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Chapter 0

Introduction

Groups play a major role in many (if not all) mathematical subjects. Mostly,
they occur as automorphisms groups but sometimes, e. g. in Galois theory they
occur directly. The intention of this class is to understand the groups themselves
better. But beforehand let us discuss the following question.

What is geometric group theory?

Generally speaking, geometric group theory considers groups as geometric
objects and tries to relate their geometric and algebraic properties. Sometimes,
instead of looking at the geometric properties of groups, we use their actions on
other geometric objects to obtain results for the groups.

For example the statement ‘Subgroups of free groups are free.” is purely
algebraic while an elegant proof uses a geometric characterisation of free groups
via their action on trees.

Our most important objects will be Cayley graphs: for every group and each
of its generating sets we can construct a Cayley graph. It will be important for
us that the structure of different Cayley graphs for the same finitely generated
group but for different finite generating sets will change the geometry of the
Cayley graphs only locally: they are quasi-isometric to each other. This implies
that every geometric property that is invariant under quasi-isometries is true
for one of these Cayley graphs if and only if it is true for all of them. Thereby,
we can view this property as a property of the group.

This way we can talk about ends or growth of groups. As an example
between the geometric and algebraic properties of groups we will prove Stallings’
theorem. It says that a finitely generately generated group has more than one
end if and only if it is one of two well described group products.
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Chapter 1

Basics

Remark. A group is a pair (G, ) consisting of a set G and a binary function
-1 G x G — @ satisfying the ollowing properties.

e associative: (f-g)-h=f-(g-h) forall f,g,h € G;

e neutral element: there exists e € G withe-g=g¢g =g -e for all g € G,
1

e inverse elements: for every g € G there exists g=! € G such that gg~! = e =

g 'g.

Usually, we omit the function - and write gh instead of g - h.

1.1 Group actions

In this section, we will make the following sentence precise from the groups
theoretic point of view: ‘A group acts on a mathematical object like automor-
phisms.’

Definition. A group G acts (from the right) on a set X if there is a function
o: X X G — X such that

(1) zel =z for all z € X and
(2) (xeg)eh=uxe(gh)forall g;h € Gand z € X.
We call the function the (right) action of G on X.

Analogously, G acts (from the left) on X if there is a function ¢: Gx X —
X such that

(') lex =z for all z € X and
(2') go(hex)=(gh)ex forall g,h € Gand z € X.
We call the function the (left) action of G on X.

3
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Comment. Usually, we will omit the function e for group actions.
Let us look at some examples for group actions.

Example 1.1.1. Let G be a group and U < G a subgroup.

(1) G acts from the right (left) via multiplication from the right (left) on itself.

(2) G acts on itself via conjugation, i.e. v @ g := 19 := g lzg.
(3) G acts from the right via multiplication from the right at the set of right
cosets of U, i.e. at the set {Ug | g € G} where Ug := {ug | u € U}.

(3") G acts from the left via multiplication from the left at the set of left cosets
of U, i.e. at the set {gU | g € G} where gU := {gu | u € U}.

(4) Let F be a field and V a F-vector space. Then the multiplicative group
(F*,-) of F acts on V via Scalar multiplication.

Definition. Let a group G act on a set X. It acts faithfully if for all g € G
with g # 1 there exists € X such that xg # x.

Example 1.1.2 (continuation of Example [1.1.1]).
(1) Multiplication (from the left and from the right) are faithful actions.

(2) Conjugation is a faithful action if and only if the center C(G) := {g € G |
gh = hg Vh € G} of G is trivial.

(3) Multiplication on the sets of cosets is not faithful. (Example?)
(4) Scalar multiplication on non-trivial vector spaces is a faithful action.

Remark. Usually, we consider left actions and then omit ‘left’. Contrary, when
we use a right action, we shall explicitly state that.

Lemma 1.1.3. Let G be a group and X be a set. Then G acts (non-trivially)
on X if and only if there is a (non-trivial) group homomorphism G — SXH

Additionally, G acts faithfully on X if and only if this group homomorphism
18 1njective.

Proof. First, let G act non-trivially on X. For every g € G, set ¢4: X — X,
x +— gz. Let ¢ € G. Because of x = lx = gg~'z for every x € X, we have
Pgpg-1 = idx and hence p, € Sx. This Permutation must be non-trivial as the
Operation is non-trivial. Furthermore, since (pg05)(z) = @q(pn(x)) = gha =
@gn () holds for all g, h € G and x € X, we obtain the homomorphism property
of the map ¢: G = Sx, g — 4. If the action is faithful, then there exists for
every g € G an € X with gz # x and thus we have ¢, (z) # @1(z). So ¢ is
injective.

1Reminder: S is the symmetric group on X.
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Now let ¢: G — Sx be a non-trivial group homomorphism. For every g € G
we set gz := ¢(g)(z). Then we have la = p(1)(x) = id(z) = = and

(gh)x = ¢(gh)(x) = (p(9)p(h)(z) = ¢(9)(#(h)(2)) = g(hz)

for all g,h € G and z € X. Hence, this defines an action of G on X that is
non-trivial since there exists g € G with ¢(g) # id, so there exists x € X with
w(g9)(x) # id(x) = x. If p is injective, then there isno g € G such that ¢(g) = id.
Hence, there exists for every g € G some x € X with gz = ¢(g)(x) # = and
thus the action is faithful. O

We can already obtain as corollary from our results above an important
theorem (of Cayley). If states that — in order to understand all groups, it
suffices to understand the subgroups of all symmetric groups. Unfortunately, it
is false if we believe that this makes everything easier.

Theorem 1.1.4 (Theorem of Cayley). Fvery group is isomorphic to a subgroup
of some symmetric group.

Proof. According to Example , the group G acts faithfully on itself
via multiplication. So Lemma [I.1.3| implies the existence of an injective group
homomorphism ¢: G — Sg. We directly obtain G = ¢(G) < Sg. O

In our next section (Section , we shall prove an even stronger version of
Cayley’s theorem, which says that the group G can be found as subgroup of the
automorphism group of some connected directed graph.

Lemma [[.1.3] is a reason for us to look at actions on other mathematical
objects, not only sets.

Definition. A group G acts on a mathematical object X (a graph, a vector
space, etc.), if it acts on the underlying set of X and if every g € G does not only
define an element of Sx according to Lemma but also an automorphism
of X.

Analogously to the definition of faithful actions on sets we call the action
of G on X faithful if G acts faithfully on the underlying set of X.

Remark. According to Lemma a group G acts (faithfully) on a mathe-
matical object X if there exists a (injective) group homomorphism G — Aut(X).

Example 1.1.5. The action in Example is a faithful action of G on
the group G and in Example it is an action of F'* on the vector space V.

In the following we will use the sentence ‘A group G acts on X.” interchange-
ably for ‘A group G acts on a mathematical object X.’.

Definition. Let G be a group acting on X and let z € X.

(1) The stabiliser of z in G is the set

Gy ={9€G|gz=rc}
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(2) The orbit of z under G is the set

Gz :={gz | g € G}.

Remark 1.1.6. Let G be a group acting on X. Then all stabilisers of elements
x € X are subgroups of G.

We obtain the following relation between stabilisers and orbits.

Theorem 1.1.7. Let G be a group acting on X. Then for every x € X the
map from Gz into the set of left cosets of G, defined by gx — gG, is bijective.

Proof. Let g,h € G. Then the following equivalences hold.

gr = hzx
s hlgr=z
s hlgeq,
s h G, =G,
& gG, = hG, O
Definition and Remark 1.1.8. Let G be a group and U < G be a subgroup.
The index of U in G is the number of left cosets of U in G (or equivalently the

number of right cosets of U in G) and we denote it by |G : U|. It is easy to see
that |G| = |U| - |G : U|.

Corollary 1.1.9. Let G be a finite group acting on X. The we have for every
reX:
G| =[Gl - |G|

Proof. We obtain
G| =1Ga| |G : Go| = |Ga - |Gzl

directly by Remark and Theorem [[.1.7] O
Let us discuss another relation between stabilisers and orbits.

Lemma 1.1.10. Let G be a group acting on X. Let x,y € Xlsuch that gx =y
for some g € G. Then we have (G;)9 = Gy and G, = (G,)?

Proof. Let g € G such that gz =y and let h € G,. Then we have

hy=g 'hgy =g the =g 'l =y.

So we get h9 € Gy and thus G C G,. Using and anallogue argument, we obtain

Gy ' C G, and hence (G,)? = Gy and G, = (G,)7 . O

Definition. Let G be a group acting on X. G moves = € X freely if G, = 1.
The action of G on X is free if G moves every x € X freely.
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Comment. In this course we do not consider graphs as topological objects, in
particular we do not consider them as CW-complexes. That is why we have to
strengthen the previous definitions for graphs a bit.

Definition. Let G be a group acting on a graph I' = (V, E). The action is free
on X if not only the action induced on V but also the action induced on E is
free.

1.2 Cayley graphs

In this section, we introduce an important object on which groups acts in a
canonical way and which we will use extensively: their Cayley graphs. Before
we introduce them, we need some more definitions.

Definition. Let G be a group. A subset S C G generates G if every elements
of G can be written as a (finite!) product of elements in S or their inverses.
The set S is called a generating set of G. If S is a generating set of G, then
we write G = (5).

The group G is finitely generated if there is a finite subset of G generat-
ing G.

Example 1.2.1. Every symmetric group S, for n € N is generated by its
transpositions.

Comment. Example[[.2:T]is wrong if we look at symmetric groups on infinitely
many elements. (Why?)

Definition. A directed graph or digraph is a pair (V, E) with ECV x V.
If we speak of paths, walks etc. in a digraph (V| E), then we always consider
those in the underlying undirected (multi)graphs of (V, E) via the map

frE= [V (2,y) = {z,y}.

Definition. Let G be a group that is generated by S C G. Then

1_\G,S = (Gﬂ{(gags) | ge G7$ € S})

defines a digraph, the Cayley digraph of G and S. Der underlying undirected
graph without multiple edges and without loops is the Cayley graph of G
and S. We also denote the Cayley graph by I'c g. It will be clear from the
context whether I'g g is directed or not.

Remark 1.2.2.
(i) The digraph I'¢ s has no loops if and only if 1 ¢ S.

(ii) The underlying undirected graphs of I'¢ ¢ has at most double edges. It
has them if and only if S contains s~! for some s € S. That latter holds
in particular, if .S contains an involution, i.e. an element of order 2.
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Example 1.2.3. Let C, be the cyclic group on n elements and let S be a
generating set of C,.

(1) If S = C,,, then the Cayley digraph is complete: for all g # h € C,, there is
an edge (g, h) and an edge (h, g). Additionally, every loop (g, g) exists.

(2) If |S| = 1, the the Cayley digraph is a directed cycle on n vertices.

(12) (23)

(13)

(23) 12) (123) (12) (123) (23)

Figure 1.1: Two Cayley digraphs for the symmetric group Ss

Example 1.2.4. Let us consider two Cayley digraphs for the group S3. Let
S = {(12),(23)} and S’ = {(12),(123)}. Both Cayley digraphs can be found
in Figure [I.I] where edges without directions are used to replace double edges
with one possible orientation each. The edges are labelled with the elements of
S or S’ they originate from.

Theorem 1.2.5 (Cayley, strong version). For every group G there exists a
connected graph on which G acts faithfully.
If G is finitely generated, then we may choose the graph to be locally ﬁm’teﬂ

Proof. Let S be a generating set of G and let I g be their Cayley graph. Then
G acts faithfully on T' via g: G — G,h — gh. Note that an edge (hy,ha) is
mapped onto an edge (ghi,ghs) and has (g7 1hy, g 'hs) as its preimage. The
action is faithful by Example [I.1.2](T).

If G is finitely generated, then we may choose S to be finite. Since every
vertex g is adjacent to only the edges gs and gs~! for all s € S, every vertex
of I has finite degree. O

Comment. To obtain a faithful right action, we can use in the definition of a
Cayley graph the edge set {(g,sg9) | ¢ € G,s € S}. The reason, why we prefer
edges (g, gs) is implied by the following remark.

Remark 1.2.6. For every walk vgegv; ... ex—1v; in a Cayley graph I'g g there
is a sequence sg...sx_1 of elements elements of S U S~ (with S=! := {571 |

2A graph is locally finite if every vertex has finite degree.
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s € S}) in the following way: s, = 'U,;l'UiJrl. That means that the edge e; lies in
the Cayley graph because of the generator s; or 8;1. For the product of the s;,
we obtain sg---Sp_1 = vo_lvk.

Using Lemma we can formulate Theorem analogously to Theo-
rem [[.1.4] in the following way:

Theorem 1.2.7. Every (finitely generated) group is a subgroup of the automor-
phism group of some connected (locally finite) graph. O

For finitely generated groups, we can even strengthen this:

Theorem 1.2.8. Fvery finitely generated group is isomorphic to the automor-
phism group of some graph.
We may choose this graph to be connected and locally finite.

Proof. Let S = {s1,...,s,} be a finite generating set of the group G. Let ', S
be the Cayley digraph of G and S. For every i € {1,...,n} let T; be a tree
consisting of a path P; of length 3 such that a path of length 1 starts at an inner
vertex x; of P; and such that a path of length ¢ + 1 starts at the other inner
vertex y;. Obviously, every automorphism of T; that fixes the end vertices of P;
setwise must fix the whole tree pointwise. Note that all trees T; are distinct.
In ' s we replace every directed edge from g to gs; by T;, where g is the end
vertex of P; that is adjacent to x; and gs; is the end vertex of P; that is adjacent
to y;. Let I' be the resulting graph. Obviously, I" is connected and locally finite.

Let ¢ be an automorphism of I'. Then ¢ must fix all vertices of I' setwise that
were not already in I'g ¢ and it must fix setwise the vertices that were in I'g s.
Thus, ¢ induces a bijective map of the vertex set of I' 5. Since the trees T; are
distinct, the tree that replaced a directed edge e of I'; g must be mapped onto a
tree of the same kind. Thus, ¢ induces an automorphism p of ' 5. Let g € G
such that p(1) = ¢g. Since ® maps edges that belong to a generator s; to edges
that belong to s;, too, and since it must keep their orientations, the neighbour
s; of 1 is mapped by @ to the neighbour gs; of g. Inductively, g and % coincide
on I'g s and every other automorphism ¢ of I' that maps 1 to g must coincide
with ¢, too. We obtain an injective map ® from the automorphism groups of I'
to G. Every g € G induces an automorphism ¢, of I' with ®(¢,) = g. So ®
is surjective. It is easy to verify that ® is a group homomorphism. Thus, the
automorphism group of I' is isomorphic to G. O

Definition. Let G be a group acting on X. It acts transitively on X if for
all z,y € X there exists g € G such that gz = y.

If X = (V,E) is a (di-)graph, then G acts (vertex-)transitively on X (or
edge-transitively on X), if the action induced on V (or on E) is transitive.

Remark 1.2.9. Every group acts transitively and free on each of its Cayley
digraphs, since the left multiplication of a group on itself is transitive and free.

Proposition 1.2.10. Let G be a group and S a generating set of G. The left
multiplication on G induces a free action on the Cayley graph of G and S if and
only if S contains no involution.
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Proof. Every s € S with s? = 1 fixes the edge 1s = ss2. Thus, the action cannot
be free.

Conversely, let us assume that the action is not free. Obviously, the action
induced on the vertices is free. Hence, the action induced on the edges is not
free. So there exist ¢ € G with g # 1 and an edge uv such that g(uv) = ww.
Wlog let s € S such that u = vs. If gu = wu, then we directly obtain g = 1.
Hence, we have

v=gu=g(vs) = (gv)s = us = vs*

and thus s? = 1. Since s # 1, it must be an involution. O

1.3 Sabidussi’s theorem

In this section, we shall obtain a first result how to deduce information about a
group by using its action on a graph. We will obtain a result that can be seen
as a reverse to Cayley’s theorem.

Definition. Let G be a group acting on a connected graph I'. A fundamental
domain of this action is a connected subgraph that contains exactly one element
of each orbits on the vertices.

A priori it is not obvious that every action on a graph admits a fundamental
domain. This is the content of the following theorem.

Theorem 1.3.1. For every action of a group on some connected graph there
exists a fundamental domain.

Proof. Let G be a group acting on a connected graph I' = (V, E). We may
assume that I' has at least one vertex. Let Fg be the set of all connected
subgraphs of I' that contain at most one vertex of each orbit. Obviously, Fg
is not empty (it contains the empty graphs and every subgraph on exactly one
vertex) and every chain in F¢ has an upper bound (the union of its elements).
Zorn’s lemma implies the existence of a maximal element F' in Fg. Let us show
that F' is a fundamental domain.

Let ussuppose that this is false. Then there exists a vertex x € V' such that
the orbit G contains no vertex from F. Let P be a path in I' starting at =
and ending at a vertex of F'. Thenthere are two adjacent vertices u,v on P
such that Gu contains no vertex of F but Gv NV (F) # ). Let g € G such that
gv € V(F). Then gu lies in the same orbit as u; in particular is lies outside of F'
and G(gu) contains no vertex of F'. But gu has a neighbour gv in F. Thus,
F' = (V(F)U{gu}, E(F)U{{gv,gu}}) is a connected subgraph of I" that must
lie in F¢ by its construction. This contradicts the maximality of F'. So F' is a
fundamental domain. O

Theorem 1.3.2. Let F' be a fundamental domain of the action of a group G
on a connected graph I'. Let S be the set of those g € G that satisfy

V(gF)n (V(F)UN(V(F))) # 0,
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i. e. such that gF contain a vertex or a neighbour of a vertex of F. Then S is
a generating set of G.

Proof. Let g € G. We shall write g as a finite product of elements of SUS~!. For
this, let v € V(F) and let P be a v-gv path. Let (F = goF, 1 F,..., g, F = gF)
be a finite sequence of images of F' under elements of G with the following
properties.

(1) Every vertex of P lies in some g¢; F.

(2) Either ¢;F and g;11F have a common vertex or ¢g; F has a vertex that has
a neighbour in g; 1 F.

The existence of such a sequence can be seen as follows: For every vertex x;
on P = x;...2, we choose some g; such that z; € V(g;F). Then the claim
follows for the sequence (goF, 1 F, ..., gmF, gm+1F) with go = 1 and g1 = g.

Let us show inductively that every g; can be written a a product of elements
of S. By the choice of the g;, this holds trivially for go and g;. By (2), either
the subgraphs F' = g, L4, F and g; !gi+1F have a common vertex or some vertex
in F' has a neighbour in g; lgis1 F. In both cases we obtain by the definition
of S that g;lgiﬂ is an element of S. By induction g;11 is an element of (S).
We conclude g = g, € (S) and G = (S5). O

Remark. The generating set obtained in Theorem|1.3.2]is usually not a minimal
one (even if we ignore the neutral element) as the following example shows.
Let I" be the complete graph on three vertices and let G be its automorphism
group. Then the fundamental domain is a single vertex and every automorphism
of I' has to be put into the generating set S. Thus, S contains the whole
automorphism group G, which is isomorphic to the symmetric group S3. Since
there are minimal generating sets on two elements, S cannot be one of them.

As an application, we shall prove Sabidussi’s theorem, which characterises
Cayley graphs.

Theorem 1.3.3 (Sabidussi). A connected graph on which some group acts tran-
sitively and free is a Cayley graph.

Proof. Let I" be a connected graph and let G be a group that acts transitively
and freely on I'. Let v € V(I"). Since G acts transitively on I, the graph ({v},0)
is a fundamental domain.

Let S C G be a minimal subset of G such that S U S~! is the generating
set of Theorem @ We want to show that I' is the Cayley graph I'g s of G
and S. For this, we define a map

p:Tgs—=T, g gv.

Since the action on T' is transitive, ¢ must be surjective and, since G acts freely,
(p is injective, so it is bijective. It remains to show that ¢ preserves the adjacency
relation. Let {u, w} C V(I') a vertex set consisting of two distinct elements. As
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G acts transitively on T, there exists g € G with gu = v. By considering {v, gw}
instead of {u,w}, we may assume that u = v. There exists h € G with w = hv.
If vw € E(T), then h € SU S~ by the choice of S and hence p(v) and ¢(w)
are adjacent. If vw ¢ E(T), then h ¢ SU S~ and ¢(v) and p(w) cannot be
adjacent. Thus, ¢ is a graph isomorphism. O



Chapter 2

Free groups

2.1 Free groups and trees

Definition. Let S be a set. A finite sequence of the form w = s7'...s5 with
s; € S and ¢; € {£1} is a word over SUS™. We call |w| := n the lenth of w.
The word is reduced if there is no i < n —1 with s;' = s, "', For s,s;, € S,
g,e; € {£1}, we call a word s7'...s5" an elementary reduction of the word
s7h...siiss oS L. sSr . A word v is a free reduction of a word w if there is
a finite sequence u = wy,...,w, = v of words such that w;y; is an elementary
reduction of w; and if v is reduced.

A group G is free with free generating set S C G if (S) = G and there is
no non-trivial reduced word w over S U S~! such that w = 1 in G. We call |S]
the rank of G.

If w= 51 .85 and v = ' ... t5m are words over S U ST!, then we the
word wv = s7' ... s5nt]t .. t5 is the concatenation of w and v.

Comment. In particular, no free generating set .S contains 1 since the word 1
is distinct from the trivial word over .S, which is the empty word.

Example 2.1.1. The additive group Z is a free group of rank 1.

Comment. A priori it is not obvious that the rank of a free group is well-
defined. We shall prove that in Section
First, we want to ensure that free groups exist.

Theorem 2.1.2. Let S be a set. Then there exists a free group with S as free
generating set.

We will sketch the standard proof of Theorem before proving a slightly
stronger result that contains Theorem [2.1.2]

Sketch of the proof of Theorem[2.1.9 We will define a relation ~ on the set of
words over SUS™! via v ~ w if and only if there is a sequence v = wy, ..., w, =
w such that either w; is an elementary reduction of w; 11 or vice versa. Obviously,

13
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this is equivalence relation. It can be proved tha every equivalence class of this
relation contains exactly one reduced word. Then we can define a multiplication
on this set in the following way: [a][8] := [af] for any two words «, 3 over
S U S, where af is their concatenation. It can be shown that the set of
equivalence classes with this multiplication forms a free group.

Strictly speaking, S is not a free generating set for F, since S is no subset
of F. But since every s € S is a reduced wird, we can identify every s and [s]
to satisfy this formality. O

Comment. Since the equivalence classes of the equivalence relation in the
sketch of the proof of Theorem [2.1.2] contain a unique recued word, it is possible
(and also reasonable) to think of the elements of free groups as reduced words.
Of course, one has to keep in mind that the product of two such elements is
not simply their concatenation but the free reduction of that. Note that this
concatenation is uniquely determined since every equivalence class of ~ contains
a unique reduced word.

Theorem 2.1.3. Let S be a set. There exists a free group G with S as free
generating set that acts transitively and free on a tree T.

Proof. We define a graph T'. Its vertex set V' is the set of reduced words over SU
S~1 (including the empty word) and its edge set F is defined as follows: we add
for every reduced word s; ... s, with s; € SUS™! the edge {s1...8n,81...5,8}
for all s € S with s # s ! and the edge {s1...5,,51...5,_1} (without multi-
edges). To show that T is connected, it suffices to verify that every reduced
word lies in the same component as the empty WOI‘dE Since the sequence
0,s1,5182,...,81...5, of vertices defines a path from the empty word to the
word $7 ... Sy, the graph T is connected.

Let us suppose that T contains a cycle C'. This cycle contains a vertex u =
Uy . .. u, whose word has maximum length for all vertices on C. By definition
of the edges, the neighbours of u on C' must have length |u| — 1 and both must
be the word u;y ...u,_1. But then, C' was not a cycle. Thus, T is a tree.

For every s € S U S™! we define a map ¢ : V — V such that

1

S2...8,, ifs=s]",
ps(s1...8n) = ) 1
881...5p, ifs#si .

Obviously, ¢s maps edges to edges and non-adjacent vertices to non-adjacent
vertices, that is, it is an automorphism of 7. Also, the equality ¢ ;! = ¢ -1 is
easily verifiable.

