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We consider variational discretization of control conisiea elliptic Dirichlet boundary control problems on smobwo- and
three-dimensional domains, where we take into account dhgadh approximation. The state is discretized by lineatdini
elements, while the control variable is not discretized.dM&in optimal error bounds for the optimal control in twaldhree
space dimensions. Furthermore we prove a superconvergesu in two space dimensions under the assumption that the
underlying finite element meshes satisfy certain regylagiquirements. We confirm our findings by a numerical expenim
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1 The optimal control problem

LetQ c R? (d = 2,3) be a bounded domain with a smooth boundary= 9. Givenf € L?(Q),u € L?*(T") we consider
the boundary value problem

—Ay+cy=finQ, y=wuonl, Q)

wherec > 0 is a smooth function of2. It is well-known that (1) has a unique solutigre H2 (Q) in a suitable weak sense
which we denote by = G(u).
Next, leta > 0 andy, € W17(2), ¥ > d be given. We then consider the Dirichlet boundary controbfem

1 .
win ) = 5 [ =l + 5 [ 1 subjectio y = G(u), @

u€Uad

whereUyg = {u € L?(T')|a < u < ba.e. onl'} anda,b € R,a < b. Existence of a unique solutiane Uyq of (2) follows
by standard arguments. This solution is characterizeddyadhiational inequality

/<y—yo><g<v> —y>+a/u<v—u> >0 Vo€ U 3)
Q

r

Let us introduce the adjoint states H2(Q2) N H}(2) as the solution of the boundary value problem
—Ap+ecp=y—1yinQ, p=0onT.

The optimal controk: is then given byu = P, 4 (éa,,p) a.e. onl" where P, ;) denotes the pointwise projection onto the
interval|a, b]. In [3] we prove

Lemma 1.1 Let u € Uy be the solution of (2) with corresponding state y and adjoint state p. Then

we H'(T), ye H?(Q), peW?>(Q) forsomed<r<r.

2 A priori error analysis

Let 7;, be a quasi-uniform triangulation of a polygonal dom&p with maximum mesh sizé := maxper, diam(7T)
approximating?. To compare the discrete and continuous solutions we havgramluce a homeomorphis@, : Q;, — Q
with its restrictiong;, := G, r,, to the boundary’, := 92, see [3]. Let us further define the space of piecewise linaéefi
elementsX;, := {v;, € C°(Q) | upr € PYT)VT € T,,} and lety X, be the restriction t@, of functions inX,.

Now we approximate (2) using the variational discretizafimm [4]. This leads to the following control problem deplen
ing onh:

. 1 o .
min  Jp(up) = —/ [Yn — Ynol* + —/ lup|*  subjectto yj, = Gy (up), (4)
up €U a 2 Jq, 2 Jr,

h
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whereUy, ag = {up € L2(T1) |a < up < ba.e. oy}, yno = yo o G, and the discrete statg, = Gy, (uy,) is defined by

Vyn - Vén + cyndn = / fonYon € Xp N HY(Q),  yn = Pu(up) onTy,
Qp Qp

whereP,, : L*(T',) — vX, denotes thd >—projection. It is not difficult to see that (4) has a uniquiion u;, € Uy, aq
which is characterized by a variational inequality simiathat in (3). The following theorem is proved in [3]:

Theorem 2.1 Let (u,y) and (us, yi,) be the solutions of (2) and (4). With @, = uy, o g;, * there holds

Hu — ﬂh”O,F + Hy — l}h”o_’gz < Chy/ | log h| forall 0 < h < hg.

Remark 2.2 This result also extends to more general elliptic, coeroperators4, see [3] .

Superconvergence. From here onwards we assume- 0, d = 2, and that) c R? is convex.
The proof of the next theorem uses superconvergence relevigsoped in [1] for finite element approximations to eltpt
problems on (piecewis&)(h27) irregular mesheg;,. In [3] we prove

Theorem 2.3 Suppose that the triangulation 7y, is piecewise O(h?) irregular. Let (u,y) and (us, ys) be the solutions of
(2) and (4) (With yp,.0 = yoja,)- With @, = uy 0 g;, ' there holds

lw = @nllor + ly — nlloo < Ch®  forall 0 < h < hg.

3 Numerical example

Let us now consider the variational discretization (4) aflgem (2) with the unit circlé2 = B;(0) as domain. We set = 1,
a=0,b=1and choosé(l,¢) = i(¢) = max(0, cos ¢) to solve (2) with associated stajér, ¢) = r* max(0, cos ¢) and
adjoint variablej(r, ¢) = r3(r — 1) cos ¢, whereg(r, ) := g(r cos ¢, r sin ¢).

We investigate the experimental orders of convergence @ @Cthe error functional®&', (h) = ||u—yl|o,r andE, (h) =
lly — ynllo.o,, both on arbitrary, quasi-uniform meshes (see Fig. 1) andamgruently refined, piecewige(h?) irregular
meshes (see Fig. 2) for several refinement levels RL. Fotrarpimeshed,, converges linearly (Tab. 1), and with rate 1.5 on
piecewiseO(h?) irregular meshes (Tab. 2). In both cases the behaviod,dé better than predicted by Theorems 2.1, 2.3,
but superconvergence on piecewizgh?) irregular meshes is also observed.

1

o Table 1 EOCs for ar- Table 2 EOCs for
Z: 0:6 bitrary meshes. piecewise O(h?) ir-
04 04 regular meshes.
02| 02 RL Eu Ey RL Eu Ey
! i 12 1.483 2.198 12 0.795 0.488
N o 2.3 0485 0.991 2.3 0845 1.571
3-4 2338 2.458 3-4 1.134 1.692
4-5 0.253 0.904 4-5 1.287 1.755
B | 4727 NN 5-6 0.932 1.498 5-6 1.377 1.813

6-7 0.789 1.256 6-7 1.430 1.853
7-8 0.985 1.421 7-8 1.460 1.877
8-9 1.028 1.469 8-9 1.478 1.895

Fig. 1 Arbitrary mesh, RL = 2. Fig. 2 PiecewiseD(h?) irregu-
lar mesh, RL = 4.

Further results related to our research can be found in¢8]atso [2, 5, 6].

Acknowledgements The authors acknowledge support of the DFG Priority Progtas8 through grants DFG06-381 and DFG06-382.

References

[1] R.E. Bank, J. Xu, SIAM J. Numer. Anadl, 22942312 (2003).

[2] E. Casas, J.-P. Raymond, SIAM J. Control Opti#§,. 1586-1611 (2006).

[3] K. Deckelnick, A. Glunther, M. Hinze, DFG Priority Prognal253, Preprint No. SPP1253-08-05 (2008).

[4] M. Hinze, Comput Optim AppB0, 45-63 (2005).

[5] S. May, R. Rannacher, B. Vexler, Lehrstuhl fur Numeriséhathematik, Universitat Heidelberg, Preprint 05/200808).
[6] B. Vexler, Numer. Funct. Anal. Optin28, 957-973 (2007).

Copyright line will be provided by the publisher



