  EZf satisfying, for ¢ = £(N) small enough,

|ESf — IN lia oz < ON77,

for some constant C' > 0 independent of N and on Delaunay triangulations Dy .
which are a subdivision of the perturbed Birman-Solomjak quadtree partitions Qn ..
This finally leads us to the stated estimates

||E§f - fﬁ,a 22(Q§) = ||f - vaE”iz(Qﬁ) < CN_Q,

which, in combination with (5.5) and (5.6), completes our proof by Dy := Dy
and fN = fN75. [l

Note that the set s#*2([0,1]?) of generalized a-horizon functions (cf. Defini-
tion 5.1) contains the set of a-horizon functions (cf. Definition 3.1). Therefore, the
error bound in (5.4) is optimal in exactly the same sense as discussed at the end
of Section 3: no depth-search limited dictionary can achieve a better asymptotic
decay rate than that in (5.4).
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