Let &5 = {ps | s € S} and let G be the subgroup of Aut(T") that is generated
by ®gs. We will show that G is a free group that acts transitively and freely
on T and that &g generates G freely.

Let s, ... s, be a reduced word over $g U <I>§1. Then we have s; # sl;ll,
since p;! = ¢,-1 and since the word is reduced. So s;...s, is a reduced

IThe empty word will be denoted by (.



2.1. FREE GROUPS AND TREES 15

word over S U S~! and we have ¢, ..., (0) = s1...s, # 0. We obtain
Ps, - -- s, # id and hence G is a free group freely generated by ®g.

Since the sp...s, is the image of the empty word under ¢g, ... s, , the
action of G must be transitive. Let v € V and let ¢ € F such that ¢(v) = v.
Since G acts transitively on 7', we may assume by Lemma that v is the
empty word. Let ¢, ...ps, be the shortest word over &g U <I>§1 such that
Psy --- s, = @. In particular, we have <p;1 # @5, and 8;1 # S5;41 for all
i < n. Thus, s1...8, is a reduced word. Hence, ) = p()) = s1...5,. Since
$1 .. .Sy is reduced, we obtain n = 0 and ¢ = ¢d. This implies that G acts freely
on the vertices of T. It remains to show that G also acts freely on the edges
of T. Let e € E. Since G acts transitively on T, we may apply Lemma
once more to assume that e = {{),s} for some s € SU S~!. Let us suppose
that there exists ¢ = s, ... s, such that ¢(e) = e and ¢ # id, where the
n is shortest possible. Since G acts freely on the vertices of T', we know that
©(B) # 0. So we have () = s and ¢(s) = 0. We also get () = s and, since
the action of G on T is free on the vertices of 1", we conclude ¢ = ¢,. But we
have @s(s) = ss # 0 = p(s). This contradiction shows that G acts freely on T.

Just like in the sketch of the proof of Theorem we can use a formal
trick to guarantee that G is generated by S instead of ®g. O

Before we take a closer look at the relation between trees and free groups,
let us show an important characterisation of free groups.

Theorem 2.1.4 (Universal property). The following two statements are equiv-
alent for every group F with subset S C F.

(i) F is a free group with free generating set S.

(ii) for every group G and every map ¢ : S — G there exists a uniquely
determined group homomorphism @: F' — G that extends .

In the proof of this theorem, we consider the elements of the free group as
being equivalence classes of words just as in the sketch of the proof of Theo-
rem [2.1.2

Proof of Theorem [2.1.4). First, let us assume that F' is a free group and S a
free generating set of F. Let G be another group and let ¢: S — G be a
map. We set §(s) := (s) and p(s7!) := (¢(s))~! and for every word w =
81...8, over SUS™! we set p(w) :=p(s1) ... 9(s,). By definition, $ is a group
homomorphism as soon as we make sure that it is well-defined. If the word
51...8, is an elementary reduction of the word sy ...s;tt"1s;41...5,, the we
have the following;:

D(S1-.-5n)

B(s1) .- P(s)P®)p(t )P (si41) - - - Pl50)
P51 sitt  siq1 ... 80).
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Thus, @ is well-defined on the equivalence classes of words and hence induces
a group homomorphism F' — G that extends . Furthermore, every group
homomorphism must have the two properties $(s~1) = (¢(s))~! and p(w) =
D(s1)...9(spn). That is, why © is uniquely determined.

Let us assume that (i) holds. Let G be a free group with free generating
set S and let ¢: F — G a group homomorphism with ¢(s) = s for all s € S.
Let us suppose that F' is not free. Then there exists a non-trivial reduced word
$1...8, over SUS™! such that s1...s, = 1. We obtain

1=p(s1...82) =p(s51) ... p(sn) = 81-..8n.

Hence there is a non-trivial reduced word w = ¢(s1) ... ¢(s,) in G with w =1,
a contradiction to the definition of a free group. Thus, F' is a free group with
free generating set S. O

A direct consequence of the universal property of free groups is the following
(even though we still do not know whether the rank of free groups is well-
defined).

Corollary 2.1.5. Every two free groups of the same rank are isomorphic.

Proof. Let F,G be two free groups of the same rank. We may assume that
both groups are freely generated by the same set S. By Theorem there
are two group homomorphisms ¢: F — G and ¢: G — F such that ¢|s = id
and ¢|g = id. Then we must have ¢(1(s)) = s. Since F' is generated by S, we
have p1) = id and thus ¢ and 1 are group homomorphisms that are inverse to
each other. O

Free groups and trees have more connections that the one obtained in The-

orem T3

Lemma 2.1.6. Every Cayley graph of a free group and one of its free generating
sets is a tree.

Proof. Let G be a free group with free generating set S and let T" be the der
Cayley graph of G and S. If ' contains a cycle, the it also contains a cycle that
contains the vertex 1 since G acts transitively on I' by Remark [[.2.9] This cycle
belongs to a closed walk starting and ending at 1. According to Remark [1.2:6]
this walk corresponds to a word over SUS™!. Since this word must be reduced,
G cannot be free. Since every Cayley graph is connected, this contradiction
shows that I' is a tree. O

In general, the reverse statement of Lemma does not hold as the fol-
lowing examples show.

Example 2.1.7. 1. The Cayley graph of the cyclic group Cs = (a) with {a}
as generating set if a tree on two vertices.

2. The Cayley graph of the group Z with S = {1,—1} as generating set is a
tree, too.



2.1. FREE GROUPS AND TREES 17

Essentially, the problems highlighted in Example are the only ones
preventing a successful reverse statement of Lemma [2.1.6] as we will see in the
following lemma.

Lemma 2.1.8. Let G be a group and let S be a generating set of G that satisfies
st #1 for all s,t € S. If the Cayley graph I'c s is a tree, then G is a free group
and S a free generating set of G.

Proof. Let F be a free group with free generating set S. We will show that F’
and G are isomorphic. According to Theorem [2.1.4] there is a group homomor-
phism ¢: F' — G, whose restriction to S is the identity. This homomorphism is
surjective since S generates G. In order to show that F' and G are isomorphic,
it suffices to verify that ¢ is injective. Let us suppose that there is a reduced
word over S U S~ in ker(y) that is not the empty word. Let s; ...s, be such
a word of minimum length. Because of p(s) = s # 1 for all s € S, we must
have n > 2. If n = 2, then we have 1 = (s152) = ¢(s1)¢(s2) = s182. Since
s152 is reduced, this contradicts the assumption st # 1 for all s, € S. So we
may assume n > 3. Due to minimality of n, the group elements ¢(s; ... s;) for
all 0 < < n are distinct since if there are i < j < n with s1...5; = 51...5j,
then s;41...s; is a word of shorter length over SUS™! with ¢(si41...5;) = 1.
Since the group elements ¢(s; ...s;) for all 0 < i < n are distinct, they induce
a cycle in I'g g. This contradiction to the assumption on I'g g shows that ¢ is
injective. O

We can even use the action on trees to characterise free groups.
Theorem 2.1.9. A group is free if and only if it acts freely on a tree.

Proof. By Proposition |1.2.10] every free group acts free on any of its Cayley
graphs. So Lemma shows the first implication.

Let the group G act freely on the tree T. Let T’ be a fundamental domain
of this action, which exists by Theorem Since G acts freely on T, there
exists a unique ¢ € G with 7" N gT”" # 0, which is g = 1; this is true, since
gv # v for all v € V(T”) and all g # 1 and since by definition of fundamental
domains, gv € V(T”) implies gv = v.

An edge is essential if exactly one of its incident vertices lies in 7”. Since
T’ is a fundamental domain, there is for every essential edge w some g, € G
such that the vertex of e that does not lie in 7" is contained in g.7”. Set

S :={ge € G| e is essential}.
We shall prove that the set S has the following properties:
(i) 1¢5;
(ii) S contains no involution;

(iil) if e, e’ are essential edges with g. = gs, then e = ¢’;
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(iv) for every g € S we have g~! € S;

(v) for every g € G with V(¢T") N (V(T") UN(V(T"))) # 0 we have g = 1 or
ges.

While (i) immediately follows from the definition of S, we need small proofs
for the remaining claims. Property (ii) is true, since every involution g, maps
the subtree g, " to T and thus must fix the uniquely determined edge e in T
between T” and g.T”, which contradicts the fact the action is free. Since T is
a tree and thus contains a unique edge connecting the subtrees 77 and g.T" we
obtain (iii). Since e connects the subtrees T and g.T", the edge g, 'e connects
the subtrees g; 7" and T" and we obtain (iv). Let g € G with V(gF)N(V(F)U
N(V(F))) # 0. If g # 1, then we already verified gF N F = (). Thus, g7’
contains a vertex incident with an essential edge e, which must not be the in T”
but in g.T’. So we have g 1gT' NT'" # 0. As we already verified above, we
obtain g;'g = 1 and thus g = g.. This shows (v).

Let S C S be a minimal subset such that S U S~! = S. This is possible
by (iv). By (ii) S and S™! are disjoint. Theorem and (v) imply that
SuU {1}, and hence also S, generates G. It remains to show that S is a free
generating set. For this, according to Lemma [2.1.8} it suffices to show that the
Cayley graph I'g,s is a tree. Let us suppose that I'g, s is not a tree. Since it is
connected, it contains a cycle hg...h,hg for some n > 2. The edge h,hy and
all edges h;h;y1 correspond to some element s, := hohgl or s; := hi+1h;1 from
S U S~ and these in turn belong to unique essential edges e; for all 1 < i < n
by (ii).

For every j < n the subtree s;T’ contains a vertex v; incident with the
edge e; and a vertex w; incident with the edge s;jej41. Since T” is connected,
there exists a path P; from h;v; to hjw; in hjs;T" = hj1T". Analogously, T”
contains a path P, from vg, the vertex in 7" incident with e,,, to the vertex wyq
in T’ incident with the edge e;. Then

v0P0w0v1P1w1 . vninnvo

is a cycle in T'. This contradiction together with Lemma shows that G is
a free group. O

We obtain the following corollary from the proof of Theorem [2.1.9

Corollary 2.1.10. Let T’ be a fundamental domain of a free action of a free
group G on a tree T'. Then there is a free generating set X of G such that the
set S defined in Theorem [1.3.9 satisfies the following:

S=XuXx-tu{1}. O

As corollary of Theorem we obtain a central result on free groups,
more specifially on their subgroups.

Corollary 2.1.11 (Nielsen-Schreier Theorem). Every subgroup of a free group
1s free.
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Proof. Let H be a subgroup of a free group G. Then G acts free on a tree T' by
Theorem As a subgroup of G, also H acts freely on T and thus is a free
group by Theorem [2.1.9 O

We want to finish this section with a lemma that guarantees the existence
of free subgroups in arbitrary groups under certain conditions.

Lemma 2.1.12 (Ping-Pong-Lemma). Let G be a group acting on X. Let
(As)icr, (Byi)ier with |I| > 2 be two families of non-empty subsets of X such that
all A; and Bj are pairwise disjoint. If there are g; € G such that X \ B; C g;A;
for alli € I, then (g; |i € I) is a free subgroup of G.

Proof. From X \ B; C g;A; we obtain X ~\ g;lBi C A; and hence X < A4; C
g; 'B; and g;(X \ A;) C B;.

Let s, ...s1 be a word over SU S™! for S := {g; | i € I'}. Let i,j € I with
51 € {gj,gj_l} and s, € {gi,9;'}. If i = j, then let k € T ~ {i}; otherwise set
k:=j. Let e € {1,-1} with s; = g5. If k # j, then pick z € A, U By. If
k = j and € = 1, then pick x € B;. If k = j and ¢ = —1, then pick x € A;.
Using induction on ¢, we obtain s;...s1x € B,,, if sy = g, for some m € I, or
Sg...517 € Ay, if sp = gt for some m € I. Thus, s, ...six lies in either A4; or
B; and in particular it does not lie in the set Ay U By, which contains x. Thus,
the element s, ...s; of G is distinct from 1. So (S) is free and freely generated
by S. O

2.2 The rank of free groups

In this section, we will show that the rank of free groups is well-defined.

Theorem 2.2.1. FEvery two generating sets of a free group have the same car-
dinality.

Proof. Let G be a free group. If S and S’ are infinite free generating sets of G,
then we must have |S| = |G| = |9’].

Let S be a finite free generating set of G. Every homomorphism ¢: G — Cs
is uniquely determined by the restriction of ¢ to the set S. Also, every map S —
C5 can be extended to a homomorphism. Thus, there are 2/ homomorphisms
from G to C5. Since this number only depends on G and not on the particular
generating set, we have 2/5 = 215°l for every generating set S’ of G. So S and
S’ have the same number of elements. O

Theorem [2:2.1]implies that the rank of free groups is well-defined. One might
assume that the ranks of subgroups of a free group G (which are free groups
themselves by Corollary are bounded by the rank of G. This however is
far from being true as our next result shows.

Proposition 2.2.2. Let G be a free group of rankn € N and let H be a subgroup
of G of index k € N. Then H is a free group of rank k(n — 1) + 1.
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Proof. Let T be the Cayley graph of G and a free finite generating set S. By
Lemma we know that T is a tree. Since G acts freely on its Cayley
graph, H acts freely on T', too. Since H has finite index in G and since G acts
transitively on T, there are at most |G : H| orbits of the action of H on T.
Thus, every fundamental domain 7”7 of the action of H on T, which exists by
Theorem is finite and has the size k = |G : H|. Since S is finite, T is
locally finite and hence the free generating set X of H defined in Corollary [2.1.10]
is finite. It remains to show that the size of X is k(n — 1) + 1.

The sum of all degrees in T of all vertices T” is 2n|T’| = 2nk, since T is a
2n-regular tree. The subtree T” contains |T'| — 1 = k — 1 edges, so there are
2kn —2(k—1) = 2(k(n—1)+1) edges with on of its incident vertices in 7" and
the other outside of T". O

We can apply the previous result to arbitrary finitely generated groups to
get informations about some of their subgroups.

Corollary 2.2.3. Let G be a finitely generated group. FEvery subgroup of G of
finite index is finitely generated.

Proof. Let H < G be a subgroup of G such that |G : H| € N. Let S be a
finite generating set of G and let F' be a free group with free generating set S.
Then there is a surjective homomorphism ¢: F — G such that p|s = id. Let
H' be the preimage of H under ¢. We shall show that |F': H'| < |G : H| for
the index of H' in F. For this, let g,h € F with gH' # hH'. Then we have
h=lg ¢ H'. So we have p(h™1)¢(g) = p(h~tg) ¢ H und hence ¢(g)H # ¢(h)H.
Thus, distinct cosets of H' will be mapped by ¢ to distinct cosets of H. Hence,
we have |F : H'| < |G : H|. By Proposition the group H' is finitely
generated. Since |y maps H' to H surjectively and since this map is defined
by its definition on a generating set of H' by Theorem the image of this
generating set must generate H. Thus, H is finitely generated. O

2.3 Group presentations

A corollary of Theorems and is the following.
Corollary 2.3.1. Every group is the image of some free group. O

This is the reason for us to define presentations of groups.

Definition. Let G be a group that is the image of a free group F' under some
homomorphism ¢. Let S be a free generating set of F. A word w over S U
S~1 with p(w) = 1 is a relator. A subset R C ker(p) is a set of defining
relators if (R)Y = ker(p), where (R)< is the smallest normal subgroup of F
that contains RE| If uv € ker(y), then we call p(uv) =1 a relation. A set of
relations is a set of defining relations if the corresponding relators form a set
of defining relators.

2Reminder: (1) A subgroup U is normal if U9 = U for all g € G. (2) Kernels of homo-
morphisms are normal subgroups.
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Remark. The smallest normal subgroup that contains the set R in a group G
must contain R~' and all 9 = g~ !rg for all » € R and ¢ € G. The finite prod-
ucts of elements of RUR™! and RY U (R™1)9 already form a normal subgroup.
This must be (R)<.

Definition. Let S be a set and let R be a subset of the free group F' that is
freely generated by S. Then we call (S | R) a presentation of a group G if
G = F/(R)Y and we write G = (S | R). Alternatively, R could be a set of
defining relations, as well. Then we call (S | R) a presentation of G if (S | R')
is a presentation of GG, where R’ is the set of those relators that belong to R.

We call (D | R) afinite presentation if S and R are finite or, if we emphasis
the group, we call it finitely presented if S and R are finite.

Example 2.3.2. (1) A free group F' with free generating set S has the presen-
tation (S| 0).

(2) Finite cyclic groups C,, have a presentation (g | g").

Theorem 2.3.3. Let S be a set and let R a set of words over S U S™!. Then
there is a group with presentation (S | R).

Proof. Let F be a group with free generating set S. Then the group F/(R)<
has (S | R) as a presentation. O

Similar to free groups, also groups with presentations have a universal prop-
erty.

Theorem 2.3.4 (Universal property). Let G = (S | R) and let F be a free
group with free generating set S. Let H be a group and let ¢: FF — H be a
group homomorphism. If o(r) =1 for all v € R, then there is a unique group
homomorphism : G — H with ¢(s) = ¢(s) for all s € S.

Proof. Let us define amap ¢: G — H in that we set 1(s) := ¢(s) and ¢(s71) :=
(p(s))7! for all s € S and ¥(s1...5,) = @(s1)...¢(s,) for all sq,...,s, €
S U S~L. Then 1 is uniquely determined by the equalities ¢(s) = (s) and
it remains to show that v is a group homomorphism. The homomorphism
properties directly follow from the definition of . So we just have to show
that v is well-defined. By assumption, we have (R) < ker(y). Since ker(yp) is a
normal subgroup, we also obtain (R)< < ker(). Thus, 1 is well-defined. ~ [J

The proof showing the free group of fixed rank are uniquely determined up
to isomorphisms (Corollary |2.1.5|) carries over almost verbatim to our situation
here and we obtain the following.

Corollary 2.3.5. FEvery two groups with the same presentation are isomorphic.

O
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2.4 Tietze transformations

In this section, we are interested in the relations between different presentations
of the same group. For this, we define four ways how to obtain new presentations
out of old ones without changing the group.

Definition. Let G = (S | R). Tietze transformations are the following four
possible modifications of the presentation (S | R):

(1) For R’ C (R)Y, we can add redundant relators

(S|R) — (S| RUR).

(2) For R’ C R with (R)< = (R')Y, we can remove redundant relators

(S|R) — (S| R).

(3) For a set S” with SN S’ =0 and a set {ws | s € S’} of words over SUS™1,
we can add redundant generators

(S|R) — (SUS"|RU{s 'w, | s € S'}).

(4) If S =508y and R = R'U{s tw;, | s € Sa}, where R’ is a set of relators
over S7 and {w; | s € Sy} is a set of words over Sy U Sfl, we can remove
redundant generators

(S| R) — (S1| R).

We obtain the following directly from the definition.

Remark 2.4.1. If (S’ | R) can be obtained from (S | R) using Tietze trans-
formations, then the two groups are isomorphic.

If we consider the reverse direction of Remark then it is not immedi-
ately obvious that distinct presentation of the same group can be transformed
into each other using Tietze transformations. But that this holds nonetheless,
we will prove in the next theorem.

Theorem 2.4.2. Two presentation define isomorphic groups if and only if there
18 a finite sequence of Tietze transformations that transforms one into the other.

Comment. In the literature, sometimes Tietze transformations are defined by
adding or removing only one generator or relator. Then the finiteness condi-
tion in Theorem has to be dropped. Instead, you will find the following
additional statement: If both presentations are finite, then the sequence can be
chosen to be finite, too.
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Proof of Theorem[2.4.2 1If a presentation is obtained from another presentation
by finitely many Tietze transformations, the Remark implies that both
groups are isomorphic.

For the reverse direction, let G7 := (S1 | Rg) and Gy := (S | Rs) be
presentations of isomorphic groups and let ¢: G; — G2 be an isomorphism.
We may assume that S; and Sy are disjoint. For s € S; let ws be a word over
Sy U 551 such that p(s) = ws and for s € Sy let ws be a wordover S U Sfl
such that p=1(s) = ws. Let i # j € {1,2}. Wie consider the following Tietze
transformations:

<SZ | RZ> — <Sl U Sy | R, U {silws ‘ s € S]}>
— <51 U Ss | R; U {8_111)5 ‘ s € S]} U {8_111)5 | s € Sz} U R]>

Thus, we can transform both groups using Tietze transformations into a third
group. Since Tietze transformations are closed under reverting a transforma-
tion, we can transform (S; | Ry) into (Se | Re) by a finite sequence of Tietze
transformations. O

We are interested in if we can transform an arbitrary presentation of a finitely
presented group into a finite presentation and if so how we can do it. First, we
deal with the generating set.

Theorem 2.4.3. Let G = (S | R) be a finitely generated group. Then there
is a finite subset S’ of S and a set R’ of relators over S’ U S'~! such that
G (S| R).

Proof. Let X be a finite generating set of G. Then there exists for every € X
a word w over S U S~! such that w = z. Thus, it suffices to take some finite
subset S’ of S to write every x € X as word over S'US’~!. For every s € S5
we may choose words v, w, over S’ US’~1 such that s = v, and s~! = w, and
such that the free reduction of vs,ws is the empty word. We replace in every
word in R each subword s by v, and each subword s~! by w,, then we obtain
a set R’ of relators such that (S| R) = (S’ | R'). O

Theorem 2.4.4. Let G = (S | R) be a finitely presented group and let S be
finite. Then there exists a finite subset R' of R such that G is isomorphic to
(S| R).

Proof. Let (X | Q) be a finite presentation of G. For s € S let ws be a word
over X U X! such that s = w, and for z € X U X~! let v, be a word over
S U S~ such that x = v,. Using Tietze transformations, we can modify the
presentations as follows.

(X1Q) — (SUX | QU{s ws | s €5})
— (SUX | QU{sw, |s€ StuU{z " v, |z € X}).

Additionally, we can apply two Tietze transformations to replace the set @) by
a set Q[S] that was obtained as follows: for every ¢ € Q we replace every
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r € XUX tin g by v,. Analogously, let w’, be obtained from w, by replacing
every x € X U X! by v, for every s € S.

(SUX | QU{s ws|seStu{z v, |z € X})
— (SUX | Q[S|U{s™ ! |seStu{z v, |z € X}).

We remark that Q[S] is a finite set since @ is finite. Now, some generators are
obsolete and we remove them.

(SUX|Q[STU{s . |se Stu{z " v, |z € X})
— (S| Q[S|U{sw, | s € S}).

Since Q[S] and S are finite sets, the presentation (S | Q[S]U{s™ 1w/ | s € S}) is
a finite presentation of G. Since each of those finitely many relators in the set

QIS|U{s . | s € S}
lies in (R)<, we find a finite subset R’ of R such that G = (S | R'). O
Remark 2.4.5. In an exercise we shall see that, generally, for presentations

(S | R) of some finitely presentable group G it is not possible to find finite
subsets S” C S and R’ C R such that G = (S’ | R').

2.5 Group products

In this section, we will discuss several possibilities how to obtain new groups
from old ones. Most of the time, these will be products; just the ‘HNN extension’
has a different role.

Definition. Let (G;)icr be a family of groups. The direct product [],.; G;
of the G; is defined on the cartesian product of the G; where multiplication is
given componentwise (g;)ier - (hi)icr := (gihi)ier-

Example 2.5.1. (1) Z" with componentwise addition is the direct product of n
copies of Z.

(2) If m,n € N are coprime, then C,, x C,, = Cppn.-

2.5.1 Free products (with amalgamation)

Definition. Let (G;);cr be a family of disjoint groups with G; = (S; | R;). Let
A be a group and, for every ¢ € I, let t;: A — G; be a monomorphism. Then
the group

<U siiUrU U (@) () | ac A}>

iel iel i#jel
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is the free product of the (G;);cr with amalgamation over A and we
write G = 4 ;crG;. If A =1, then we call the product simply the free product
and write G = *;¢1G;.

If the groups G; are not disjoint, we can make them disjoint artificially, e. g.
by identifying every g € G; with (g,7). Thereby, we can define free product of
groups that need not be disjoint families (G;);e;.

Theorem [2.3.3] implies the existence of free products with amalgamation
immediately.

Theorem 2.5.2. Let (G;)icr be a family of groups. Let A be a group and,
for every i € I, let 1;: A — G; be a monomorphism. Then the free product of
amalgamation x4 ;c1G; exists. ]

Example 2.5.3. Let F be a free group with free generating set S. Let S be
a partition of S. For every X € S let Fx be a free group with free generating
set X. Then F = xxcsFx.

Definition. Let (G;);c; be a family of groups. Let A be a group and, for
every i € I, let 1;: A — G; be a monomorphism. For every i € I let X; be a
transversal of (;(A4) in G, i. e. a subset of G; that contain exactly one element of
each right coset of ¢;(A) in G;, where 1 is the element in X for the left coset ¢;(A).
A reduced form is a finite sequence g ...g, with g; € {J;c; Gi ~ {1} such
that g; € G; implies g;4+1 ¢ G;. A normal form over (G;);cr and A is a finite
sequence ag ... gn with a € A and g; € [J;c; Xi~ {1} such that g; € X; implies
gi+1 ¢ Xi. We call n the length of the reduced form or the normal form. A
(reduced form or) normal form is trivial if n = 0 and a = 1.

Remark 2.5.4. Let (G;)ic; be a family of groups. Let A be a group and,
for every i € I, let 1;: A — G; be a monomorphism. If A = 1, then G; is a
transversal of ¢;(A) in G; and thus, for free products, a reduced form is always

a normal form. That is why we will use both notions interchangeably.

Theorem 2.5.5. Let (G;)icr be a family of groups. Let A be a group and, for

every i € I, let 1;: A — G; be a monomorphism. Let X; be transversals of 1;(A)

in G;. Then every g € *a,,c1G; has a unique normal form over (G;)ier and A.
In particular, there exists no non-trivial normal form for 1.

Proof. First, we show the existence of a normal form and then its uniqueness.
Let g = s1...5, with s; € [J;c; S for all 1 < j < n. If there exists 1 € I
with s1,...,s, € 5;, then there exists € X; such that the coset ¢;(4)x in G;
contains g. There exists a € A with ¢ = ¢;(a)x and then az is a normal form
over g. For general g, we apply induction on the number of subwords of s7 ... s,
that lie in some common S;. Let s;...s, be such that all s;,...,s, lie in a
common S; but such that s;_; does not lie in S;. As we already saw, there
exists a € A and z; € X; such that ¢;(a)z; = s;...5,. Let ¢ the index such
that s;_; € Sy. Because of ;(a) = vy/(a), there exists 59, ..., 8} € Sy such that
vir(a) = s} ... s;. By induction, sy ...s;_15}...s) has a normal form bz, ... s.
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If 25 ¢ S;, then bxy ... 1 is a normal form of g. Otherwise, ¢, (b)x¢ . .. x1, where
m € I with zy, € X,,, has fewer maximal subwords in some common S, for some
p € I and we can apply induction directly to obtain a normal form o'y, ...y
of ¢ty (b)xg ... 21, which is also a normal form of g.

To show uniqueness of the normal form, we will apply an argument that is
similar to the on we used for the existence of free groups in Theorem Let
2 be the set of normal form over (G;);cr and A. For g € J,; Gi, let pg: Q@ — Q

iel
such that
brgy, ... g1, if g, ¢ Gi,
agi ... gn >V ghgn-1...q1, if g, € G; and g, # 271,
bGn_-1---91, if g, € G; and g, = 271,

where g € G; and ¢;(b)x = gt;(a) such that b € A and € X; or in the second
case b € A and g], € G; such that (;(0')g), = gti(a)g,. It is easy to see that
wg and pg-1 are inverse functions. So both of them lie in Sg. We consider
the subgroup H = (¢, | g € U;c; Gi) of Sq. Note that each G; acts on
and for every i # j the maps ¢,,(,) and ¢, () coincide. So we can extend the
canonical map | J;c; Si — H, g — ¢, to a homomorphism 4 ;c;G; — H by
Theorem m (universal property for group presentations). This implies that
for every g € G its image ¢, is unique determined. If cx;...xj is a normal
form of g, then ¢g(1) = Yoz, ... Yz, (1) = cx1 ... 2. If y1 ... yp is a different
normal form of g, then we have

Ay oy = Gt Py« - Py (1) = 0g(1) = @cpuy - o, (1) = cx1 ... k.

Since c'y; ...ye and cxy ...z} are the same element in , we must have ¢ = ¢/,
k =/ and z; = y; for all 1 <4 < k. This shows the uniqueness of the normal
form. ]

For free products with amalgamation over a non-trivial group, the reduced
forms need not be unique. But for free products, this still holds, as we mentioned
in Remark Thus, we obtain the following corollary.

Corollary 2.5.6. Let (G;)icr be a family of groups. For every g € %;c1G; there
exists a unique reduced form over (G;)icr. O

As another corollary of Theorem [2.5.5] we obtain the existence of monomor-
phisms ¢;: G; = %4 ,e1G;.

Corollary 2.5.7. Let (G;)ier be a family of groups. Let A be a group and, for
every i € I, let 1;: A — G; be a monomorphism. Then there exist canonical
monomorphisms ;: G; — *4,:c1G;.

Proof. Obviously, there are canonical homomorphisms ¢;: G; — *4,;c7G;. Let
X; be a transversal of ¢;(A) in G;. Since there exists for every g € G; exactly
one a € A and z € X; with ¢;(a)z = ¢g and since ax is a non-trivial normal form
of ¢;(g), we obtain ¢;(g) # 1. Thus, p; is injective. O
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We obtain additional properties for the free product with amalgamation
directly from Theorem the universal property for group presentations and

Corollary

Theorem 2.5.8 (universal property). Let (G;)icr be a family of groups. Let
A be a group and, for every i € I, let 1;: A — G; be a monomorphism and
let ¥ Gy — *4,;c1G; be the canonical monomorphisms. Let G be a group and
let w;: G; — G for all i € I be homomorphisms such that p;t; = @;i; for all
i, € I. Then there exists exactly one homomorphism ¢: *4c1 G; — G such
that i, = @; for alli € I. O

Corollary 2.5.9. Let (G,)icr be a family of groups. Let A be a group and, for
every i € I, let v;: A — Gy be a monomorphism. Then x4 ;c1G; is uniquely
determined up to isomorphisms. [

Definition. Let (G;);cr be a family of groups. A reduced form g ...g, is
cyclically reduced if n =1 or if g; and g,, do not lie in the same G;.

Lemma 2.5.10. Let (G;);cr be a family of group.
(1) Every element of *;c1G; is conjugated to a cyclically reduced form.

(2) Ifg=g1-..gn and h = hy ... hy, are two cyclically reduced forms such that
g and h are conjugated in *;c;G;, then m = n and each reduced form is a
cyclic permutation of the other.

Proof. Statement (1) follows directly by iterated conjugations with g, ! as long
as necessary. This process terminates since the length of the reduced form gets
strictly smaller for each conjugation.

Let f € %;c;G; with g = b/ and let f; ... fx be a normal form of f. If k =0,
then (2) is a consequence of Corollary Since f and h are in reduced form
and g is in cyclically reduced form, and thus in normal form, and since

GG =Fft T R fr e

Corollary implies that fl;l e fflhl wo.hmfi... fr is not a normal form.
So either fi and hy or f1 and h,, lie in the same factor G;, which contains neither
f2 nor hy nor h,,_1. Then we must have f; = hy or h,, = fl_l: otherwise we
obtain a contradiction to the uniqueness of reduced form for the two cases k = 1
and k # 1. Thus, we have

Gign =T fotha . hmbifa. . fi
or
gl...gn:f,;l...f{lhmhl...hmflfg...fk

and by induction, we have m = n and the two reduced forms g ...g, and
hi ...h, are cyclic permutations of each other. O

Definition. An element of a group is a torsion element if it has finite order.
A group is torsion free if its only torsion element is 1.
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We will prove two results on torsion elements or their absence in (sub-)groups
of free products.

Theorem 2.5.11. Let (G;)icr be a family of groups. Every torsion element of
*;c1G; 1s conjugated to a torsion element of one of the G;.

Proof. Let g € *;c;G; be conjugated to an element h with cyclically reduced
form h = hy...h,. The element h exists by Lemma . It suffices to
proven=1. If n > 1, then hy...hy...h1...hy, is the normal form of A*. It is
distinct from 1 and thus h and g have infinite order. O

Theorem 2.5.12. Let G and H be finite groups. Then every torsion free sub-
group of G x H is a free group.

Proof. First, we will construct a tree that admits an action of G H. Let T be
the graph with vertex set

V(T) ={9G,gH | g € G+ H},
i.e., the vertices are the cosets of G and H. The edge set of T is
E(T) = {{9G,gH} | g€ G+ H}.

To prove that T is connected, it suffices to find a path from G to gG or gH for
every g € G. Let g7 ...g, be a normal form of g. We may assume that g; € H.
Then

G, H =g H,9:G = 192G, 192 H = g19293H, ..., (91 ... 90)G

is a path that starts at G and ends at (g1 ...9,)G = gG (or at (g1 ...9,)H =
gH). Thus, T is connected. Every path from G to gG defines a sequence
hi...hy, with h,, ¢ G such that two consecutive h;, h;11 are not both in G
or not both in H. Thus, hj...h,, is a normal form of an element of gG and
there exists h,,+1 € G with hy...hp41 = g. The uniqueness of the normal
form of g (T heorem implies that the path from G to gG in T is uniquely
determined. Thus, T is a tree. By Example ) the group G« H acts on T
by multiplication.

Let us show that every vertex and every edge has a finite stabiliser in G H.
First, we have a look at the vertices. Since G x H acts transitive on the cosets
of G as well as on the cosets of H, it suffices to that the stabilisers of G and of H
are finite by Lemma [1.1.10] The stabiliser of G in G x H is G, since ¢G = G
holds if and only if g € G. Thus, it is finite. Analogously, the stabiliser of H is
finite. By the definition of the edges, we directly get that G« H acts transitively
on the edges. Thus, by Lemma [I.1.10] it suffices to show that the stabiliser of
{G, H} is finite. Theoremimphes that neither gG = H nor gH = G holds
for any g € G * H. Thus, the stabiliser of {G, H} is a subgroup of G and of H;
in particular, it must be finite. Thus, all stabilisers of vertices and edges are
finite.
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Let F be a torsion free subgroup of G* H. Then F acts on T and this action
must be free, since the elements in the stabilisers of vertices or edges have finite
order and there are none of such elements in F'. Theorem implies that F
is a free group. O

Remark. Theorem [2.5.12] also holds for free products of any finite number of
groups, also with amalgamation. But in that proof, the construction of the tree
has to be altered a bit. (How?)

2.5.2 HNN extensions

In this section, we will define an extension of groups that is not a product.
The idea of this extension is to realise an isomorphism between subgroups as
conjugation in the larger group.

Definition. Let G = (S | R) be a group and let A, B < G. Let ¢: A — B be
an isomorphism. Then the group G, with presentation

(SU{t} | RU{a' = p(a) | a € A})
is the HNN extensiond| of G.

Remark 2.5.13. In view of Theorems and and Corollary
we obtain the existence of HNN extensions, their universal property and their
uniqueness (up to isomorphisms).

Next, we will define a normal form for HNN extension similar to the normal
form for free products with amalgamations.

Definition. Let G*, with ¢: A — B be an HNN extension of G. Let X be
a transversal of A and let Y be a transversal of B in G. A reduced form is
a finite word got'g; ...t°"¢g, with n > 0 and ¢; = £1 such that no subword
t~1g;t with g; € A and no subword tg;t~! with g; € B exists. A normal form
over G and t is a finite word ggt'g; ...t°" g, with n > 0 and e; = £1 such that
go € G and such that the following hold.

(i) If e, =1, then g; € Y.
(ii) If g, = —1, then g; € X.
(iii) If g; = 1 for some ¢ > 0, then ; # —€;41.

We call n the length of the reduced form or normal form. A reduced form or
normal form is trivial if n =1 and g9 = 1.

We will show that every element of G, has a unique normal form. This
will allow us to prove that we can embed G into G*, canonically.

3HNN stands for the authors of the article in which this extension was treated in depth
first: Graham Higman, Bernhard H. Neumann and Hanna Neumann.
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Theorem 2.5.14. Let Gx, = (SU{t} | RU{a' = ¢(a) | a € A}) be an HNN
extension of the group G = (S | R) with isomorphism ¢: A — B. Then every
g € G*, has a unique normal form.

Proof. Let X be a transversal of A and let Y be a transversal of B in G. We
divide the proof into two parts: the existence and the uniqueness of the normal
form. First, we will show the existence of a normal form for each g € G*,. We
can write g as product of the generators of G*,. So there exists g; € G and
€; = 1 such that g = got®'g; ...t g,. We may assume that got°'g; ...t°"g, is
a reduced form, since we can replace every a! or b forac A, b € B by p(a)
or ¢~ 1(b), respectively. Let us first consider the case €, = —1. Let h, € X
and a € A with ah, = ¢,. Then there exists b € B with b = a'. Thus, we
have t~tah,, =t~ tatt~'h,, = bt~1h,, and set 9h_1:=gn—1b. The case g, =1 is
analogous. By induction on n, we know that got*'g; ...t*"~'g/,_; has a normal
form hot®! ... h.,,. Thus, g has the normal form hot®! ... h,,t*"~1g/,_;; note that
the case h,, = 1 and €,,, = —&,,_1 cannot happen: if h,, = 1, then g/, ; € B (if
en=—1)org,_, € A(if &, = 1) by induction and hence we have g,—1 € B or
gn—1 € A, which contradicts that ggt°tg; ...t°"g, is a reduced form. We note
that we have m = n — 1 since the number of ¢ or ! does not change during
the induction.

Let us now show the uniqueness of the normal form. For this, we apply the
same method as in the proofs of Theorems [2.1.3] and 2.5.5] Let Q2 be the set of
normal forms over G and t. We define an action of G, on §2. For g € G we
define the map pg4: Q@ — Q,

9ot g1 .. .t gn — (990)t7 g1 . . . 15" gn,

for t we define the map ¢;: Q — Q,

agit®®gy ... t°gy, fy=1and e = —1,
got®rgr ... t°"gn > < atytSigy ... t°ng,, ify#1and e = —1,
atyttgy ... t°7g,, ifeqg =1,

where gg = by with b € B, y € Y and a' = b, and for t~! we define the map
Pe-1: Q — Q7

bg1t2gs ... t°" gy, ifr=1and e =1,
gott gy .. .t gy = L bt lnttigy L tg,, fx#£1ande; =1,
bt~ latfigy ... t°ng,, ife = —1,

where go = ax with a € A, x € X and b= Obviously, all ¢, are elements
of Sq, since p, and ¢,-1 are maps that are inverse to each other. Also, it is
easy to see that ¢y and ;-1 are inverse to each other, so they lie in Sq, too. We
consider the subgroup H = (¢4 | g € G U {t}) of Sq. We note that the image
g € Sq is defined for every g € G and that ¢, = @19, holds for all a € A
and for b = ¢(a). As in the proof of Theorem [2.5.5] we can extend the canonical
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map SU{t} —» H,g— g Vvia the universal property for presentations of groups
(Theorem to a homomorphism G*, — H. Thus, for every g € Gx,, its
image ¢4, € H is uniquely determined. If got*'g; ...%°" g, is a normal form of g,
then

©g(1) = gopt=1 gy - - - Pren Pg,, (1) = got™ g1 .. .t gn.

If hot''hy ...t h,, is another normal form of g, then

hot® hy ...t hy,
= QOhoPi1 Phy - - - Ptom Ph,, (1)
= Sﬁg(l)
= PgoPte1Pgy - - - Pten g, (1)
= g1t ga ...t g,.

The two elements hot’'hy ...t h,, and got'g; ...t g, must be the same el-
ement in 2 and thus the same normal form. So we have m = n, g; = h; and
g; = 6; for all 0 < i < n. This shows the uniqueness of the normal form. O

Corollary 2.5.15. Let Gx, be an HNN extension for a group G and an iso-
morphism p: A — B. The the following statements hold.

(1) The canonical map : G — Gx, is a monomorphism and t generates an
infinite subgroup.

(2) (Britton’s lemma) Let w := g1t°'ga...t"~1g, be a reduced form over G
andt. If n > 1, then w # 1.

Proof. For every g € G, the word g is a normal form. If g € ker(¢)), then g =1
in G*,. So 1 would have two distinct normal forms: 1 and g, which contradicts
Theorem For n € N, every t" or t~" has the normal form 1t1¢...1¢1 or
1t~ 11¢=1 ... 1711, respectively. Thus, ¢ has infinite order. This shows (1).

Let got®' gy ...t gy, be a reduced form over G and ¢. By our construction of
the normal form from the reduced form in the proof of Theorem we have
not changed the number of occurrences of ¢ in that process. Since 1 € G*,, has
no non-trivial normal form by Theorem we obtain (2). O

Corollary 2.5.16. Let G*, be an HNN extension of G for the isomorphism
©: A — B. Then the subgroup of G, that is generated by G and G* is isomor-
phic to the free product of those two groups with amalgamation over A, where
11 = @ and 3 is the conjugation with t, i.e. (G,G?) =2 G x4 G*.

Proof. First, we note that the relators in the definition of the free product with
amalgamation of G and G! are already satisfied in (G, G*). Thus, K := (GUG")
is a homomorphic image of G x4 G'. Let agihligs...gmh%, be a non-trivial
normal form in G x4 G* with m > 1, where g; = 1 or h,, = 1 may hold. This
is a reduced form in Gx, and by Britton’s lemma (Corollary ) it is
distinct from 1. Thus, K is already the free product with amalgamation of G
and G*. O
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Theorem 2.5.17 (Higman-Neumann-Neumann). Let G be a countable group.
Then there exists a group H that has a generating set consisting of two elements
such that G < H.

Proof. Let G = {go0,91, ...} with go = 1 and with repetitions if necessary. Let F
be a free group with free generating set {a,b}. The sets {b~ab’} and {a~‘ba’}
both freely generate free subgroups A and B of F' (cf. Exercise 2 on Sheet 2).
We consider the subgroup K of G * F generated by {g;a~*ba’ | i € N}. Then
the extension of the maps ¢: G — F,g — 1 and the identity on F extends
to a homomorphism from G * F — F by Theorem [2.5.8 the projection to F.
Thus, any non-trivial reduced word in K that represents 1 is mapped onto a
non-trivial reduced word in B. Since B is free, this contradiction shows that K
must be free as well and has {g;a=%ba’ | i € N} as a free generating set.

We consider the map ¢: A — K that is induced uniquely by (b~ ‘ab’) =
gia"'ba’. Let H be the HNN extension of G * F with the isomorphism 1.
By Corollaries and we find a canonical isomorphic image of G in
G % F and in H. Since the image of every g, is generated by t,a,b, we have
(t,a,b) = H. Since go = 1, we have

tat=t = tgob %ab’t™! = a %’ = b.

So we have H = (t,a) and thus (an isomorphic image of) G lies in a group
generated by two elements. O
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Quasi-Isometries

3.1 Word metric and quasi-isometries
Definition. Let G be a group and let S be a generating set of G. The word
metric dg of G with respect to S is the metric of the Cayley graph of G and S.

Remark 3.1.1. Let G be a group and let S be a generating set of G. Then
ds(g,h) is the length of a shortest word that represents g~'h for all g,h € G,
i.e., we have

ds(g,h) =min{n € N|3s;...5, € SUS 1 gt h=s51...5,}.

Remark 3.1.2. Let G be a group and let S be a generating set of G. Left /
right multiplication is an action of G on the metric space (G, dg). In particular,
the multiplication with an element induces an isometry on G.

We directly observe that distinct generating sets can lead to distinct word
metrics.

Example 3.1.3. Let S; = {1} and Sy = Z be two generating sets of Z. Then
we have dg, (g,h) = |g — h| and dg,(g,h) =1 for all g # h € Z.

If we look at distinct locally finite Cayley graphs for the same finitely gen-
erated group, then the word metrics are ‘essentially’ the same. To make this
precise, we introduce the notion of quasi-isometries.

Definition. Let (X, dx) and (Y, dy) be two metric spaces.
(1) Let f: X — Y be a map.

— The map f is a quasi-isometric embedding if there are constants
v € R>; and ¢ € R>¢ such that

1
;dx(x,x’) —c<dy(f(z), f(z") <vdx(z,2') +c
for all z, 2’ € X.

33
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— The map f is quasi-dense if there is a constant ¢ € R>( such that

dY(ya f(X)) S (&

forally e Y.
— The map f is a quasi-isometry if it is a quasi-dense quasi-isometric
embedding.

(2) The metric spaces X and Y are quasi-isometric if there exists a quasi-
isometry f: X — Y. Then we write X ~gr Y.

(3) Let f: X — Y and ¢g: Y — X be quasi-isometries. They are quasi-
inverses of each other if there exists ¢ > 0 such that for all z € X and all

y €Y we have d(z, g(f(x))) < cand d(y, f(g9(y))) < c.

Proposition 3.1.4. (i) The relation ~qgr is an equivalence relation on the
class of metric spaces]T]

(ii) For every quasi-isometry there exists a quasi-inverse.
Proof. Exercise 0

Proposition 3.1.5. Let G be a finitely generated group and let S1,S2 be two
finite generating sets of G. The identity idg: (G,ds,) — (G,ds,) is a quasi-
isometry between these two metric spaces.

Proof. We may assume that G is not trivial. Thus, neither S; nor Ss is empty.
Since id¢g is surjective, it is obviously quasi-dense and it remains to show that
it is a quasi-isometric embedding. Set

v :=sup{ds,(1,s) | s € S1 U Sfl}.

Since S; is finite but not empty, we have v; € N~ {0}. Let g,h € G. Let
81,...,8, € S1U Sl_1 for n = dg, (g, h) such that gs; ...s, = h. Then we have

ds,(g,h) = ds,(g,951- - 5n)

ds;(9,951) + ds, (gs1, gs152)
+...+ds,(gS1.--Sn—-1,951 .- Sn)
ds,(1,51) +ds,(1,82) + ...+ ds,(1,8,)
7in

= 71d51 (ga h)

IN

IN

Analogously, there exists
Yo :=sup{ds, (1,5) | s € S, U S; '}

and we have dg,(g,h) < v2ds,(g,h). Set v := max{7y1,72}. Then idg is a
quasi-isometric embedding for the constants v and ¢ = 0. O

IFormally, relations are defined only on sets; here we think of their canonical definition for
classes.
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Because ~q; is an equivalence relation and distinct word metrics of finitely
generated groups and finite generating sets lead to quasi-isometric metric spaces,
the following definition is well-defined.

Definition. Let G and H be finitely generated groups.

(1) We call G quasi-isometric to a metric space X if for oneﬂ finite generating
set S of G the metric space (G, ds) (and thus the Cayley graph of G and S)
is quasi-isometric to X.

(2) The groups G and H are quasi-isometric if there is a metric space X that
is quasi-isometric to both groups.

Example 3.1.6. For every n € N, the group Z"™ is quasi-isometric to the
euclidean space R™, since the canonical embedding is a quasi-dense map that is
a quasi-isometric embedding with respect to the word metric for the standard
generating set S of Z".

Example 3.1.7. Let G and H be finite groups. Then G and H are quasi-
isometric for constants v = 1 and ¢ = max{|G|, |H|}.

3.2 Svarc-Milnor lemma
Definition. Let X be a metric space.

(1) Let £ € R>g. A geodesic of length / is an isometric embedding f: [0,¢] —
X. Its starting point is f(0) and its end point is f(¢).

(2) The metric space X is geodesic if there exists a geodesic of length d(z,y)
with starting point x and end point y for all z,y € X.

(3) A quasi-geodesic is a quasi-isometric embedding f: I — X of a closed
interval I = [t1,t2] CR. Then f(¢1) is the starting point and f(¢2) is the
end point.

(4) The metric space X is quasi-geodesic if there are two constants ¢ € R>1
and v € R such that there is a quasi-geodesic with constants v and ¢ and
with starting point x and end point y for all z,y € X.

Remark. (1) Every geodesic metric space ist quasi-geodesic.

(2) Every quasi-geodesic metric space with constants v = 1 and ¢ = 0 is
geodesic.

Example 3.2.1. (1) Let I be a graph. Between every two of its vertices z, y,
there exists a path of length d(z,y). Thus, graphs are quasi-geodesic metric

2and hence (by Proposition [3.1.5) for every
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spaces for v = 1 = ¢. In general, I' is not a geodesic metric space. Never-
theless, we interpret them as geodesic metric space: by interpreting edges
as isometric copies of [0, 1]E| the graph becomes a geodesic metric spaceE|

(2) The space R? with the euclidean metric is a geodesic metric space.

(3) The space R? \ {0} with the metric induced by the euclidean metric on R?
is not geodesic, but it is quasi-geodesic for v = 1 and every ¢ > 0.

Theorem 3.2.2 (Svarc-Milnor lemma). Let G be a group acting on a metric
space XE| Let X be quasi-geodesic for v € R>1 and c € Ry and assume that
there exists a subset B C X with the following properties.

(i) the diameter of B is finite;

(i) Ugeq 9B = X;

(iii) For B' :={x € X | d(x, B) < 2c}, the set S :={g € G| B'NgB’ # 0} is
finite.

The following statements are true.
(1) The set S generates G; in particular, G is finitely generated.
(2) Forallz € X, the map ¥,: G — X, g — gz is a quasi-isomelry.

Proof. We will show (1) in a similar way as used for Theorem Let g € G.
We want to write g as a finite product of elements of S. Let z € B and let
v: [0,4] = X be a quasi-geodesic for constants v and ¢ that starts at = and end
at gx. Set n := [%ﬁ Set t; :=j- £ forall j € {0,...,n —1} and ¢, := { and
set z; == @(t;) for all j € {0,...,n}. By (ii) there exists for every 0 < j < n
some g; € G with z; € g;B. We may assume that gy = id and g, = g, because
ro = x and x, = gx.
We have

C
d(@j, xj1) <7 [t —tj+1|+CS7';+C=2C-

Thus, x;41 lies in g;B’. Since it is also contained in g;41B’, we obtain
g;iB' NgjB #0

and hence s; := gj_lgj+1 € S. So we have g = s¢-+-$p,—1 € (S), which im-
plies (1). The additional statement is an immediate consequence of (iii).

For the proof of (2), we may assume x € B by (ii). We immediately obtain
from (i) and (ii) that v, is quasi-dense in X for the constant diam(B): for

3e.g. as in the case of planar graphs

4This will not play a major role for us. It will not be important whether we consider them
as geodesic of just quasi-geodesic metric spaces.

5Note that every g € G induces an isometry on X.
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every y € X there exists by (ii) a ¢ € G with y € ¢gB and thus we obtain
d(y, ¥2(G)) < d(y, gz) < diam(B) by (i).

Let ¢: [0,¢] = X be a quasi-geodesic starting at z and ending at gz for
constants v and ¢ as in the first part of the proof and let n € N as we defined
it in that part. Then we obtain

d(%(l),%(g)) = d(x,gm)
= d((0),¢(0))

1

> —(—c
5

> l'c(n—l)_c
Y Y

(309
y? 72
C C

> ?ds(l,g) - (,}/2 JFC) .

For the second inequality, let s1...s, € S with g = s1..., and n = dg(1,9).
Because of s;B'N B’ # () for all 1 < j <n — 1, we have

(2 (1), ¥2(9)) = d(x, gz)
< d(z,s12) + d(s1w, 81822) + . ..
+d(s1...5,-12,81...5,T)
= d(z,s1z) + d(z, sox) + ... + d(z, s,2)
< n-2diam(B’)
< 2diam(B’) - ds(1,g).
For ' := max{é, 2diam(B’)} and ¢’ := -5 + ¢, the map ¢, is a quasi-isometric
embedding. Thus, we obtain (2). O

Corollary 3.2.3. Let G be a finitely generated group and let H be a subgroup
of G of finite index. Then H is finitely generated and H ~qr G.

Proof. Let S be a finite generating set of G. The left multiplication of H on G is
an action of H on the metric space (G, dg). By definition of dg, the space (G, dg)
is a quasi-geodesic metric space for v = ¢ = 1 according to Example [3.2.1](T).
Let B be a transversal of the right cosets of H in G. Since |G : H]| is finite, B is
finite as well. Since B and S are finite, also the set B’ := {g € G | ds(g, B) < 2}
is finite. Hence and since H acts freely on G, the set {h € H | B NhB’ # (0}
is finite. Because of HB = (G, all assumptions of Theorem [3.2.2] are satisfied
and obtain that H is finitely generated and that the embedding id: H — G is
a quasi-isometry. O

Corollary 3.2.4. Let G be a group and let H be a subgroup of G of finite index.
Then G is finitely generated if and only if H is finitely generated. O
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3.3 Quasi-isometry invariants

In the rest of this chapter, we are interested in properties that are preserved by
quasi-isometries. These are algebraic properties as well as geometric ones. For
the geometric properties, we will also have a look at what algebraic results for
groups they imply.

Definition. A quasi-isometry invariant (with values in a set U) is an as-
signment P of finitely generated groups in U with P(G) = P(H) for all finitely
generated groups G ~qgr H.

We have seen in Example[3.1.7]that being finite is a quasi-isometry invariant.
Now we will show that finite presentability is one, too.

Theorem 3.3.1. Finite presentability is a quasi-isometry invariant for finitely
generated groups.

Proof. Let G be a finitely presented group and let H be a finitely generated
group. Let Sg and Sy be finite generating sets of G and H, respectively, and
let R be a finite sets of relators of G such that G = (S¢ | Rg). Let o: G — H
be a quasi-isometry and let ¢: H — G be a quasi-inverse of ¢, where v > 1 and
¢ > 0 are the constants for the quasi-isometries and c¢ is the constant for the
quasi-inverse. We may assume that ¢(1) = 1 and ¢(1) = 1. For all g,h € G,
let w, 5 be a shortest word over Sy U Sy' such that o(g)w,n = ¢(gh). We
choose wy,;, such that wgy, -1 is the inverse word’| of wy . Analogously, we
define words vy, 5 over Sg U S&l for g,h € H.

Let w = s1...s, be a word over Sy U S;Il with w = 1. We replace every
letter s; by ws,...s;, ;,s;- Thereby, we obtain a word v = vy ... v over Sg U 551
with v = 1. Note that there are subwords v; . SV for all j < m such that
v ...v;; =P(s1...55) and such that i; < iy for j < j'. We say that v visits all
P(0),...,9%(s1...s,) in that order.

Since v lies in the normal subgroup generated by Rg in the free group
generated by Sg, there are ri,...7,, € Rg and words pi,...pm, such that
pl_lrlpl e D mpm has v as a reduction. We apply the same method we used
to obtain v from w to all r; and p; using the words v, s in order to get words
i and p} over Sy U Sy . Then w' := py = rip}...p,, " rl.pl, is a word over
Spr U Sy" that represents 1. Note that w’ visits ¢(1(0)), ..., %(¢(s1...5,)) in
that order.

For 1 < i < n, let x; be a shortest word such that s1 ...s;2; = p(¥(s1...5;)).
Note that the length of z; is at most ¢, since ¢ and 1 are quasi-inverse. Let
y; be the subword of w’ from the word that represents p(¢)(s1...8,-1)) to
©(¥(s1...8;)). Note that the length of y; is at most v + ¢. Then z; :=
;viyi+1x;_~_lls;_~_11 is a word of length at most v + 3¢ + 1 that represents 1. If
we consider the word

w” = 20(5121871) o (810 Sn_12n-15,1 87 )81+ Sy

61f s7' ... s5" is a word, then we call the word s;,“™ ...s] °! its inverse.
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then it can be reduced to w’. Thus, w lies in the normal subgroup of the free
group generated freely by Sp that is generated by all z; and all 7}. Since each
z; has length at most v+ 3¢+ 1 and each 7 has length at most ¢(y + ¢), where
¢ denotes the length of the longest relator in Rg. Since there are only finitely
many words over Sy U S; of length at most max{¢(y + c),y + 3¢ + 1}, we
obtain that H is finitely presented. O

3.4 Ends of groups

In this section, we will look at ends of (finitely generated) groups. For this
definition, we rely on the notion of ends of graphs, but will avoid making precise
what an end of group is but instead just define the number of ends.

Definition. Let I' = (V, E) be a graph. A ray in T is a one-way infinite path.
For every ray R in I' and every finite set U C V of vertices there is a unique
component C of I' — U that contain infinitely many vertices of R. Then we say
that R lies in C' eventually. Two rays in I" are equivalent if there is no finite
subset U C V such that the rays lie in distinct components of I' — U eventually.
It follows easily that this defines an equivalence relation. Its equivalence classes
are the ends of T'.

We shall show first that ends behave well with respect to quasi-isometries.

Lemma 3.4.1. Let I and A be two locally finite graphs. If f: T — A is a
quasi-isometry, then f induces a bijection on the ends of the graphs.
In particular, both graphs have the same number of ends.

Proof. Let v > 1 and ¢ > 0 such that f is a (7, ¢)-quasi-isometry. Let R be a ray
of I'. By joining every two vertices of f(R) by a path of length at most v+ ¢, we
obtain a one-way infinite walk W. Note that the distance between occurrences
of the same vertex is bounded by some constant s, since f is a quasi-isometry.
Thus, every two rays in W are equivalent.

Let @ be a ray that is equivalent to R. Then for every r € N they are
connected by a path that lies outside the balls of radius r around the first
vertex of R. This implies that we find paths outside of every ball of radius
r/y — c around the f-image of the first vertex of R between every two rays R/,
@’ that are defined by f(R) and f(Q) in A. Thus, every end of T" is mapped to
an end of A.

Since f has a quasi-inverse g, every two equivalent rays A define equivalent
rays in I'; too. Thus, the map induced on the ends is bijective. O

Even though we will not talk about specific ends of groups Lemma [3.4.1
shows that the number of ends for each Cayley graph of a locally finite group
and any of its finite generating sets is the same.

Definition. Let G be a finitely generated group. The number of ends of G
is the number of ends of each of its locally finite Cayley graphs. We denote this
number by e(G).
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We obtain from Lemma [3.4.1] more than just the basis of our definition of
numbers of ends of groups, as we will se in the following corollary.

Corollary 3.4.2. The number of ends is a quasi-isometry invariant for finitely
generated groups. O

Natural questions that arise now are e.g. which values e(G) can have and
whether, for given number of ends, we can characterise the groups that have
this number of ends.

Lemma 3.4.3. Let T' be a transitive connected locally finite gmphm IfT has at
least three ends, then it has infinitely many ends.

Proof. Let us suppose that I' has finitely many but more than two ends. Then
there exists a finite subgraph A of I" such that for every component C of I' — A
all rays in C' are equivalent. Since I' is locally finite, there exists in every
component C of I' — A a vertex z such that d(x, A) is larger than the diameter
of A. Mapping y € V(A) to 2 by an automorphism ¢ implies that A N p(A)
is empty by the choice of z. Now there are at least three infinite components
of ' — ¢(A) that contain ends. Since two of these components must lie in the
same component of I' — A, this contradicts the choice of A that is separates all
ends. O

We directly obtain the following theorem from Lemma [3.4.3]
Theorem 3.4.4. If G is a finitely generated group, then e(G) € {0,1,2,00}. O
Example 3.4.5. Let G be a finitely generated group.
1) We have e¢(G) = 0 if and only if G is finite.
2) If G = Z" for some n € N>, then e(G) = 1.

3

)
)
) If G = Z, then e(G) = 2.
)

4) If G is a free group of rank at least 2, then e(G) = oo.

We will prove in a later chapter that a finitely generated group with more
than one end is either a free product with amalgamation or an HNN extension
over a finite groups (Stallings’ theorem).

In the rest of this section, we will characterise finitely generated groups that
have exactly two ends.

Definition. A group is virtually cyclic if it has a cyclic subgroup of finite
index.

Theorem 3.4.6. Let G be a finitely generated infinite group. Then the following
statements are equivalent.

(1) G is virtually cyclic;

I.e. there is a group acting transitively on T
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(2) G ~QI Z;
3) (@) = 2.

Proof. The implication (l)=(2) is a consequence of Corollary Corol-
lary and Example imply the direction :>.

Let us assume that e(G) = 2. Let I' = (V, E) be a Cayley graph of G and
some finite generating set S of G. Then there exists a finite connected subgraph
A C T such that I' \* A has exactly two components C7,Cs both of which are
infinite.

Claim 1. For every g € G either C; N gC7 and Cy N gCy or C; N gCs and
C5 N gCy are infinite. The other two intersections are finite.

Proof of Claim[l] Since AU gA separates the four involved intersections,
but it covers together with them covers the vertex set of I' and since A
separates two infinite components, there are precisely two infinite inter-
sections. But not both of them can lie in any of Cy, gC1, Cs or gCs, since
its complement is infinite. Thus, we obtain the assertion. O

Set
H:={g€G|CiNgC;i and Cy N gC5 are infinite}.

Claim 2. The set H is a subgroup of G with |G : H| < 2.

Proof of Claim[2] Obviously, H contains for every elements also the inverse
one. If g,h € H, then g(Cy N hCh) is infinite. Since Cy N g(Cy N hCY) is
finite by Claim we obtain that C; Ng(C1 NACY) and hence C; NghCy is
infinite. Thus, H is closed under multiplication. Hence, it is a subgroup.

Let us assume G # H. We shall show |G : H| = 2. Let g,h € G\ H. By
Claimm and the definition of H, the sets C1NgCy and C3;NgCy are infinite
and the same holds if we replace g by h. Thus, the set C; Ng(C1 NhC3) C
C1 N gCh must be finite. Since C1 N g(Ce N hC2) is finite, too, C1 N ghCs
must be finite as well. By Claim [I] the element gh lies in H. Thus, g and h
are in the same coset of H, which implies |G : H| = 2. O

Claim 3. For h € H with A NhA = and for C; := V ~ C4, we have either
(i) C1NhCy; =0 and C; NhCy # 0 or
(i) C1 N hC # () and C1NhCy = 0.

Proof of Claim[3] The claim follows directly from the connectedness of A.
O

By the choice of H and by Claim the set |C1 NhC1| —|C1 NACY| is finite
for all h € H. We define the function

@: H — Z, (p(h) = |Cl ﬂh61| — Iél ﬁhCll.
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Claim 4. The function ¢ is a homomorphism.
Proof of Claim[d Let g,h € H. We have

o(gh) = |C1NghCy|—|CyNghCy|

= |01 NgCy N ghCy|+|C1 N gCy N ghCy]
—|C1 N gCy N ghCy| —|C1 N gCy N ghCy]

= |Cy NgCy NghCy|+|Ci N gCy N ghCh|
—|C1 N gCy N ghCy| —|C1 N gCy N ghCh]
+[C1 N gC1 N ghCy| + [C1 N gC1 N ghCh|
—|C1 N gC1NghCy| —|C1NgCy N ghCy|

= [CingCi| —|CingCh|
+19Cy N ghC1| — |gC1 N ghCh|

= ¢(g9) +|C1 N hC1| = |C1 N ACY|

= o(g) + ¢(h).

Thus, ¢ is a homomorphism. O
Claim 5. The kernel of ¢ is finite.

Proof of Claim[5 Since A is a finite subgraph of I" and since G acts freely
on T, there are only finitely many h € H with AN hA # (. For all other
h € H, we obtain by Claim [3| that ¢(h) and 0 are distinct. O

Let h € H~ ¢~ 1(0). Then ¢(h) and hence h have infinite order. Thus, we
have (h) = Z. Since the index of (¢(h)) in Z is finite and ker(yp) is also finite by
Claim [5| the subgroup (h) has finite index in H and thus in G by Claim O

3.5 Growth of groups

Definition. Let G be a finitely generated group and let .S be a finite generating
set of G. For r € N and g € G we set

B&5(g) :=={h € G|ds(g,h) <r}.

Then
Ba,s: N—= N, r— |[BS5(1)

is the growth function of G with respect to S.
Note that |[BE9(1)| = |BF¥(g)| for all g € G.

Example 3.5.1. (1) Let G be a finitely generated group and let S be a finite
generating set of G. Then G is finite if and only if S¢ s becomes stationary.
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(2) Let Sy be the standard generating set of Z. Then Sz g, (r) = 2r + 1 for all
reN.
(3) Let Sy :={2,3} be another generating set of Z. Then
1, ifr=20,

Bz,5,(r) =<5, ifr=1,
6r +1 otherwise.

(4) Let S be the standard generating set of Z2. Then

Bz2.5(r) =1+4-Zj:2r2+2r+1.
j=1

(5) Let F be a finitely generated free group of rank at least 2 and let S be a

free generating set of F'. Then fr g is an exponential functionﬁ

Example shows that distinct generating sets of the same group lead to
distinct growth functions. We will see later that all these functions are similar
for each groups.

Proposition 3.5.2. Let G be a finitely generated group and let S be a finite
generating set of G.

(1) (Sub-multiplicativity) For all r,7’" € N we have
Ba,s(r+1") < Ba,s(r) - Ba,s(r').
(2) Let F be a free group with free generating set S. For all r € N we have
Ba,s < Br,s-

Proof. Exercise O
Definition. Let f,g: R>o — R>¢ be maps.
(i) If f is increasing then it is a generalised growth function.

(ii) Let f and g be generalised growth functions. The map g dominates f if
there are ¢ € R>o and v € R such that

fr) <vglyr+¢)+c
for all » € R>g. Then we write f < g.

(iii) Let f and g be generalised growth functions. They are equivalent if f < ¢
and g < f. Then we write f ~ g.

8Proof: Exercise
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Example and Definition 3.5.3. Let G be a finitely generated group and let S
be a finite generating set of G. Then the map

f:R>0 = Rxo, 7 Ba,s ([1])

is a generalised growth function. If H is another finitely generated group and T'
a finite generating set of H, then ;s dominates/is equivalent to Sy r if
the same holds for their generalised growth functions.

Lemma 3.5.4. (1) Domination of (generalised) growth functions is a quasi-
orderl]

(2) Equivalence of (generalised) growth functions is an equivalence relation.
Proof. Exercise O

Now we are going to prove that distinct finite generating sets of the same
group essentially lead to the same growth functions: they are equivalent.

Proposition 3.5.5. Let G and H be finitely generated groups with finite gen-
erating sets S of G and T of H. If there is a quasi-isometric embedding
v: (G,ds) — (H,dr), then

Ba,s < Bu,r-

Proof. Let v € R>; and ¢ € R>( be the constants for the quasi-isometric
embedding . Let e := ¢(1¢). Then we have

dr(e,p(g)) <vds(lg,g) +c<qr+c

for all g € BY°(1¢) and hence

o(BS5(1g)) € BT (e).

Let g,¢' € G with ¢(g) = ¢(g’). Then we have

%ds(g,g’) —c <dr(e(g),e(9))

and hence
ds(g,9") <(dr(p(9),¢(g") +c) = 7e.

Thus, we have

Ba,s(r) = |BF5 (1))
< [BSS(1a)| - BT ()|
< |BSS(10)|- 1B (1)|
= Ba,s(ve) - Bur(yr + o).
Since the first factor does not depend on r, we obtain g s < B, L

9A quasiorder is a reflexive and transitive relation.
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Proposition [3.1.5| implies the following two corollaries.

Corollary 3.5.6. Distinct growth functions of the same finitely generated group
are equivalent. O

Corollary 3.5.7. Quasi-isometric groups have equivalent growth functions. [

Definition. Let G be a finitely generated group. The growth type of G is the
equivalence class of the generalised growth functions that contains all growth
functions of G (with respect to finite generating sets. The groups G has ...

(i) ...exponential growth if the growth type contains the map = — e%;

(ii) ...polynomial growth if, for every finite generating set S of G, there
exists an a € R>g such that

Ba,s = (= x%);

(iii) ...intermediate growth if it has neither exponential nor polynomial
growth.

Example 3.5.8. (1) Let n € N. The growth type of the group Z" is polyno-
mial[T0]

(2) Let F be a finitely generated free group of rank n > 2. Then the growth
type of F' is exponential.

Remark 3.5.9. (1) By Corollary|3.5.6} the growth type of a finitely generated
group is a quasi-isometry invariant.

(2) Since free groups of rank at least 2 have exponential growth, we obtain
by Proposition that every group has at most exponential growth. A
theorem of van den Dries and Wilkies implies that every polynomial func-
tion is dominated by the growth functions of finitely generated groups of
intermediate growth.

Remark 3.5.10. We already know groups with polynomial and with exponen-
tial growths. There are examples of groups of intermediate growth, e.g. the
so-called Grigorchuk group.

Theorem 3.5.11. Let G be a finitely generated group with finite generating
set S and let H be a finitely generated subgroups of G with finite generating
set T'. Then

Bu,r < Ba,s-
Proof. The set S’ := S UT is a finite generating set of G. Let 7 € N. Then we
have
dS’(Lh) < dT(]-vh) <r
for all h € BET(1). Thus, we have BZT(1) € BSS'(1). This implies together
with Corollary
Bur < Ba,s' <X Ba,s- O

10Proof: exercise
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Corollary 3.5.12. If a finitely generated group G has a free subgroup of rank 2,
then G has exponential growth. O
Definition. Let G be a group.

(i) Let G1 := G. For n € N, we define G,, recursively as commutator
[Gno1,Gli={h""g" hg | h € Gu-1,9 € G}

of G,,_1 and G. We call G nilpotent if there exists n € N such that
G, = 1. (The sequence (G, )nen is called a central series.)

(ii) The group G is virtually nilpotent if it has a nilpotent subgroup of finite
index.

We cite the main theorem in the area of growth of groups without proof.

Theorem 3.5.13 (Gromov). A finitely generated group has polynomial growth
if and only if it is virtually nilpotent.

Corollary 3.5.14. Being virtually nilpotent is a quasi-isometry invariant for
finitely generated groups. O



Chapter 4

Bass-Serre theory

Definition. A group G acts without (edge-)inversion on a graph if every
element of G that fixes an edge zy fixes already the two incident vertices x
and y.

4.1 Group actions on trees

We have already seen that every finite Group that acts on a tree fixes either a

vertex or an edge but that we cannot expect the same if we drop the assumption

of finiteness. In this section, we will prove an analogue for infinite groups.
First, we need a notion from infinite graph theory.

Definition. Let I' = (V, E) be a graph. A two-way infinite sequence ...x_1xoZ7 ...

of pairwise distinct vertices and such that x;z;11 € E for all i € Z is a double
ray.

Definition. Let the group G act on the tree T' without inversion. For g € G,
let R =...x_1x9x1 ... be a g-invariant double ray, i.e. gR = R. Then g acts
by translation on R if there exists z € Z with gz; = ;4. for all i € Z and g
acts by reflection on R if there exists z € Z with gz,_; = ., for all i € Z.
For every g € G we set |g| := min{d(v, gv) | v € V(T')} and call it the trans-
lation length of g. We call g elliptic if |g| = 0 and hyperbolic otherwise.

Remark 4.1.1. Every elliptic element has a fixed vertex.

Notation. For two vertices z,y in a tree, we denote by [z, y] the unique path
between them.

Let us obtain some easy properties of hyperbolic group elements.

Lemma 4.1.2. Let the group G act on the tree T without inversion. Then the
following hold for all hyperbolic g € G.

(i) There exists a unique g-invariant double ray R in T. Furthermore, g acts
on R by translation.

47
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(ii) The order of g is infinite.
(i) We have d(v, g*v) = |z| - |g| + 2d(v, R) for allv € V(T) and z € Z ~ {0}.
(iv) We have |g*| = |z| - |g| for all z € Z.

Proof. Let v € V(T) with d(v, gv) = |g| and let R := (J,c;[97v, 9" v]. First,
we will show that R is a double ray. It suffices to prove that [¢*~'v, g°v] and
[g7v, g*T1v] meet only in g?v and thus it suffices to show that [g~1v, v] and [v, gv]
meet only in v. Let us suppose that there exists a vertex in the intersection of
these two paths that is not v. Then the neighbour w of v on [v, gv] lies in
the intersection [v, g~ 'v] N [v,gv]. Then g~'w lies in [g~'v, gv] and because
of d(w,gw) = d(w,g *w) < d(v,gv) the choice of v implies w = g~ !v and
¢~ 'w = v, which is a contradiction to the action without inversion of G on T,
since ¢ fixes the edge vw but neither of the two incident vertices. This, R is a
double ray.

Obviously, R is g-invariant. Thus and since g acts on R by translation,
it remains to show the uniqueness of R in order to show . So let R’ be a
double ray that is distinct from R. Then there is a vertex u on R that has
minimum distance to R’ and, since R and R’ are distinct, there is a vertex on R
of arbitrarily large distance to R’ that lies in the same g-orbit as u. But then
R’ cannot be g-invariant. This shows ().

Since R is a double ray, infinitely many ¢g*v must be distinct. Thus, g cannot
have finite order, which shows .

We note that the definition of R implies that holds for all vertices
on R. Let z € V(T) and z € Z ~ {0}. There exists a unique vertex y € R with
d(z,y) = d(z, R). So we have [z, g*z] = [z, y]U[y, g*y]U[g*y, g°x] and thus .

It remains to show , which follows immediately from . O

In the proof of Lemma we used a property of hyperbolic group elements
which is even sufficient for a characterisation of these elements.

Lemma 4.1.3. Let the group G act without inversion on the tree T. Let g € G.
Then g is hyperbolic, if and only if there exists a vertex v € V(T) with v # gv
and such that [v, gv] N [gv, g*v] contains only gv.

Proof. If g is hyperbolic, then we have already seen in the proof of Lemma
that for every v € V(T') with d(v, gv) = |g| the intersection [v, gv] N
[gv, g°v] contains only gv. For the other direction, we obtain directly from the
assumption that (J,c,[g%v, 91 v] is a double ray and g acts on it as transla-
tion. In particular, g cannot fix any vertex and we obtain |g| > 0. Thus, g is
hyperbolic. U

If two elliptic elements have a common fixed vertex, then their product must
fix that vertex, too. This obvious obstacle for two elliptic elements to have a
hyperbolic product is the only one, as we will see now.

Lemma 4.1.4. Let the group G acts on the tree T without inversion. Let g, h
be elliptic elements of G. Then gh is hyperbolic, if and only if g and h have no
common fized vertexz.
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Proof. Tt suffices to prove that gh is hyperbolic if g and h have no common fixed
vertex. Let = be a fixed vertex of g and let y be a fixed vertex of h such that
d(x,y) is minimal. By assumption, we have d(z,y) > 0. Then [z,y] N [gz, gy] =
[z,y] N[z, gy] only contains the vertex x by minimality of d(z,y). Analogously,
[z, y] N [ha, hy] = [z, y] N [he, y] only contains the vertex y and both statements
also hold for ¢! instead of ¢ and h~! instead of h. Since x separates y from
¢~ 'y, we obtain that h~ 'z separates h 'y = y from h~'¢g~'y. Thus, and since
y separates h~ 'z from x and z separates y from gy = ghy, we obtain that y
separates h~tg~ly from ghy = gy. Together with Lemma this implies the
assertion. O

Definition. Let the group G act on X. We denote by Fix(g) the set of fixed
points of g € G, i.e. Fix(g) = {z € X | gx = x}.

Lemma 4.1.5. Let G be a finitely generated group that act on the tree T without
inversion. If each element of G is elliptic, then there exists x € V(T) with
Gr = {z}.

Comment. We will see later (Lemma [4.1.9)) that Lemma is wrong if we
drop the assumption on G being finitely generated.

Beweis von Lemma[{.1.5 Let S be a finite generating set of G. For every
g € G, the set Fix(g) forms a non-empty subtree of T. Lemma implies
Fix(g) NFix(h) # 0 for all g, h € G. Thus, the finite intersection (g Fix(s) is
non-empty as well and every element of this intersection is fixed by each element
of G. O

Lemma 4.1.6. Let the group G act on the tree T without inversion. Let g, h €
G be hyperbolic. Let R, be the unique g-invariant double ray and let Ry, be the
unique h-invariant double ray. If RN Ry, is finite, then there are m,n € N such
that g™ and h™ freely generate a free group of rank 2.

Proof. We set P := Ry N Ry. Let m,n € N with |P| + 2 < min{|¢g™|,|h"|}. If
P # (), then let z4,y, be the two neighbours of the end vertices of P on R, \ P
such that g™z, lies in the component of R, \ P that contains y,. Otherwise,
let a be on R, and b on Ry, such that d(a,b) is smallest possible and let z,
and y, be neighbour of a with the corresponding property. If P # (), then let
A, be the component of 7'\ P that contains y, and let B, be the component
of T\ P that contains z,. Otherwise, let A, and B, be the corresponding
components of T — x,y,. Analogously, we choose vertices z,,y, on Rj; and
components Ay, By, of T'\\P. Since g"* acts on R, as translation with translation
length |¢g™| > d(zg,y,), we obtain (T \ By)g™ C A,. Similarly, we obtain
(T \ Bp)h™ C Aj,. Lemma implies that ¢ and h" freely generate a free
subgroup of G. O

Theorem and Definition 4.1.7. Let the group G act on the tree T without
inversion. Then exactly one of the following hold.
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(1) G acts trivially on T, i. e., there exists v € V(T) with Gv = {v}. We call
this action elliptic.

(2) There are two hyperbolic elements in G that freely generate a free subgroup
of G of rank 2 and such that the g-invariant and the h-invariant double rays
meet only in a finite subpath. We call this action hyperbolic.

(3) The action of G on T is not elliptic and there exists a G-invariant double
ray in T such that all elements of G act on it as translations. We call this
action cyclic.

(4) The action of G on T is neither elliptic nor cyclic and there exists a G-
invariant double ray in T such that all elements of G act on it as translations
and reflections. We call this action dihedral.

(5) The action of G is neither elliptic nor cyclic and there exists a ray R such
that, for every g € G, the intersection RN Rg is a subray of R. We call this
action parabolic.

Proof. Obviously, no two of these five statements can hold simultaneously. Thus,
we just have to show that one of the statements holds for the action of G on T.

First, we consider the case that all elements of G are elliptic. We assume
that does not hold and show . For this, we construct to sequences:
one sequence (z;);en of vertices and one sequence (g;);en of group elements.
Let go € G and zg € Fix(go) be arbitrary. For i € N, let g; € G such that
gixi—1 # x;—1 and let z; € V(T') such that g;x; = x; for all j < i and such that
d(x;,x;—1) is minimal with this property. Since G is not finitely generated by
Lemma but since the finite intersection (;; Fix(g;) is not empty by the
same lemma, we find these two sequences. We set

R = [z, 21] U |21, 23] U ...

Then R is a ray by minimality of d(z;,2;_1) and by Lemma Let us now
show that for every g € G the intersection RNgR is a ray again. If this does not
hold for some g € G, then RN gR must be finite. Since g is elliptic, there exists
a fixed vertex of g. Let x be such a vertex that has minimal distance to R and
let y be the vertex on R that realises this distance. Let ¢ € N with gz; # x; and
d(xg, ;) > d(zo,y). We have already mentioned in the proof of Lemma
that Fix(g;+1) and Fix(g) each span subtrees of T. Since g;1@; # ®; # g;
and since z;41 and z lie in distinct components of T' — z;, the elements g and
gi+1 have no common fixed vertex. Thus, Lemma implies that gg;4+1 is
hyperbolic, a contradiction to our assumption. Thus, the action of G on T is
parabolic.

Let us now consider the case that G contains hyperbolic elements. Thus,
the action of G on T cannot be elliptic. If there are two hyperbolic elements
g, h such that the intersection of their two invariant double rays is finite, then
Lemma implies . Thus, we may assume that for every two hyperbolic
elements g, h the intersection of their invariant double rays R, and R}, is infinite.
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Since R4 N Ry, must be connected, it is either a ray or a double ray. If it is a
double ray for any two hyperbolic elements, then all these double rays must be
the same. Since g/ is hyperbolic for all elements f € G and R s = f~'R, holds
because of g/ (f~'R,) = f~1gR, = f~'R, for the unique gfg -invariant double
ray R,r, also the elliptic elements leave R, invariant. Thus, we have either
or . So let us assume that there are g and h such that R’ := R, N Ry, is a ray.
We set f := g". Then f is hyperbolic and we have as before Ry = h™'R,. Since
h~'R’' N R’ is infinite and lies in h™' Ry, the double ray Ry contains a subray
of R'. Let R := R'NRy. Let us suppose that does not hold, i. e., there exists
e € (G such that eRN R is finite. We have eR = Rfe—l nge—l NR,.-1 and thus
one of the three double rays Rfe_1, Rg€_1 or R, .1 has only finite intersection
with R and thus also finite intersection with one of the three (distinct!) double
rays Ry, Ry or Ry. This contradiction shows . O

We have already seen the following.
Lemma 4.1.8. Actions without inversions of finite groups on trees are elliptic.

Proof. Let G be a finite groups that acts on a tree T" without inversion. Let
t € V(T). Then the orbit of ¢ is finite. Thus, the minimal subtree 7" of T' that
contains this orbit is finite, too, and G acts on T”. The middle vertex or edge
(depending on the parity of the diameter of T”) of a longest path in 7”7 must be
fixed by G: otherwise we would obtain a contradiction to the maximal length
of that path. Since the action of G on T and thus on T” is without inversion,
this fixed vertex or edge must be a vertex and hence the action of G on T” and
hence on T is elliptic. O

Lemma 4.1.9. For every countable group G that is not finitely generated, there
18 a tree T such that G acts on T without inversion parabolically and every
element of G is elliptic.

Proof. There exists countably many subgroups Uy < Uy < ... with ey Ui =
G: since G is countable, there exists a countable generating set S = {s; | i € N}
of G; weset V; := (s; | j < i) and choose a stricly ascending infinite subsequence.
If this sequence would not exists, there would exist some n € N such that
(S1,-..,8n) = G, which is impossible by our assumption.

We consider the graph T whose vertex set is the set of cosets of the subgroups
Ui, i.e. V(T) ={gU; | g € G,i € N}. Two vertices gUp, and hU,, are adjacent
if and only if |m — n| = 1 and either gU,, C hU, or hU, C gU,,. Let us show
that 7" is connected. Because of | J;c Us = G, there exists i € N with g, h € U;.
Then

gUm,gUerh PN ,gUz = Uz = hUl, hUifl, ey hUn

contains a path from gU,, to hU,.

Every gUy has exactly one neighbour, since the cosets of U; form a partition
of G and since gUy and gU; are adjacent. Additionally, every gU; has a unique
neighbour in the cosets of U;;1. Thus, T contains no cycle.
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Obviously, G acts by left multiplication on T'. Since there exists for every
g € G an i € N with g € U;, we have gU; = U; and hence g is elliptic. Also,
for every U; there exists g in U; 11 N\ U;. We have gU; # U, for g. Furthermore,
h=Y(hU;) # hU; for every coset hU; that is distinct from U;. Thus, there is no
vertex fixed by all of G. By the proof of Theorem [£.1.7} the action of G on T
must be parabolic. O

In the rest of this section. we will use knowledge of all action of a group on
all trees to gain informations about the group.

Definition. A group is noetherian if it contains no infinite strictly ascending
sequence of subgroups.

A group has property (AR) if each of its actions without inversion on trees
is either elliptic, cyclic or dihedral.

Theorem 4.1.10. Let G be a group. The following are equivalent.
(a) G is noetherian.

(b) Every subgroup of G is finitely generated.

(c) Ewvery subgroup of G has property (AR).

Proof. The implication (a)=-(b) follows immediately, since every group that is
not finitely generated has an infinite strictly ascending sequence of subgroups.

To prove (b)=-(c), we suppose that some subgroup H of G does not have
property (AR). So there exists a tree T such that H acts on T without inversion
either hyperbolically or parabolically. First, we consider the case that the action
of H on T hyperbolic. Then U contains a free subgroup F' of rank 2 and thus
a subgroup of F' that is not finitely generated in contradiction to (b). So let
us assume that the action of H on T is parabolic. Let R = xogx1 ... be a ray
such that for all h € H the intersection hR N R is a ray again. The subgroup
U = Ujen Hz, of H is finitely generated by assumption. Thus, there exists
n € N with H;, = H;,, for all { > n. We may assume n = 0. If g € H is elliptic,
then it fixes a vertex v € V(T). Since RN gR is a ray and d(gz;,v) = d(z;,v)
holds for that 7 € N with minimum distance to v, we have gz; = x; for all j > 1.
Thus, we have g € U and U is the group of all elliptic elements of H. Since T
has no vertex that is fixed by all of G but Uz; = {x;}, there exists a hyperbolic
element h in H. Let Rj be the h-invariant double ray in T'. For every vertex
x on Ry, there exists 2 € Z ~ {0} such that h*x and h%*** lie on R. We have
H, = U because of Hy-, = Hyp2-, = U. Thus, Ry, is invariant under U. Let
g be another hyperbolic element and let R, be the unique g-invariant double
ray in T. By replacing ¢ by g~! or h by h~!, if necessary, we may assume
gxj = wjqg for all z; on RN Ry and hx; = x4 for all z; on RN Ry, We
set f := hl9lglPl Then f is elliptic, so it lies in U. In particular, we have
Ry, = b9 fR;, = g!" R;,. Hence, Ry, is g!"-invariant and thus g-invariant. Thus,
Ry, is invariant under H and the action of H on T is not parabolic. This shows
the implication (b)=-(c).



4.1. GROUP ACTIONS ON TREES 53

It remains to show the implication (c)=-(a). Let us assume that G is not
noetherian. So we find an infinite strictly ascending sequence (H;);cy of sub-
groups of G. Let sg € Hy and, for i > 1, let s; € H; ~ H;_1. Then (U;)en
with U; := (s; | 7 < ) is an infinite strictly ascending sequence of countable
subgroups of G and U := J;cy U; is a countable subgroup of G. Since every
finite subset of U lies in some U;, the group U is not finitely generated. By
Lemma [ T.9 there exists a tree T such that U acts without inversion on T and
this action is parabolic. We obtain that U does not have property (AR). O

Now we will look at connections between free products and actions without
inversion on trees. For this, we first consider the case that our group is a free
product (Proposition [4.1.11)) and afterwards we look at the situation of a group
action with certain properties in which we will show that the group that we are
considering is a free product (Propositions [4.1.13|and |4.1.14)).

Proposition 4.1.11. Let A and B be groups. Then there exists a tree T such
that G := Ax B acts on T and such that this action has the following properties.

1) The action induced on the edges is free and transitive.

2) The action is without inversion.

3) There are exactly two orbits on the vertex set.

(
(
(
(4

)
)
)
) There is an edge wv € E(T) with A= G, and B = G,.

Proof. Let T be the graph whose vertex set consists of the left cosets of A and
of B and such that two vertices gA and hB are adjacent if g = h. The proof that
T is a tree is analogous to the corresponding part of the proof of Theorem [2.5.12}
we just have to note that we did not use finiteness of the involved groups in
that part of the proof.

We also verified G4 = A and Gg = B in that proof. (Again, we did not use
finiteness of the involved groups.) Since A and B are adjacent, we obtain (4).
The action of G on T has exactly two orbits on the vertices: the left cosets
of A form one orbits and the left cosets of B form the other. This implies (2)
and (3). It remains to show (1). Note that transitivity directly follows from the
definition of the edges. The stabiliser of an edge uv must lies in the intersection
of G,, and G, because of (3). Since this intersection is trivial, G acts freely on
the edges of T O

We need the following version of the ping-pong lemma.

Lemma 4.1.12. Let the group G act on X. Let Hy, Hy < G with |Hy| > 3.
Let A, B be two non-empty disjoint subsets of X. We assume gB C A for all
g € Hy with g # 1 and gA C B for all g € Hy with g # 1. Then the subgroup
of G generated by Hy and Hs is isomorphic to Hy x Hs.

Proof. Exercise O
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Proposition 4.1.13. Let T be an infinite tree. Let the group G act on T
without inversion with the following properties.

(1) G acts transitively and free on the edges of T'.
(2) G acts transitively on the vertices of T.
Let vw € E(T) and g € G with gv = w. Then G = Gy, * (g).

Proof. Since the action of G on T is without inversion and because of ge # e
for all e € E(T), Lemma implies that g is hyperbolic and thus has infinite
order by Lemma .

Let e = vw. Obviously, ({v}, ) is a fundamental domain of the action of G
on 7. Thus, Theorem implies

G=(G,U{heG|vhwe E(T)}).

Note that there are at most two orbits of GG, on the edges incident with v and
thus, there are at most two G,-orbits on the neighbours of v. If g~ 'v and gv
lie in the same G,-orbit, then we obtain a contradiction since the existence of
h € G, with hgv = g~ 'v implies that hg fixes e, which is impossible since
hg # 1. Thus, there are exactly two G,-orbits on the neighbours of v. Those in
the same orbit as w are obtained as the image of v under hg for some suitable
h € G, and those in the same orbit as g~'v are obtained as the image of v
under hg~! for some suitable h € G,. Thus, we have shown

G = (G, U{g}).

Let A be the set of all those vertices that can be reached by a path from v
that contains either gv or g~'v and let B be the set of all those vertices that
can be reached by a path from v that contains neither gv nor g~!v. Obviously,
we have g B C A for all z € Z ~ {0}. Since G acts freely on the edges of T" and
because of g ¢ G, we have hgv ¢ {gv,g v} and hg~tv ¢ {gv,g v} for all
h € G,~{1}. Thus, we obtain hA C B. Lemma[4.1.12)implies G = G, *(g). O

A modification of the proof of Proposition leads to the following propo-

sition.

Proposition 4.1.14. Let T be an infinite tree that is not a double ray. Let the
group G act on T without inversion with the following properties.

(1) G acts transitively and free on the edges of T'.
(2) There are exactly two g-orbit on the vertex set of T.
Then we have G = G, * Gy, for adjacent vertices v,w € V(T).

Proof. Exercise O
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4.2 Fundamental groups of graphs

Definition. A graph with involution is an oriented multigraph I' together
with a map =: E(I') — E(T') with € # e and € = e and such that € is an edge
from v to u if e is an edge from u to v. We denote by i(e) the initial vertex of e
and by t(e) its terminal vertex. (So we have t(e) = i(e) and t(e) =i(e).)

Example 4.2.1. In a (multi-)graph, we can replace every edge by two inversely
directed edges between the same vertices. That way, we obtain a graph with
involution.

Definition. Let I' be a graph with involution. Let K = wvgequy ...ex_1vx be
a directed walk in T, i.e., the edge e; satisfies i(e;) = v; and t(e;) = vit1.
If e; = e;y1, then we call v;v;11v;42 a spike. If K has no spike, then it is
spikeless. If v;v;11v;12 is a spike, then

!
K = Vo€o ... €;—1Vi€i42 ... VL

is obtained from K by removing a spike. Let K; = wgeguy ...ep_1vx and
K = wg fowy ... fr_1we be two directed walks with vy = wg. Then

K1K2 = Vp€pl1 ... ek_lkaowl . fg_l’wg
is a directed walk as well, the composition of K; and Ks.

Remark 4.2.2. In a graph with involution, every directed walk can be trans-
ferred by removing spikes to a spikeless directed walk.

Definition. Let K, K’ be two directed walks of a graph I" with involution. We
write K ~ K’ if there exists a sequence K = Ky,...,K, = K’ of directed
walks such that with K is obtained from K; 1 or K; 1 is obtained from K; by
removing a spike.

Remark 4.2.3. The relation ~ is an equivalence relations on the directed walks
of a graph with involutions.

Lemma 4.2.4. Let T' = (V, E) be a connected graph with involution. Then
every equivalence class of ~ contains exactly one spikeless walk.

Proof. Exercise U

Lemma 4.2.5. Let K, Ko, L1, Lo be four directed walks of a graph with in-
volution such that the compositions K1 Ky and LiLo exist. If Ky ~ L and
Ky ~ Lo, then we have K1 Ky ~ L1Lo.

Proof. Let K1 = My, ..., M,, = L be a sequence of directed walks that verify
the equivalence K; ~ L and let Ko = Ny,...,N, = Ls be an analogous
sequence for Ko ~ Ly. Then M1Ny,..., M, Ny,..., M, N, is a sequence that
shows K1K2 ~ L1L2. O]
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Definition. Let I' be a graph with involution. Let 1 (I',v) with v € V(T') be
the set of equivalence classes of ~ on the directed walks in I" that start and end
at v. We define a multiplication on 71 (T',v) by [K][L] := [KL]. Lemma
implies that this multiplication is well-defined.

Lemma 4.2.6. Let I" be a connected graph with involution and let v € V(T').
(1) m (T, v) is a group.
(2) If u € V(T), then m1(T,v) and 71 (T, u) are isomorphic.

Proof. Since the multiplication is well-defined, we obtain (1).

To prove (2), we choose a directed v—u walk K and note that every ele-
ment [L] of 71(I',v) can be transferred into an element [K'LK] of m(T,u)
by ‘conjugation with K’, where K ! is the reverse of the walk K obtained by
replacing each edge e on K by €. Conversely, every element [M] of w1 (T', u) can
be transferred into an element [K M K 1] of 71 (', v) by ‘conjugation with K 1.
The corresponding maps are inverse to each other. Furthermore, these maps
are homomorphisms, so we obtain (2). O

Definition. The fundamental group 7 (T") of a connected graph I" with invo-
lution is an element of the isomorphism class of the groups 71 (I", v) for v € V(T').

Comment. Eventhough the elements of the fundamental group are equiva-
lence classes of directed walks, we usually only look at representatives of such
equivalence classes.

Remark 4.2.7. Accordingly to Example our definitions can be trans-
ferred directly to (multi-)graphs.

Example 4.2.8. If T is a tree, then 71(T) = 1.

Definition. For a (directed) multigraph I and a subset F' C FE(T") of the edge
set, let T'/F be the (directed) multigraph whose vertex set is the set of com-
ponents of (V(T'), F). For every edge e in E(I') \ F, we add an edge between
the components that contain the incident vertices of e. We note that loops and
multi-edges may be created that way.

Lemma 4.2.9. Let I' be a connected multigraph and let T be a subtree of T'.
Then we have m(T') 2 7 (C/E(T)).

Proof. 1t suffices to prove the assertion for graphs with involutions, in which
case the ‘tree’ then contains for every edge e also the edge €. We consider
the fundamental group m(T',z) with respect to a vertex x € V(T) and the
fundamental group m (I'/E(T)) with respect to the vertex vy of I'/E(T) that
contains all vertices of T. We define a map ¢r: m(I') — 7 (I'/E(T)). For a
closed directed walk K = vpegvy ... v with vg = = vg in T, let o7 (K) be the
canonical image of K in I'/E(T): we replace every maximal subwalk in T by vr
and replace every edge incident with exactly one vertex of T' by its canonical
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image in I'/E(T). Obviously, ¢r is a well-defined group homomorphism. It
remains to show that ¢ is bijective.

Let K = vpeguy . . . ex—1vx be a closed directed walk in I'/E(T). By replacing
the vertex v; = v for i # 0 and 7 # k by a directed walk hat connects the end
vertices of the edges e; and e;41 in T and adding a directed walk from x to the
initial vertex of ey in V(I') and one from the terminal vertex of the edge er_1
in V(T') to x, we obtain a closed directed walk in T" that starts and ends at x.
Obviously, this will be mapped by ¢ to K. Thus, @7 is surjective.

Let K = vpequy . ..ep_1v; with vg = z = v be a spikeless directed walk in
the kernel of . Then we can view K as composition K1 L1 Ks ... Ly, 1K, of
directed walks, where the walks K; lies in T" and the walks L; lie in I' \T'. Let
us suppose that K is non-trivial. Since L1Ly...L,, in I'/E(T) is equivalent to
the trivial walk and, by Lemma the trivial walk is the unique spikeless
directed walk in its equivalence class, the walk LqLs ... L,, must contain a spike.
This spike cannot lie in any of the L;, so it is created by the composition of
L; an L;y, for some 1 < i < m — 1. This spike corresponds to a directed walk
vewev in I'. Thus, K;;1 is a closed directed walk in 7" with starting and end
vertex w. Since 71(T") is trivial by Example and since K, is spikeless,
K41 is the trivial walk. This contradicts the choice of K having no spike and
thus @7 is injective. O

Lemma 4.2.10. For every connected multigraph T' = (V, E), the fundamental
group w1 (L) is a free group.
If T is finite, then |E| — |V| + 1 is the rank of m1(T").

Proof. As before, it suffices for the first part to show the assertion for graphs
with involution. So let us assume that I' is a graph with involution. Let 7" be
a spanning tree of I'. (Again, T' contains for every edge e also the edge e.) By
Lemma we have m1 (") 2 71 (T'/T) and we may assume that I" has exactly
one vertex.

Let S be a minimal subset of E(T") such that

E(T)=SU{5|seS}

We will show that 71 (I') and the free group freely generated by S are isomor-
phic. Every element of 71(I') contains a unique directed walk without spikes
as representative by Lemma m By replacing each edge 5 by s~ and by
dropping the vertices, this walk corresponds to a reduced word over S U S~1,
which is trivial if and only if the walk is trivial. Conversely, every reduced word
over S U S™! corresponds to a directed walk in I' by replacing s~! by 5 and
inserting the correct vertices. Since these correlations respect compositions of
walks and concatenations of words, 71 (") and the free group freely generated
by S must be isomorphic.
Now let I' be a connected multigraph. Then we have

|E| = [VI+1=|ET/ET)| - [VI/ET)|+1

by the considerations for the first part and hence, we obtain the second part. [



58 CHAPTER 4. BASS-SERRE THEORY

Comment. The existence of a spanning tree can be shown using Zorn’s lemma.
Furthermore, the existence of spanning trees for all (multi-)graphs is equivalent
to the axiom of choice over the system ZF.

Definition. Let a group G act on a graph I'. Then the quotient graph I'/G
is defined as multigraph whose vertex set consists of the orbits of G in V(I
and whose edge set is induced by the orbits of G in E(F)E

Example 4.2.11. Let G be a group with generating set S and let I' be the
Cayley graph of T and S. Then I'/G is a graph with exactly one vertex and at
most |S| loops. (Note that there may be fewer loops if S N .S~ is not empty.)

Remark 4.2.12. Let G be a group acting on the graph I'. Then the canonical
projection g: I' — I'/G is a surjective graph homomorphism, i.e., adjacent
vertices are mapped onto adjacent vertices by p.

Proposition and Definition 4.2.13. For every connected graph T there exists
a tree Tr and a free action of w1 (T') on Tt such that Tr /71 (L) 2 T. The tree Tt
is the universal cover of I'.

Proof. Let T be a spanning tree of I'. If S is an orientation of the edges of
I' — T, then we have seen in the proof of Lemmathat m1(T) is isomorphic
to the free group that is freely generated by S. In particular, there exists a
canonical map ¢: S — 71(I') that maps each s € S to the uniquely determined
cycle in T'+ s. (Note that, formally, we have to replace each edge of T by two
conversely oriented edges to obtain a directed cycle.) We define a graph 1T as

follows: let
U {(gv) [vev()}
gem(T)
be its vertex set and let the union of the two sets

Ev= |J {{g:w),(9.0)} | {u,v} € BT)}

gem(T)

and
B= | U Hgw lgsv)}}
s=(u,v)€S gem (T)
be its edge set. Note that F; implies that T consists of copies of T and Ey
describes the edges between these copies of T'.
To show that Tr satisfies the assertion will be left as exercise. O

We have already verified the following corollary in the proof of Proposi-

tion 2,13

Corollary 4.2.14. Let T’ be a graph, T a spanning tree of I' and Tr the uni-
versal covering of I' (constructed with respect to the spanning tree T'). Then
Tt contains an isomorphic copy of T that is mapped onto T by the canonical
projection o: Ty — T. ]

T.e., there exists a bijection between the edges of I'/G and the orbits of edges in T' such
that each edge e in I'/G is incident with those vertices that are the orbits of the incident
vertices of any edge f in the image of e. Note that this is independent of the choice of f.
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4.3 Graphs of groups

Remark 4.3.1. Let us consider an action without inversion of a group G on a
graph I'. Then the following holds.

(1) /@ is a multigraph T'.

(2) For every vertex v € V(I') there exists a group GV such that G¥ = G, for
all z € V(T') with Gz = v.

~

(3) For every edge e € E(T") there exists a group G° such that G¢ = Gy for all
f € E(T") that are mapped onto e.

~

(4) For every edge e € E(I') there are two injective group homomorphisms
leji(e): G¢ — G and Lei(e): GE — Gt

In view of this remark, let us make the following definition.

Definition. A graph of groups is a triple G = (G,T', A), where T" is a con-
nected graph with involution and G is a map that that assigns to each vertex v
a group G, and to each edge e a group G, such that G, = G and A is a family
of monomorphisms a.: Ge — Gj(), one for every edge e. We call the groups
G, the vertex groups and the groups G, the edge groups.

Example 4.3.2. Let G be a group that acts without inversion on a graph T.
(1) The quotient graph I'/G defines a graph of groups according to Remark

(2) If G maps each vertex v and each edge e to their stabiliser G, or G. and
A is the family of the canonical embeddings of the edge stabilisers into the
stabilisers of the vertices incident with that edge, then (G,T', A) is a graph

of groups. [£:3.1]

Remark 4.3.3. Generally, we will denote by G, and G, the vertex and edge
groups. Even though this collides with the notion for the stabilisers of vertices
and edges , we stick to it, in particular, since the stabilisers will be the important
examples and thus play a major role for us. In case it is not obvious which notion
we mean, we will explicitly name it.

Next, we will define the fundamental group of graphs of groups in two dif-
ferent ways such that the groups obtained by each definition are isomorphic
in a canonical way. Compared to Section [4.2] we need a new definition of the
fundamental group to take the function G and the family A into account.

Definition. Let G = (G,T', A) be a graph of group and let T be a spanning tree
of I'. This time, T contains at most one element of {e, e} for every e € E(T).
For every vertex group G, let (S, | R,) be a presentation of G, and, for every
edge group G, let S, be a generating set of G.. Then the fundamental group
of G (with respect to T') is defined by the presentation

ust (G,T) = <Uv€V(I‘)SUU{ge | eEE(F)} | U RUUN>,

veV(T)
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where the g. are new generators and the set N of relators is defined as follows:

N:={gele€ E(T)} U{gege | e € E(T')}
U{geae(s)ge H(ae(s) ™ [ e € BE(D),s € S}

Let us look at some examples of these fundamental groups, examples where
the graph essentially only has one edge. That mean, that its edge set is {e, €}
for some e.

Example 4.3.4. Let G = (G,T',A) be a graph of groups with E(T") = {e, e}.
Let T be a spanning tree of I" and let (S, | R,) be a presentation of G, for
every vertex v and let S, be a generating set of G, for every edge e

(1) If T has exactly two vertices w,v, then T contains an edge of I' and in
the presentation of m1(G,T') all g. with e € E(T') are trivial. Using Tietze
transformations (removing the generators g.) we obtain the presentation

m(G,T) = <Su US, | Ry UR, U {ae(s)(ae(s))™ | e € BE(T),s € Se}>.

We directly obtain
Uyt (G7 T) =Gy *G. G,

where the monomorphisms for the free product with amalgamations are a,
and os.

(2) If T has exactly one vertex v, then the edges of T are loops. Using Ti-
etze transformations, we can remove the generator gz (but not at the same
time g¢.) from the presentation of the fundamental group and we obtain

7Tl((G’T) = <Sv U {ge} | R, U {geaé(s)ge_l(ae(s))_l | s € Se}>'

Thus, we have
71'1(@, T) = Gv*aflae’

where the isomorphism for the HNN extensions is az Lo that maps the
images of G, under a, onto those of as.

Let us now move to the second definition of the fundamental group of a
graph of groups. While the first definition depends on the choice of a spanning
tree, the second one will depend on the choice of a vertex. Later, we will show
the equivalence of these two definitions and thereby show that the groups are
isomorphic for any choice of spanning trees or vertices. Our second definition
of the fundamental group follows the strategy of Section that we still have
to adapt to to our new situation.

Definition. Let G = (G,T",A) be a graph of groups. A G-walk (of length
|P| = k) from u € V(I') to v € V(I') is a sequence P = goey . ..exgx, Where
ey ...e, induces a directed walk in I' and such that g9 € Gy, gr € G, and
9i € Gie;) = Gi(espy) for all 0 < i < k. For 0 <i<j <k, the sequence
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gi€it1-..€;9; is a G-subwalk of P. If P = goei...exgr is a G-walk from u
tov and Q = hgf1... fehe is a G-walk from v to w, then their concatenation
is the G-walk

PQ = goer ... ex(grho)f1- .. fehe

from u to w. Two G-walks P and @ are elementarily equivalent if () can be
obtained from P by one of the following operations or their reverses:

(i) Replace a/G—walk ge(ag(c))eg’ with e € E(I'), c € G and g,9" € Gj(e) by
glae(c))g'.

(ii) Replace a G-walk geg’ with e € E(T'), g € Gy(¢) and ¢’ € Gy ) by

(9ae(c))e((ae(c) ),

where ¢ is an element of G,.

Let ~ be a relation on the G-walks such that for two G-walks P,Q we have
P ~ Q if there exists a sequence P = P; ... P, = @ of G-walks such that P;
and P;;; are elementarily equivalent for all 1 < i < k. Obviously, ~ is an
equivalence relation.

Later, we will take a closer look at the elements of the equivalence classes and
show that the minimal elements with respect to the first operation, which lie in
the same equivalence class, are equivalent by using only the second operation.
But first, we are interested in the second definition of the fundamental group
and the equivalence of both definitions.

Definition. Let G = (G,T',A) be a graph of groups and let v € V(I'). Then
the equivalence classes of G-walks from v to v form the fundamental group

m1(G,v) of G (with respect to v), where the multiplication is defined by con-
catenation: [P][Q] := [PQ].

Remark 4.3.5. That the multiplication on (G, v) is well-defined follows by
an argumentation similar to the one we used in the proof of Lemma
This then directly implies that the fundamental group with respect to a vertex
v € V(T) is a group.

Proposition 4.3.6. Let G = (G,T',A) be a graph of groups, let v € V(I') and
let T' be a spanning tree of I'. Then the map

P m (Gv ’U) — T ((G’» T)a [9061 cee ekgk] = goJe; - - - Gei, Ik
is a group isomorphism.

Proof. From the definition of the relation ~ and the third set in the definition
of N in the definition of 71(G,T), we obtain that ¢ is well-defined. It is a
homomorphism by the definition of the concatenation of G-walks. Thus, it
remains to show that ¢ is bijective. For this, we construct the inverse map of .
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Let us construct a map from the generating set of 71 (G, T) to m (G, v). For
u e V(I), let P, = xpe1xy ...exxy be the walk corresponding to the unique
path in T from v to u and let P, ¢ = lej1...e;1 be the corresponding G-walk.
For g € G,, with u € V(I") we define the image of g as the equivalence class of
PucgP,, (1;. For e € E(I") we define the image of g. as the equivalence class of
Pie)cePip ¢

It is easy to verify that the relators in the definition of m1(G,T) are all
mapped onto the equivalence class of the trivial G-walk. Using the universal
property of group presentations (Theorem , we obtain that the map we
just defined can be extended to a homomorphism

¢: WI(G7T) - 7"-1(((}71})'
Obviously, this is the reverse map of . O

Corollary 4.3.7. Let G = (G,T', A) be a graph of groups, letv € V(T') and let T
be a spanning tree of I'. Using the notations from the proof of Proposition
the set

{[PucgPygl lueV(D),g € Gy U{[Pye)ceP ¢l e € BT NT)}

is a generating set of 1 (G,v).

Proof. The assertion follows directly from the proof of Proposition [£.3.6] since
the given set is the image of the generating set of 71 (G, T). O

By multiple applications of Proposition [£.3.6] we obtain the following corol-
lary.

Corollary 4.3.8. Let G = (G,I', A) be a graph of groups, let v,w € V(T') and
let T,T" be spanning tree of I'. Then we have
m1(G,v) 2 m(G,w) 2m (G, T) 2 m (G, T"). O

Definition. The fundamental group 71 (G) of a graph of groups G is a group
of the isomorphism class of the fundamental groups with respect to an arbitrary
spanning tree or an arbitrary vertex.

Definition. We call a G-walk G-reduced if we cannot apply operations of type
(i) from the definition of elementary equivalence. For every edge group G, let
X, be a transversal (of the right cosets) of a.(G.) in Gj(e). A G-reduced G-walk
go€idi - - - ergr is a normal form if g, € Xg, for all 0 < i < k.

We will show (similar to previous situations) that every equivalence class
contains a unique normal form.

Theorem 4.3.9. Let G = (G,T', A) be a graph of groups and let P = gges . . . exgx
and Q = hof1... fehe be two ~-equivalent G-reduced G-walks. Then we have
k=1{ and e; = f; for all1 <i <k and there are a; € G., such that

1. go = ho(ae, (ag)) and
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2. g; = (ag,(a; ") hi(ae,,, (aiy1)) for all 1 <i <k and

3. gk = (e (a3 )by
In particular, every equivalence class contains a unique normal form.

Proof. 1t suffices to show the additional statement since then every two equiva-
lent G-reduced G-walks are equivalent (by operations of type (ii)) to the same
normal form. The according operations put after another (with inverting the
second one) show that both G-reduced G-walks are equivalent using only the
operation (ii) — which is exactly what we claim in the assertion of this theorem.

Obviously, every G-walk is equivalent to a G-reduced G-walk and also to a
normal form, where the second claim follows by replacing ¢; by ag,(¢;)z; for
z; € X, and ¢; € G, = G,, and then pushing ag, (¢;) backwards across the
edge e; using the second operation. Inductively, we obtain the second claim.

For vertices u,v € V(T'), let Pg(u,v) be the set of G-walks from u to v
and let Ng(u,v) be the set of normal forms from w to v. For a normal form
P = gpe; ...exgr from u to v and for g € G, we set

©(9,90€1 - - - exgr) = (ggo)er - - - exgr

and, if e is an edge with t(e) = u, we set

e(ge)gae2 - - exgr, ife=eé and z. =1,

o(lel, goes ... exgr) i= )
ae(ge)exeer ... exgx, otherwise,

where g. € G. and z. € X, with az(ge)ze = go. Every G-walk can be written
as concatenation of G-walks g € G, or lel. For a normal form N from u to v
and a G-walk P with P = P, ... P,, where the P; are of the just described form,
we define recursively

©(P,N) = @(P,0(Ps...P,,N)).
Using this definition, we obviously obtain
p(N,1) =N

for every normal form N from w to v and for the trivial G-walk 1 from v to v.
We want to verify the following for every two equivalent G-walks Py, P, from u
to v and every normal form N from v to w:

(P, N) = (P2, N).

If we have this, then we obtain for every two equivalent normal forms N7, Ny
from wu to v:
N1 = (N1, 1) = p(Na, 1) = No

And hence every equivalence class of ~ contains exactly one normal form. It
suffices to verify
@(PlvN) = QO(PQaN)
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for all G-walks P;, P, that can be transferred to each other by a single operation
of the elementary equivalence. First, let P = Pyge(azs(c))eg’ Py be a G-walk. If
we prove

p(geaz(c)eg’, N) = p(gae(c)g’, N)

for normal forms N from v to t(e), then we obtain the following for normal
forms N from v to the end vertex of P:

p(Prgeae(c)eg P2, N)

= (P, p(geae(c)ég’, p(Pa, N)))
= o(Pr,p(gae(c)g’, o(Pa2, N)))
= p(Pigac(c)g' Py, N).

So let us prove in this situation the remaining equation. For this, let N =

gNe1g1 - --ekgr be a normal form and set N~ := lejg; ...exgr. Let geas(c)ég’
be as just described and let . € X; be an element of the transversal of az(G,)
in Gy(ey and let b € G such that g'gn = ae(b)ze. If € # e1, then we have:

(
(9604 (c ) ( el,ac(b)zeN"))
(9e1, p(ac(c)ac(b)ex.N ™))
(gae(c)ae(b)lelel,z. N7)

The case e = e; follows analogously. Also, in case of the second operation we
obtain the claim by a similar argumentation. O

Let us get two corollaries from Theorem [4.3.9

Corollary 4.3.10. Let G = (G, T, A) be a graph of groups, let v € V(T') and let
P = gpey ...exgx be a G-reduced G-walk from v to v. Then we have [P] =1 €
m1 (T, v) zfand only if k=0 and go =1 € G,. O

Corollary 4.3.11. Let G = (G,T,A) be a graph of groups, let u,v € V(T') and
let P = goeq . ..exgr be a G-walk from v to u. Then the map

Gy — m1(G,v), g — [PgP™!]

s a group monomorphism. [

4.4 Structure theorem of the Bass-Serre theory

Now we are aiming at obtaining an analogue for the universal covering of graphs
via trees (using the fundamental group of graphs, see Proposition [4.2.13)) in the
situation of graph of groups and their fundamental group.
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Definition. Let G = (G,T', A) be a graph of groups and let v € V(I'). On the
set of G-walks that start at v we will define a relation = via P; ~ P, if and only
if

e P and P end at the same vertex w and

e there exists g € Gy, with P; ~ Pag.

Obviously, ~ is an equivalence relation on the G-walks that start at v. We
denote by PC the equivalence class of a G-walk P from v to w. Similar to
the proof of Theorem every equivalence class PC of ~ contains exactly
one representative of the form xgeizy...xp_1exl with z; € X;, where X; is a
transversal of ag, (G,) in Gy, for i > 0.

Let us define a graph G, its vertex set is the set of equivalence classes of .
Two verticesﬂ PE,Q% are adjacent by the edge f := (PC,e, Q%) with e € E(T')
if i(e) = u and t(e) = w and if there exists g € G, with Pgel € Q%. (Note
that this definition does not depend on the choice of P.) Let i(f) = P® and

u

t(f) = Q%. The involution is defined by (PC, e, Q%) := (Q%, &, PY).

Remark 4.4.1. Let G = (G,T', A) be a graph of groups and let v € V(T'). Let
P = goer...exgr and Q = hof1... fehe be two G-reduced G-walks from v to u
and w such that P® and Q% are adjacent in G,. We may assume that k < /.
Let (P%,e,Q%) be the corresponding edge. Then there exists g € G,, such that
Pgel ~ Q. Since P and @ are G-reduced, Theorem [£:3.9] implies k£ + 1 = ¢ and
fg = €.

Theorem and Definition 4.4.2. Let G = (G,T,A) be a graph of groups and

let ve V(D). Then G, is a tree. It is called the universal covering tree or
Bass-Serre tree.

Proof. Obviously, every vertex lies in the same component of ((N}v as 18, Thus,
the graph is connected and it remains to show that it contains no cycle.
Let
P=(P)5er...ex(Pr)s

be a closed non-trivial walk in @U, where every P; is a G-reduced G-walk. (Note
that this is not a restriction to the walk itself.) If we show that P contains a
spike

(Pic1)y,_,ei(P)5 eir1(Pig1)y,.

then we directly obtain that @v contains no cycle. Let 0 < ¢ < k such that the
length of P; is maximum. By cyclic permutations of the walk P we may assume
that 0 < i < k. We consider (P;_1)5 _ and (PHI)(S;H- Remark m implies
that both vertices contain a common G-walk. Thus, they lie in the same vertex
in G, and remark implies

e = ((Pi—l)ﬁ,l,fiv (Pi)ﬁ-)

2Using the notation PS for vertices implies that we directly choose a representative P of
the equivalence class and choose u as last vertex of the G-walk P.
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and -
€it1 = ((R‘)ﬁ’fm (Pi+1)§;+1)-

Thus, we have e; = €;41 and so P contains a spike, which implies that @v
contains no cycle. O

Remark. It is easily verifiable that Bass-Serre trees for distinct vertices v, w
from I' are isomorphic: Choose a G-walk P from v to w. Then the map Q — PQ
from the set of G-walks starting at w to the set of G-walks starting at v defines
an isomorphism of the corresponding Bass-Serre trees G, and G,.

Lemma 4.4.3. Let G = (G,T, A) be a graph of groups and let v € V(T'). Then
by setting

[PlQu = (PQ),,
and

[QU(PL)G, e, (P2)i) = ([QI(P1)u, e, [Q1(P2))-

we obtain an action without inversion from w1 (G, v) on G,.

Proof. We obtain from the definition of the vertices of G, that the assignment
is a well-defined action on the vertex set and on the edge set. Since we directly
obtain from the definition that edges and non-edges are preserved by this map,
we obtain the assertion. O

We will state two small facts on the stabilisers of the vertices and edges of
the universal covering tree in the fundamental group of the graph of groups.

Lemma 4.4.4. Let G = (G,T',A) be a graph of groups and let v € V().
The action of m1(G,v) on G, as defined in Lemma satisfies the following

properties.

(1) The stabiliser of a vertex PS is {{PgP~ '] | g € Gy}

(2) The stabiliser of an edge (PS, e, (Pgeg')$) with g € G, is
{[Pgac(c)g™' P7'] = [Pgeac(c)eg ' P~'] | c € G}

Proof. Simple calculation. O

Analogously to the universal covering of graphs, we obtain also for graphs
of groups the following statement whose proof is similar to the case of graphs
and remains as exercise.

Lemma 4.4.5. Let G = (G, T, A) be a graph of groups and let v € V(T'). Let
G:=m(G,v) and T :=G,. Then T/G =T. O

Definition. Let G be a group acting on a tree T and let H be a group acting on
a tree T'. Then T und T" are isomorphic with respect to the actions of G
and H if there is a group isomorphism ¢: G — H and a graph isomorphism
f:T — T with f(gv) = ¢(g)f(v) for all g € G and v € V(T). We call (¢, f)
an isomorphism from (G, T) to (H,T").
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Let G be a group that acts without inversion on a tree 7. Let G = (G,T', A)
be the graph of groups from Example with T'=T/G and let v € V(T').
Set H := m1(T',v). Let T be a spanning tree of I'. By an exercise, there exists
a monomorphism ¢: 7 — T. Thus, ¢ is defined on all vertices of I" but only
on the edge of 7. We want to extend ¢ to all of I We have to emphasise
that we are just defining images of vertices and edges but in general this will
not lead to a homomorphism. For every e € E(I") \ E(T) we set t(e) so that
t(€) = t(e) is satisfied and also eithe i(t(e)) = c(i(e)) or t(c(e)) = v(t(e)) and
additionally that e is the G-orbit of c(e). If i(c(e)) # c(i(e)), then let g. € G
with i(c(e)) = get(i(e)) and, if i(c(e)) = u(i(e)), then let g, := g5 *. For every
spikeless walk P = vgey ...exvg in T we set Pg := 1611;. .erl.

We will define a map from H to G and a map from G, to T and then prove
that these maps are isomorphisms. We define ¢: H — G. First, we set

o([PegPg]) = tulg)

for all spikeless walks P in T from v to u, for all g € G, and for the canonical
isomorphism vy, : Go, — G (y,); additionally, we set

@([Pi(e),Gept?el)@]) = Je

for all e € E(I' \ T), where g. € G is chosen as above (i.e. with i(c(e)) =
get(i(e))). By Corollary we have defined ¢ at a generating set of H. Let
¢ be the isomorphism from 71 (G,T) to m1(G,v) as constructed in Proposi-
tion [£:3:6] Obviously, the images under ¢ of the relators in the definition of
m1(G,T) are mapped to 1 by cpE| The universal property for group presen-
tations, Theorem [2.3.4] implies that we can extend ¢ to a homomorphism
H—G. N

Let us define a map f: G, — T by f(P?) := u(u) for all u € V(') and
all G-reduced G-walks P in 7 from v to u and set f(hP%) := @(h)f(PY) for
all u € V(I'), all G-reduced G-walks P in 7 from v to u and all h € H.
Obviously, f is well-defined and preserves edges and non-edges; thus, f is a
graph homomorphism.

Note that ¢ induces canonically isomorphisms of vertex and edge stabilisers.

Proposition 4.4.6. Let the group G act without inversion on the tree T'. Let
G = (G,T',A) be the graph of groups from Ezample with T =T/G and
let ve V(I'). Then there exists an isomorphism from (71(G,v),G,) to (G,T).

Proof. We choose T, ¢ and f as in the discussion before the proposition and
want to show that (¢, f) is an isomorphism from (m(G,v),G,) to (G,T). For
this, it only remains to show that ¢ and f are bijective maps, since by definition
of f we have f(hP%) = o(h)f(PP) for all h € H and all P¢ € V(G,).

3Note that we do not ask for both equalities here.
4Here, we mean the following: if s1...s, is a relator, then o(é(s1))...p(¢(sn)) = 1 lies
in G.
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Let us show that f is surjective. By definition we have o(H)(V(T)) =
F(G,). Thus, it suffices to prove w(H)(V(T)) = V(T). Let us suppose
e(H)(V(T)) # V(T). Then there exists an edge ep € E(T) with i(er) €
e(H)(V(T)) and t(er) ¢ @(H)(V(T)). We may replace er by ¢(h)er in
order to assume i(ep) € «(V(T)). Let e € E(I') with G(c(e)) = Ger. Then
we have either i(er) = i(c(e)) or gepi(er) = i(c(e)). This implies either
ger = (e) or ggerer = t(e) for some g € Gy, (e)) < ¢(H) and hence we obtain
er € o(H)(E(T')) and in particular t(er) € ¢(H)u(V(I')). This contradiction
shows that f is surjective.

Let us show that f is injective. First, we show that no two edges ey, es €
E(G,) with i(e;) = i(ey) exist such that f(e;) = f(es). Suppose such edges
e1, ez exist. Then there exists h € H with he; = ez. We obtain ¢(h) € Gf(e,) =
G #(ey)- This contradicts our observation that ¢ induces isomorphisms between
edge stabilisers. Thus, we have f(e1) # f(ez). Since G, and T are trees (by
Theorem and assumption), we directly obtain that f is injective.

Let us show that ¢ is surjective. Since ¢ induces isomorphisms on the vertex
stabilisers, we have G, < ¢(H) for all v € V(T). Let g € G and w € «(V(T)).
Since @(H)(V(T')) = V(T), there exists h € ¢(H) with hgw € V(I'). Every
two distinct vertices of «(V(T")) lie in distinct G-orbits. Thus, we have hgw = w
and hg € Gy, < ¢(H). We obtain g = h=1(hg) € p(H) - G\, = @(H). Thus, ¢
is surjective.

Let us show that ¢ is injective. For this, we show that the kernel of ¢
is trivial. Let h € H ~ {1}. If h has a fixed point, then the observation
that ¢ induces isomorphisms on the stabilisers implies @(h) # 1. So let us
assume that h has no fixed point. Then we have hv # v for all v € V(I") and
thus o(h)f(v) = f(hv) # f(v), since f is injective. Thus, @(h) # 1 and ¢ is
injective. O

Theorem 4.4.7 (structure theorem). Let the group G act on a graph X without
inversion. Let G = (G,T', A) be the graph of groups from Ezample with
I' = X/G, let v e V(I') and let ¢ and f as in the discussion before Proposi-
tion[4.4.6] Then the following statements are equivalent.

(1) X is a tree;
(2) f: G, — X is an isomorphism;
(3) p: m(G,v) = G is an isomorphism.

Proof. If X is a tree, then (2) and (3) holds by Proposition Since G, is a
tree by Theorem the implication from (2) to (1) follows. The remaining
implication (3)=(2) follows directly from the definition of f. O

Remark 4.4.8. Let G = (G,I',A) be a graph of groups with G, = 1 for all
v e V(T). Then m (G) = m (T).

As corollary of Theorem [£.4.7] using Remark [1.4.8] we obtain the following.
Corollary 4.4.9. A group that acts freely on a tree is free. O
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4.5 Minimal actions

Definition. A group G acts on a tree 7' minimally if there is no non-empty G-
invariant proper subtree of T. A graph of group is minimal if its fundamental
groups acts minimally on its Bass-Serre tree.

Remark 4.5.1. Let G be a group acting on a tree T. If there exists a hy-
perbolic element g € G, then there exists a g-invariant double ray R. Thus,
the intersection of all G-invariant subtrees of T' that contain R is not empty
and according to Lemma the ray R must lie in the intersection of all
non-empty G-invariant subtrees. Then G acts minimally on this intersection.
If G contains only elliptic elements, then Theorem implies that the action
of G on T is either elliptic, where we may choose for our G-invariant subtree one
that has only one vertex, or it is parabolic. In the second case, T' does not con-
tain any minimal G-invariant subtree, since the intersection of all G-invariant
subtrees is empty (exercise).

This discussion implies that for a minimal parabolic action, the group must
contain hyperbolic elements.

Proposition 4.5.2. Let G = (G,I',A) be a minimal graph of groups and let
v € V(T'). Then the action of m1(G,v) on G, is ...

(i) elliptic if and only if T consists of a unique vertex and no edge;

(ii) cyclic if and only if T is a cycle and all monomorphisms from the edge
groups into the vertex groups are isomorphisms;

(iil) dihedral if and only if T is a non-trivial path and the monomorphisms from
the edge groups into the vertex groups of the inner vertices are surjective
and the image of the monomorphisms in the vertex groups for the end
vertices of the path are subgroups of index 2 each;

(iv) parabolic if and only if T is a cycle and for some closed spikeless walk
Vo€q - . - €x—1V) the maps ae, are surjective for all 1 < i < n but at least on
o, 15 not surjective;

(v) hyperbolic otherwise.

Proof. In all cases, the backward implication is easy. That is, why we restict
ourselves to the forward direction. Let G := 71(G,v) and T := G,,. If the action
of G on T is elliptic, then T" has a unique vertex by the minimal action. Thus,
I" also has a unique vertex and no edge.

Let the action of G on T be cyclic. By the minimality of the action, T is a
double ray and G acts as translations on 7. Thus, T/G is a cycle. Since every
group element that fixes a vertex of 7' must fix the two incident edge (since it
acts as a translation on T'), the monomorphisms from the edge groups into the
vertex groups must be surjective.

Let us assume that the action of G on T is dihedral. As in the previous
case, T is a double ray. Since there exists an element that acts as a reflection on
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that double ray, we obtain that 7'/G is a path that is non-trivial (so it contains
at least two vertices) as the action is without inversion. Every group element
that stabilises an edge must already fix all of T. Since the stabilisers of the
end vertices of T//G have index 2 in the fix group of T' (an element from such
a stabiliser must either fix all of T or act on T as a reflection), we obtain the
assertion. This proves (iii).

Now let the action of G on T be parabolic. In the case that every element
of G is elliptic on T, Remark implies that the action cannot be minimal.
Thus, there exists a hyperbolic element. Let g € G be such an element of
minimal translation length. Then, T' contains a G-invariant double ray R, by
Lemma . This double ray contains a subray R such that RN AR is a
ray again for all h € G. Thus, the subgraph (J, . hR, is connected, so it is a
subtree. Since it is G-invariant, the minimality of the action implies that it is
already 7. Thus, every edge of T lies in a common orbit with an edge from R,.
The minimality of |g| implies that T'/G is a cycle with |g| edges. Obviously,
the stabiliser of a vertex u on Ry must fix the incident edge that separates
u from infinitely many vertices of R. Thus, there exists an orientation of the
cycle I such that the monomorphisms for those edge groups are surjective into
the vertex groups. Furthermore, for one edge e of those, the map a; is not
surjective since otherwise (ii) implies that the action would be cyclic.

The final case follows from Theorem O

Definition. Let G = (G,T, A) be a graph of groups. A pair (v,e) with v € V(T')
and e € E(T') such that v has degree 47| and i(e) = v # t(e) is inessential if a,
is surjective. A graph of groups is reduced if it contains no inessential pair.

Remark 4.5.3. If G = (G,T', A) is a graph of groups and (v, e) an inessential
pair, then we can suppress v and e, i.e., we delete v as well as e and € from the
vertex or and edge set and we set ¢(f) = t(e) for all edges f in I" with ¢t(f) = v
and i(f) = i(é) for all edges f in T' with i(f) = UE| For the monomorphism
ayf: Gy — Gy, we set the new monomorphism as oy 1= azaztay. Tt is easy to
verify that this operation preserves the fundamental group — or more precise:
that the fundamental groups before and after the operation are isomorphic.
One way to see that is to consider a spanning tree of I" that contains e. Then
the relators geaz(s)gs ' (ae(s)) ™! reduce to as(s)(ae(s)) ™! and we can put this
information into the relators of the other edge with initial vertex i(e). Apply-
ing Tietze transformations lead to the fundamental group obtained after the
operation.

In particular, we can transfer a graph of groups G = (G,I", A) with finite
graph I" to a reduced graph of groups by multiple such operations while keeping
an isomorphic fundamental group.

5For us, this means that there are precisely two edges ending in v and two edges starting
at v.
6This corresponds in the case of graph exactly the situation G/e. But here, we also have

to take case of the involution , the directions of the edges and their edge groups.



4.5. MINIMAL ACTIONS 71

Using Remark we can sharpen the formulation of the possibilities in
Proposition in the cases (ii)—(iv). We will note these new version, where
we also follow the statements on the group structure from Example

Proposition 4.5.4. Let G = (G,T',A) be a minimal reduced graph of groups
and let v € V(T'). Let G := 71(G,v) and T := G,. Then the action of G on T

5 ...

(i) elliptic if and only if T consists of a unique vertex and no edge. Then G
1s exactly the kernel of the actionm

(ii) cyclic if and only if T’ consists of a unique vertex and a unique edgfﬁ and the
monomorphisms of both edge groups in the vertex groups are isomorphisms.
Then we have G = Gy*,, where v is the vertex of I', e is an edge of I' and

-1
= aza .

(iii) dihedral if and only if T' consists of exactly two vertices and a unique edge
and the image of the monomorphisms in the vertex group are subgroups of
index 2 each. Then we have G =2 Gy xg, Gy with |Gy, : Ge| =2 = |G, : G|,

where u and v are the two vertices of T and e € E(T') an edge.

(iv) parabolic if and only if T' consists of a unique vertex and a unique edge such
that exactly one of the monomorphisms into the vertex groups is surjective.
Then we have G = Gy*,, where v is the vertex of I', e its edge such that

az: Gz = G, is not surjective and ¢ = aéogl,

(v) hyperbolic otherwise. O

Definition. A free product with amalgamation A xc B is proper if none of
the monomorphisms t4: C' — A and tp: C' — B is surjective.

Proposition 4.5.5. Let G = (G,T', A) be a minimal graph of groups such that
T has at least one edge. Then w1 (G) is either a proper free product with amal-
gamation or an HNN extension.

Proof. Exercise O

Definition. A group has property (FA) if every action without inversion of it
on every tree is elliptic.

We have already seen that finite groups always have the property (FA), see
Lemma Now, we want to give a group theoretic characterisation of the
groups with property (FA).

Theorem 4.5.6. A countable group G has property (FA) if and only if the
following statements hold.

"The kernel of the action consists of those elements that fix every vertex and every edge
of T.
8up to its image under the involution
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(1) G is finitely generated;
(2) G is not a proper free product with amalgamation;

(3) G is not an HNN extension.

Proof. By Lemma [4.1.9] we obtain that G is finitely generated since it has prop-
erty (FA). Let us suppose that that G is a proper free product with amalga-
mation G 2 A x¢ B for groups A, B,C. Let G = (G,T,A) be the graph of
groups with exactly two vertices and one edge, where the edge groups are C
and the vertex groups are A and B. By Example we have G = 1 (G).
The action of 711 (G) on G, with v € V(') is without inversion but not elliptic.
Thus G is no proper free product with amalgamation. Analogously, we obtain
that G is not an HNN extension.

For the reverse direction, we assume that (1)—(3) hold. Let T be a tree such
that G' acts on 1" without inversion. By Lemma it suffices to prove that
every element of G is elliptic. Let us suppose that G contains a hyperbolic
element. According to Remark there exists a minimal G-invariant subtree
of T and we may assume that the action of G on T is minimal. By Theorem[.4.7]
we may assume that G = 71(G) and T = G, with G = (G,T',A) and v € V(T'),
where G is the graph of groups with I' = T'//G as defined in Example .
Since G contains a hyperbolic element, the action of G on T is not elliptic and
there is an edge in I' by Proposition [4.5.4)(i). Thus, Proposition leads to
a contradiction to (2) or (3). So the action of G on T is elliptic. O

4.6 Kurosh’s theorem

Example 4.6.1. Let G = (G,T,A) be a graph of groups with G, = 1 for all
e € E(T") and let T be a spanning tree of I". Let G, = (S, | R,) be presentation
of the vertex groups. Then we have

m<G,T>:< U SoU{gelec BI)~ B} |

veV(T)

U RoUlgege | e € BD)~ E<T>}> .

veV (T')
Thus, there exists a free group F' with 71(G,T) = (+,cv () Go) * F.

Example 4.6.2. Let G = (G,T',A) be a graph of groups, where T is a star,
and let A be a group. Let G. = A for all e € E(T") and G, = A for the central
vertex z of I'. Let G, = (S, | R,) be the presentation of the vertex groups.
Then 7 (G,T") has the presentation

<USU|URD

veV (D), v#z veV (D), v#z
U{ac(a)(ae(a))™" e € E(T') und i(e) = z;a € A}).
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So we have m1 (G,T') & x4 G,,.

Theorem 4.6.3. Let G = %4,c1G; be a free product with amalgamation over A
of a family (G;)icr of groups. Let H < G be a subgroup whose intersection with
each A9 with g € G s trivial. For x € G and i € I, set H; , := H NxGz~!.
Let X; be a set of representatives of the double cosets HgG;. Then there exists
a free group F such that

H = (%1 pex, Hiz) * F.

Proof. Let G = (G, X, A) be a graph of groups, where X is a star with centre v4
and there exists a leaf v; for each ¢ € I. The edge groups are all A and the
vertex groups of the centre is A, too. Let G; be the vertex group for the leaf v;.
The maps «. are the identity if i(¢) = va and the monomorphism from A
to G; given by the free product with amalgamation otherwise. Set T := @v A
By Example we have m1(G) 2 G. Thus, G and hence H act without
inversion on T and we may think of the vertex and edge stabilisers of vertices
or edges of T in m1(G) as stabilisers in G (cf. Lemmas and [1.4.4). In
particular, the edge stabilisers are subgroups of G that are conjugated to A.

Let T := T/H and let T be a spanning tree of I'. Let Gy = (Gy,T', An)
be the graph of groups that is induced by the action of H on T: we have
Gl = G,NH and GE = G. N H for all vertices v and edges e of I'. Then
Theorem implies H = m(Gpy,T). Since H has trivial intersection with
each subgroup of G that is conjugated to A, we obtain G = 1 for all edge
groups of I'. By Example we obtain

H=m(Gy,T) = (xpevm Gy ) * F,

where F' is a free group.
The vertices of T' correspond to the setEI

G/Aul JG/aG,

i€l
and thus the vertices of I' and thus 7 correspond to the sef™]

H\G/AU| JH\G/G;,

icl

since we just combine the H-orbits. The embedding of 7 in T defines a set of
representatives X4 C G/A of H\G/A and a set of representatives X; C G/G;
of H\G/G;. If z € X a, then the corresponding group G, is exactly H Nz Ax~1
and, if € X;, then the corresponding group G,, is exactly H NzG;z~ 1. Since
HnNzAz~! = 1, we obtain the assertion. O

9Note that the normal form of G-walks correspond (by removing the edges in the sequence)
reduced forms in the free product G, canonically.

0For subgroups H,U of a group G, the set H\G/U is the set of double cosets HgU with
g€ G.
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Theorem for A =1 implies the subgroup theorem of Kurosh.

Corollary 4.6.4 (Kurosh’s subgroup theorem). Let G = *;c1G; be a free prod-
uct of a family (G)ier of groups. Let H < G be a subgroup. For x € G and
ielletHp = HnN xGix~t. Let X; be a set of representatives of the double
cosets HgG;. Then there exists a free group F' such that

H = (%jeq gex, Hig) * F. O

Note that Corollary [£:6.4] implies in particular that the order of any element
of H must be the order of some element of one of the G, if it is finite.

4.7 Stallings’ theorem

In this section, we will show that finitely generated groups with more than one
end always split over a finite subgroup either as free product with amalgamation
or as HNN extension.

Theorem 4.7.1 (Stallings’ theorem). Let G be a finitely generated group with
more than one end. Then one of the following holds.

(1) There exists three subgroups A, B, H of G such that H is finite and Axg B &
G is a proper free product with amalgamation.

(2) There exists a subgroup H of G and an isomorphism ¢ between two finite
subgroups of G with G = Hx,,.

We will obtain Theorem [£.7.1] as corollary of Proposition [£.7.2]

Proposition 4.7.2. Let G be a finitely generated group with more than one
end. Then there exists a tree T such that G acts on T edge-transitively and

without tnversion such that all edge stabilisers are finite and no vertex stabiliser
is G.

Proof of Theorem[{.7.1} Let T be the tree from Proposition [f.7.2] The graph
of groups for the action of G on T consists of a single edge and at most two
vertices because of the edge transitivity. Then Example directly implies
Theorem since the monomorphisms of the edge groups into the vertex
groups in Example [£:34] cannot be surjective. O

Thus, we want to construct a tree such that G acts on that tree in a suitable
way.

Proof of Proposition[{.7.9. Let ' = (V, E) be a locally finite Cayley graph of G.
Then T' has more than one end, since G has more than one end. First, we
consider the case that I' has at least three ends. Then Lemma|3.4.3|implies that
I" has infinitely many ends. We set

B :={UCV||U=c0=|V\U|and [E(UV \U)| <i}.
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Since I" has more than one end, there exists a finite set S C V such that two rays
lie in distinct components of G — S eventually. If 7 is the number of edge from S
into one of these components, then we obtain B; # (). Let m € N be minimal
with B,, # (. The minimality of m implies that all U € B,, are connected. If
U CV,then we set U :=V ~ U.

Claim 1. If U; 2 Uz 2 ... is a chain in B,,, then we have [,y U; = 0.

Proof of Claim[i] Let us suppose that there exists a chain Uy 2 Uy 2 ...
in By, such that U := [,y U; is not empty. Then there exists an edge
e; one of whose incident vertices lies in U and the other lies in U; but
outside of U and there is an index i; € N such that

e; € E(Uill, U) N E(Uil—l; U)

Analogously, there exists an edge e; € E(U;,) with exactly one of its
incident vertices in U. Let i35 € N such that

eg € E(Uilz, U) AN E(Uiz—la U)

Then we have is > i; and e; and ey lie in E(U;,,U). This way, we can
find infinitely many edges and for every n € N there exists i,, such that
the first n of these edges lie in E(U;, ,U). For n > m this contradicts our
choice of the sets U; € B,,. O]

Because of Claim [1}, there exists a minimal W € B,, with 1 € W.
Claim 2. For every U € B, one of the following four sets is finite:
UnNW, UnW, UnW, UnW.
Proof of Claim[2] Let us suppose that all four intersections are infinite.
Then each of these sets contains a ray, since I' is locally finite. For all
Ae{U,U} and B € {W, W} we obtain
E(ANB,ANB)>m

by the minimality of m. Every edge of E(U,U)U E(W, W) lies in exactly
two of the sets E(AN B, AN B). We obtain

4m

< Y |E(AnB,ANB)|
AE{U,IL},
Be{wW,W}

<2E(U,U)| + 2|E(W,W)|

< 4m,

and thus, all inequalities must be equalities and all infinite components of
these intersections must lie in B,,,. We may assume that 1 lies in U N W.
Because of UNW € B,,, and the minimality of W with respect to containing
1, we have U N W = W. This implies U N W = (. This contradiction
proves the claim. O
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We define an equivalence relation 2 on B,,via
U; 2 Uy <= Uy NU, and U; N Us are finite
and a strict orded™] via
Uy < Uy <= U, N U, finite, but U 2 Us.

It is easy to verify that these two relations have the properties as claimed; we
will skip it at this point.

Claim 3. Let A,U € B,, with W < A < U. Then there are only finitely many
geGwithW <gA<U.

Proof of Claim[3] Let A CT be a finite connected subgraph that contains
E(X,X) for all X € {A,U,W}. For all g € G except for finitely many,
this implies ANgA = 0. Let g € G with AN gA = 0 and suppose
W < gA < U. Then UNgA and gANW are finite. Since A is connected
but avoids E(gA, gA), it lies in either gA or in gA. First, we assume that
A lies in gA. Then we have either W C gA or W C gA, since W and
W are connected. Since gA N W is finite, we must have W C gA, which
implies gANW = () and hence gA = W, a contradiction to W < gA. With
a similar argument, the case that A lies in gA leads to a contradiction. [

‘We set o
T :={gW,gW | g € G}/=.

We extend the definition of the complement and of < to T for Uy, Us € T set
271:: {71‘ Ui EZ/ﬁ}

and
U < Uy <= FU; e U,Us € Uy: Uy < Us.

Claim 4. The triple (T,~, <) is a tree set, i.e., it has the following properties:
(1) t=tand t#1 for all t € T}

(2) < is a strict order on T

(3) t1 < ta <=ty <ty for all t1,t5 € T}
(4)

4) for t1,to € T exactly one of the following cases is true:

b1 =tg, &1 =1, t1 <, t1 <12, Ty <ta, 1 < 1g;

(5) for no t € T, the set T,* := {t’ € T | ' < t} contains an infinite chain
th <ty <---.

Hthat is an asymmetric, transitive relation
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Additionally, the tree set has the following property.

(6) there exist no maximal and minimal elements with respect to <.

Proof of Claim[d] Statement (1) follows directly from the definition of the
complement and (3) follows directly from the definition of <. Since < is
a strict order on B,,, the same holds for < on T". Because of Claim [ we
obtain (4) and Claim [3| implies (5).

Let us suppose that U € B, is maximal with respect to <. In particular,
U is infinite. Let A be a finite subgraph of I" such that I' — A has three
infinite components. Let g € G such that gA lies in U. This element
g exists, since I' is locally finite. Let h € G such that hE(W, W) lies
in an infinite component of I' — gA that intersects U trivially. Then we
have either U < hW or U < hW, which contradicts the maximality of U.
Analogously, we obtains a contradiction, if U is minimal with respect to <.
Thus, T has no maximal and no minimal elements with respect to <. [

By an exercise, we obtain the existence of a tree 7 with edges T and vertices
T/~, where

thtQI<:>t1:t2\/(t1 -<{2/\_|E|t€TZt1-<t-<t_2).

Since T is G—invariandﬂ G acts on T. The action of G has at most two orbits
on the tree set since it consists of the equivalence classes of elements gW or gWW.
In the exercise, we also saw that gW and gW form the same edge (up to its
direction). Thus, G acts on 7 and it acts transitively on the edges of 7. If this
action is not without inversion, we subdivide each edge once and obtain an action
without inversion. The stabiliser of W is finite, since it is the stabiliser of the
finite edge set E(W, W) is and since G acts freely on I'. In order to show that the
stabilisers of the edge of T, that are the elements of T', are finite, too, it suffices
to show that only finitely many elements of {gW,gW | g € G} are equivalent
with respect to 2. This is a direct consequence of Claim [3| and Claim [4(6).
Thus, the statement on the edge stabilisers follows from Lemma [1.1.10] since
every element of T lies in the orbit of the equivalence class of W or of W.

Since there are no maximal or minimal elements with respect to < by
Claim [4](6), there exists a path of length at least 3 in 7. This and the transi-
tivity of the action on the edges implies that there is no vertex that is fixed by
all of G.

Let us now briefly discuss the case that I' has exactly two ends. The reason,
why the above proof fails is that the proof of Claim(6) fails, the set T' consists
of at most two elements and thus we cannot conclude that the splitting is proper.
In this situation, we have to work more to find some U € B,, such that for U
and gU we have one of the cases of Statement (4) in the definition of a tree set,
where < is now replaced by C. Then we also obtain a tree that contains a path
of length at least 3, which implies that the splitting is properH O

~

12Note that the equivalence relation 2 is invariant under G.
13This sharpening of the requirements for an element of B,, will not be covered in this
lecture.
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Corollary 4.7.3. The property of being a proper free product with amalgama-
tion or an HNN extension over a finite group is a quasi-isometry invariant. [

We have shown that we can split groups with more than one end, e.g. as
free product with amalgamation A xy B. But now it can happen that one or
two of these groups A and B have more than one end, too. Can we continue
this indefinitely? Can it happen that again and again one of the groups involed
in the product has more than one end?

Definition. A finitely generated group G is 0-accessible if it has at most one
end. For n € N~ {0}, the group is n-accessible if it is isomorphic either to
A xpg B for subgroups A # H # B, where H is finite and, for some i4,ig < n,
the groups A and B are i4- and ip-accessible, respectively, or to Ax, for some
i-accessible group A with ¢ < n and an isomorphism ¢ between finite subgroups.
We call G accessible if it is n-accessible for some n € N.

Accessibility of groups can be characterised using the Bass-Serre theory as
follows.

Proposition 4.7.4. A finitely generated group is accessible if and only if it is
the fundamental group of a finite graph of groups whose edge groups are finite
and whose vertex groups are finitely generated have at most one end.

Proof. Exercise O
Wall conjectured the following.

Conjecture 4.7.5 (Wall 1971). Ewvery finitely generated group is accessible.
A first positive result is due to Dunwoody.

Theorem 4.7.6 (Dunwoody 1985). Every finitely presented group is accessible.
The general conjecture, however, was disproved a bit later.

Theorem 4.7.7 (Dunwoody 1991). There are finitely generated groups that are
not accessible.

Another important result for accessible groups follows from a theorem of
Thomassen and Woess.

Theorem 4.7.8 (Thomassen and Woess 1993). A finitely generated group is
accessible if and only if one (and hence every) of its locally finite Cayley graphs
has the following property: there exists n € N such that every two ends can be
separated by at most n edges.

Corollary 4.7.9. Accessibility is a quasi-isometry invariant.



Chapter 5

Hyperbolic groups

5.1 Hyperbolic graphs and groups

Definition. Let I' = (V, E) be a graph and let § € R>¢. Let 21,22, 23 € V and
let P; be a shortest path between x; and x;11 (mod 3). We call the tupel

(21,29, 23, P1, Pa, P3)

a geodesic triangle. It is d-thin if for every x € V(P;) there exists a y €
U#j V(P;) with d(z,y) < ¢. The graph I' is J-hyperbolic if every geodesic
triangle is d-thin and hyperbolic if it is §’-hyperbolic for some §’ € Rx>q.

Example 5.1.1. (1) Trees are 0-hyperbolic.
(2) The grid Z? is not hyperbolic.

Remark. In the literature, hyperbolicity is usually defined for metric spaces.
In this context, edges of graphs will be considered as continuous images of [0, 1],
similar to planar graphs. Thus, there are small differences for the involved
constants 0. Often, the result trees are the 0-hyperbolic graphs is mentioned,
which is wrong for our definition.

We obtain directly from the definition of d-thin geodesic triangles that in
hyperbolic graphs geodesic paths between the same vertices lie close to each
other.

Lemma 5.1.2. Let I" be a d-hyperbolic graph and let x,y € V(G). Let Py, Py
be two geodesic x—y paths. Then we have d(v, P;) < 0 for all v € V(P;) with
O

i,j e {1,2}.

The previous lemma even holds for quasi-geodesic paths. But before we can
show that, we first have to prove a result on the divergence of geodesic paths.

Definition. Let I" be a graph. A function f: N — R is a divergence function
for T" if for all geodesic paths P; = xg...z, and P> = yg ...y, With o = yg

79
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and for all r, R € N with » + R < min{m,n} we have the following as soon as
d(xr,yr) > f(0): for all paths Q outside of Bry,_1(xg) from g4, to yri, we
have £(Q) > f(r).

We say that geodesic paths diverge exponentially if there is an expo-
nential divergence function[l]

Proposition 5.1.3. A graph is hyperbolic if and only if geodesic paths diverge
exponentially in it.

Proof. First, let I' be a hyperbolic graphs. Let P, = z¢...2ry, and P =
Yo - - - Yr+r be two geodesic paths with common first vertex zg = yy and length
R+r with r, R € N such that d(zg,yr) > 26. Let @ be a g4 ,—yr+, path that
lies outside of Br4r—1(x0) and let Q4 be a geodesic ¥ r4r—Yr+r path.

Let v € V(Qg) and let w € V(Q) with

dQ (IR+T7 yR+r) —‘
—2 .

dolenirw) = |

Let @1 be a geodesic xg,—w path and @2 a geodesic w—yr4, path. Then there
exists u € V(Q1) UV (Q2) with d(v,u) < §. We may assume that u lies on Q1.
Inductively, we obtain

d(v,Q) < 6logy(dQ(TR+rs YR4r))-

Because of d(zg,yr) > 20 there is no vertex a on Py with d(zg,a) < ¢: such a
vertex had distance at least R — ¢ and at most R+ 6 to g and thus distance at
most 6 to yr. Thus, there exists a vertex on @, with distance at most § to zp.
We may assume that this vertex is v. We obtain

r+R=d(z,Q) <d(z,v) +d(v,Q) < R— 3§+ 5logy(£(Q)).

Thus, we have
r+48

Q) =27

and hence geodesic paths diverge exponentially in T.

Let us now assume that geodesic paths diverge exponentially in I'. For this,
let f be an exponential divergence function for I'. Let (z,y, z; P1, Py, P3) be a
geodesic triangle in I'. Let 1 € V(P;) and xo € V(Ps) with d(z, 1) = d(x, z2)
maximal such that d(u,v) < f(0) for all u € V(P;) and all v € V(P;) with
d(xz,x1) > d(z,u) = d(z,v). Analogously, we define y; and y, on P, and P,
respectively, and z; and z3 on P3 and Ps, respectively.

First, we consider the case that x Pz, and yo Pyy cover P;. Then there exists
x3 € V(xPsxs) and y3 € V(yPay;) with

d(x3,y3) < 2f(0) + 1.

IStrictly speaking, we ask for a divergence function that is equivalent to an exponential
function in the sense that (generalised) growth function are equivalent to each other.
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The paths P, and Ps are geodesic and thus we obtain
d(z,x3) +2f(0) + 1 > d(z, ys)-

Since f is an exponential divergence function, the distances d(z1, x3) and d(z2, y3)
are bounded by f~1(4f(0) + 2). Thus, the distances d(21,z2) and d(22,y;) are
bounded by the same value. Thus, our geodesic triangle is A-thin for

A= f714f(0) +2) +2£(0) + 1

Let us now consider the case that there exists a vertex on P; outside of z P,z
and yo P1y and that the analogous statement hold for the other two sides. We
set

Kl = d($172U2)7
Ky :=d(y1,22) and
K3 = d(Zl,ZL’Q).

We may assume K; > Ky > K3. Let v € V(Py) with d(z1,v) = [d(z1,y2)/2].
Claim 1. The path xoPsz lies outside of By v)—1(y).

Proof of Claim . Let us suppose that there exists a vertex u € V(xoP52)
with d(u,y) < d(y,v) — 1. Because of

d(y,v) + d(xz,v) — 1 < d(z,y)

we have u ¢ Bg(y,,)(7) and thus d(u,z2) > K1/2. Because of Ky > K3
there exists w € V(P2) with d(u, z) = d(w, z). We obtain

K1/2 < d(u,x2)
= d(z9,2) — d(u, z)
= d(z2,21) + d(z1, 2) — d(u, 2)
< d(z2,y1) +d(22,2) — d(z,w)
(
(

A

= d(z,y1) — d(z,w)

= d(w,y1).

Thus, w does not lie in By, ,)—1(y). We obtain

d(y,z) = d(z,w) + d(w, y)
<d(z,u) + d(u,y)
< d(z,w) + d(w,y)
=d(y, 2)

This contradiction shows the assertion. O
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Let s € V(P2) with d(y, s) = d(y, v). Note that Claim|[I]implies the existence
of 5. There exists a v—s path in the complement of By, ,)—1(y) of length at
most

d(v,z1) + f(0) + K3 + 3f(0) + d(22, s)

[K1/2] +4f(0) + K1 + [K1 /2]
2K, +4(0) + 1.

[VANVAN

Thus, we have
f (V;J) < 2K, + 4(0) + 1.

Since f is an exponential function, there exists K € N (independent of K;) with
K1/2 < K. Thus, our geodesic triangle in \'-thin for A’ := 4K +4f(0) + 1. For
§ = max{\, \'} we obtain that ' is §-hyperbolic. O

Proposition 5.1.4. Let T be a hyperbolic graph and let x,y € V(G). Let Py be
a geodesic path and let Py be a (v, c)-quasi-geodesic x—y path with v € R>1 and
cE Rzo.

(1) There exists A € N, depending only on (0,7, ¢), such that d(v, P2) < X for
allv e V(Py).

(2) There exists k € N, depending only on (6,7,c), such that d(v, P;) < k for
allv e V(P;) with i,j € {1,2}.

Proof. By Proposition there exists an exponential divergence function
fi N = R. Let D := max{d(v,P) | v € V(P;)} and let v € V(P;) with
d(v, P;) = D. Let u be a vertex on xPjv with d(v,v) = 2D, if possible, and
u’ = x otherwise. Analogously, we choose w’ on vP;y. Note that we have

d(U,I) >D< d(U,y)

by the choice of v. We choose u € V(v Pyv) with d(u,v) = D and w € V(vPiw’)
with d(v,w) = D. By the choice of D, there exists a € V(FP2) N Bp(u') and
b € V(P2) N Bp(w'). Thus, we have d(a,b) < 6D and dp,(a,b) < 6vD + ¢,
since Py is a (7, ¢)-quasi-geodesic path. Hence, we find a path of length at most
4D +6vD + ¢ from u to w that lie outside of Bp_1(v). Since f is an exponential
divergence function, but the length of the path is only linear in D, we obtain
the existence of an upper bound A, depending only on (4, v, ¢) with D < A. This
implies (1)

For the proof of , let us suppose that P, contains vertices that lie outside
of By(Py). Let P’ be a maximal subpath of P, such that its inner vertices lie
outside of Bx(Py). Let uw and v be the end vertices of P’. We may assume that
u lies on x Pyv. By the choice of P’ there exists a,b € V(P;) with a € B)(u) and
b € Bx(v). By every vertex on aP;b has distance at most A to some vertex
of Py, that lies in xPou U vPyy by the choice of P’. In particular, there exists
a vertex z on aP;b that has distance at most A to some vertex z; on xPu and
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distance at most A+ 1 to some vertex zo on vPy. We obtain d(z1, 22) < 2A+1
and hence dp,(z1,22) < y(2\+ 1) + ¢, since P, is a (v, ¢)-quasi-geodesic path.
Thus, the length of P’ is bounded by ¥(2\ 4+ 1) 4+ ¢ and we obtain for
E=A+7v\+[(v+0)/2]. O

Lemma 5.1.5. Let T' and A be two graphs, let ¢: T — A be a (v, c)-quasi-
isometric embedding with v > 1 and ¢ > 0 and let P = zy...x, be a geodesic
path in T'. Then @o(P) induces a (v, c')-quasi-geodesic xop—rnp path Q in A
such that every vertex of Q has distance at most a to some vertex of o(P), where
~', ¢ and a only depend on v and c.

Proof. For every 0 < i < n, let Q; be a geodesic path between ¢(z;) and ¢(x;41).
The union of these paths is a zgp—x,,¢ walk that contains a xqp—x,p path. That
this path satisfies our claim is shown in an exercise. O

Proposition 5.1.6. Let T and A be two graphs. If there exists a (7, c)-quasi-
isometric embedding o: T' — A for some~y > 1 and ¢ > 1 and if A is hyperbolic,
then T is hyperbolic.

Proof. Let (z1,z2,x3; P1, P2, P3) be a geodesic triangle in I'. Let y; := o(z;)
for all ¢ € {1,2,3}. Then ¢(P;) induces a (v, ¢’)-quasi-geodesic y;—y;+1 path P/
by Lemma where 7/ and ¢’ only depend on « and c. Let Q; be geodesic

yi—Yi+1 paths for all i € {1,2,3}. Let x € V(P;). By Proposition there
exists k, depending only on (d,7,c), such that there exists 2’ € V(Q;) with
d(e(z),z") < k. Since A is §-hyperbolic, we find ¥’ € V(Q;) for some j # i
with d(z',y’) < ¢ and y” € P} with d(y’,y") < k. By Lemma there exists
y € V(P;) with d(y”, ¢(y)) <~ + ¢. Thus, we have

%d(fcv?/) —y <d(p(z),p(y) <26+ +7+c

and hence
d(z,y) <2k 40+ v+ 20c).

Thus, T is §’-hyperbolic for ¢’ := y(2k + § + v + 2c¢). O

Corollary 5.1.7. Let I and A be two quasi-isometric graphs. Then T is hy-
perbolic, if and only if A is hyperbolic. O

Definition. A finitely generated groups is hyperbolic if one (and hence by

Proposition and Corollary every) of its locally finite Cayley graph is
hyperbolic.

Example 5.1.8. (1) Finite groups are hyperbolic.
(2) Free groups are hyperbolic.

(3) The group Z? is not hyperbolic.
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Lemma 5.1.9. Let T’ be a §-hyperbolic graph and K = xgpeq ...z, be a closed
walk in T with n > 46+4. Then there exist two vertices z;, x; such that d(z;,x;)
is smaller than the length of each of the two walks x;e;...x; and xje;...x;.

Proof. Let us suppose that the claim does not hold. Then, for all z;, z; we have
that either z;e;...x; or z e; ... x; is a walk that belongs to a geodesic path. In
particular, K corresponds to a cycle C.

Let y1,y2,ys € V(C) with

d(y1,y2) = [4(C)/2],
d(y2,ys) = [£(C)/4] and
d(ys, y1) = (C) — d(yr,y2) — d(y2,y3)-

Let P; be the subpath of C from y; to yi+1E| that realises this distance. Thus,
the paths P; are geodesic paths and (y1,y2,ys; P1, P2, P3) is a geodesic triangle.
By the choice of y; and yo and because of £(C) > 40 + 4 there exists a vertex
v € V(P) with

d(v,y1) > 6 < d(v,ya).

Since T is 6-hyperbolic, there exists w € V(Py) UV (Ps) with d(v,w) < §. This
contradicts our assumption d(v, w) = de(v, w). O

Theorem 5.1.10. Hyperbolic groups are finitely presented.

Proof. Let G = (S| R) be a d-hyperbolic group, where S is a finite generating
set. Let I'" be the Cayley graph of G and S. Every relator corresponds to a
closed walk in I'. If R contains a relator w of length more than 46 + 4, then
this corresponds to a closed walk K = xgeq ...z, of length more than 49 + 4.
By Lemma there exist vertices z;,x; on K such that d(z,y) is smaller
than the lengths of z;e;...z; and zje;...x;. Let yofo...ym with yo = x; and
Ym = x; be a shortest walk between z; and x;. Then ze;... % fm—1... foyo
and Yo fo... fm—1Yme;...x; are closed walks that correspond to words whose
concatenation allows elementary reductions such that the resulting word is w.
Thus, w lies in the normal subgroup generated by these two words of smaller
length. Inductively, we obtain that R is generated as normal subgroup by words
of length at most 40 4+ 4. Since there are only finitely many such words over
S US™! we found a finite presentation of G. O

5.2 Subgroups of hyperbolic groups

We want to show that infinite hyperbolic groups always contains elements of
infinite order.

Definition. Let GG be a finitely generated group, S a finite generating set of G
and g € G. Then cone of g with respect to S is the set

Cones(g) == {h € G | ds(1,gh) > ds(1,9) +ds(1,h)}.
2or to y1,ifi =3
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Example 5.2.1. Let F' be a free group of rank n € N with free generating
set S. Then F has exactly 2-|S|4 1 cones: besides Coneg(1) = F there are the
cones Coneg(s) = {s1...s, | 8; € SUS™, 57 # 571} for each s € SUS™L,

Obviously, these cones are distinct (s~! is the unique element of S U S~!
that does not lie in Coneg(s)) and for every word s;...s, over S U S~ with
n > 2 we have Coneg(sy ...sp) = Coneg(sy).

Definition. A group is a torsion group if each of its elements is a torsion
element.

Proposition 5.2.2. Let G be an finitely generated infinite group that has only
finitely many cones with respect to a finite generating set S. Then G is not a
torsion group.

Proof. We set
= |{Cones(g) | g € G}|.

Since S is finite, the Cayley graph I' of G and S is locally finite. Thus and since
G is infinite, there exists g € G with d(1,g) > k. Let 1 = go,91,..-,9m =g be a
shortest path in I' from 1 to g. Because of m > k there exists two vertices g; # g;
with ¢ < 7 on this path that have the same cone. We claim that h := g;lgj has
infinite order. For this, we will show by Induktion that we have

for all n € N. The proposition immediately follows, since the previous statement
implies that the elements g;h™ must be distinct for all n € N.

For n = 1, the claim follows directly from the choice of h. So let n € N such
that the claim holds for n. Then we have dg(1,h™) = n - ds(1, h) because of

ds(1,9i) +ds(1,h™) > ds(1, g;h")
> dS(]-vgi) +n- dS(]-a h)
Z dS(17gZ) +d5(13hn)

Furthermore, we have h™ € Coneg(g;) = Coneg(g;h). Thus, we obtain
ds(1, gih" ) = ds(1, g;hh™)
> dg(1,g:h) +dg(1,h"™)
=ds(1,9;) +ds(1,h) +n-ds(1,h)
=ds(1,g;) + (n+1)-ds(1,h).
This finishes the induction. O]

Proposition 5.2.3. Let G be a hyperbolic group with finite generating set S.
Then G has only finitely many cones with respect to S.

Proof. For g € G and r € N we define the set
P(g) == {h € B(1) | ds(1,9h) < ds(1,9)}-
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Let I" be the Cayley-Graph of G and S. By assumption, there exists § € R>g
such that I is §-hyperbolic. Set r := 20 + 1.

If we can show that the set P7(g) of each group element g € G already
determines its cone, then the fact that each P?(g) is a subset of the finite set
B%5(1) implies that there are only finitely many distinct cones. Thus, we
want to show that for all g, ¢’ € G with P?(g) = P?(g') we have Coneg(g) =
Cones(g').

Let g,¢' € G with P5(g) = P3(¢’) and h € Cones(g). By induction on
ds(1,h), we show h € Coneg(g’).

If dg(1,h) = 0, then we have h = 1 and, obviously, we have h € Coneg(g'). If
ds(1,h) =1, then h € Coneg(g) implies together with the definitions of cones
and of P?(g) that h does not lie in PS(g) = P?(g’). Thus, it must lie in
Cones(g').

So let dg(1,h) > 1. Then there exists s € SUS™! and b/ € G with h = h’'s
and dg(1,h’) = ds(1,h) — 1. Since h € Coneg(g), we have h’ € Coneg(g) and
h' € Coneg(g’) by induction.

Let us suppose that h ¢ Coneg(g’) holds. Then we have

dS(L.glh) < dS(Lg/) + dS(L h)

Let s1,...,8, € SUS™! with s1...5, = ¢’h and n = dg(1,9'h). Set ki :=
S1...8dg(1,q) and kg 1= ki'g’h. Then we have

ds(Lglh) = ds(l,kl) + ds(l,kg) and
dS(lakl) = dS(]-ag/)

and, since h ¢ Coneg(g’), we obtain
ds(1,ke) < dg(1,h) — 1.
We consider the element h” := ¢'~'k;. We have

ds(1,h") = ds(1,¢9' " k1)
=ds(g', k1)
<20+1
<r,

where the second last inequality follows similarly as one of the exercises: the
81 .. .8y, define a geodesic path and a different one is defined by ¢’ and A'. Its end
vertices have distance 1 and we can use an argument as in one of the exercises
to obtain ds(g’, k1) < 26 + 1. Thus, A" lies in BS(1).

Furthermore, we have

ds(lmg/h//) = ds(la kl) = dS(lﬂg/)
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and hence we obtain h” € P3(¢') = P?

I

(g9). Because of h € Coneg(g) we get:

ds(1,9) +ds(1,h) < ds(1,gh)

=ds(1,99' "g'h)
=ds(1,99'" 1k1kz)
ds(1, gh") + ds(1, ks)
ds(1,9) + ds(1,h) — 1.

This contradiction finishes the induction and thus the proposition. O

As an immediate corollary of Propositions [5.2.2] and [5.2.3] we obtain the
following.

Theorem 5.2.4. Infinite hyperbolic groups are mo torsion groups. O

Next, we want to show that no hyperbolic groups has a subgroup isomorphic
to Z2. Therefore, we first show that every infinite cyclic subgroup of a hyperbolic
group is a quasi-isometric embedding of Z.

Proposition 5.2.5. Let g be an element of infinite order in a hyperbolic group G.
Then the function
V7 — G, z—g*

18 a quasi-isometric embedding.

Proof. Let S be a finite generating set of the hyperbolic group G and let I" be
the Cayley graph of G and S. Let § > 0 such that I" is §-hyperbolic and set

=|{g € G|ds(1,g9) <4 + 1}|. Here, a midpoint of a path is one of its (at
most two) central vertices. First, we will show dg(1,¢™") > r for all » € N. For
this, let » € N with » > 0 and k£ € N with

ds(1,g") > 8r+ 46 + 1.

Let P be a geodesic 1-¢* path, z a midpoint of P and P, a subpath of P of
length 27 such that x is a midpoint of P, as well. Let us show the following.
Claim 1. If u € B,(1) and v € B,.(g*), then we have dg(y, P,) < 45 + 1 for
every midpoint y of each geodesic u—v paths P’.
Proof of Claim [l Let P" be a geodesic 1-v path. We have
|ds(1,6%) — ds(L,0)[ <
and
lds(1,¢%) — dg(u,v)| < 2r.

Thus, the midpoint y of P’ must have distance more than § from B, (1)
and B,(g"*) and, since I is d-hyperbolic, there exists a vertex z on P with
ds(y,z) < 4. Since the lengths of P’ and P” differ by at most r, we have



88

CHAPTER 5. HYPERBOLIC GROUPS

ds(y,2') < [r/2] + 6, where 2’ is a midpoint of P”. Analogously, we find
a vertex 2’ on P of distance at most ¢ to z and such that

dz,z') <2([r/2] +0) <r+2§+ 1.

The claim follows. O

Since n = |Bysy1(1)|, there are most 2nr distinct vertices of distance at most

45 + 1 to P,. Since all ¢* are distinct and G acts freely on I, the image of z
under all g are distinct. At most 2n7 of these images have distance at most
46 +1 to P,. Thus and since ds(1,¢%) = ds(1,g~ "), there exists f(r) < nr with
0 < f(r) such that ¢/ ¢ B,.(1) and ¢*+/(") ¢ B, (g").

Claim 2. We have dg(1,¢"®) > R for all R € N with R > 0.

Proof of Claim[2l Let us suppose that there exists R € N with R > 0 and
ds(1,g™) < R. For every m € N with m > nR, let n,,, 7, € N such that
m = nmnR+r, and 0 <r,, <nR. Since n,, can be arbitrarily large but
there are only finitely many values for r,,, there exists for every ¢ > 0 a
ge with n,e > dg(1,¢9™) for all m with n,, > ¢.. Let m € N such that
Nm > q- for € := R — dg(1,g"). We obtain

ds(1,9™) < ds(1,g" ") +ds(1,9"™)
< npds(l, ™) +ds(1,9™)
Snp(R—¢)+ds(l,9™)
< npR.

Let M € N such that f(M) > nR and ng) > ¢.. Then we have
F(M) < nM and ds(1,gf)) > M by the choice of f(M). So we obtain

ds(1,g7) < nranR < f(M)/n < M.

This contradicts the choice of f(M) and proves our claim. O

Now we are ready to prove that 1) is a quasi-isometric embedding. For this,

let i, j,m,r;; € Z with 0 <m <n and |i — j| = nry; +m and let K € R>( with
d(l,gm') < K for all 0 < m’ < n. Then we have

%|ifj| —(n+K)<ry+m-—(m+K)
=ry; — K
<ds(1,9") - K
<ds(1,g""™)
= ds(1,¢")
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and

ds(1,9"71) = ds(1,g""0+™)
<ds(1,9") +ds(1,9™)
< nrizds(l,g) + mds(1,g)
<ds(1,g)(nrij +m)
=ds(1,9)|i — jl.

Choosing v := max{n,ds(1,9)} and ¢ := n + K as constants for the quasi-
isometric embedding proves the assertion. O

Now we will take a closer look at the centralisers of elements of infinite order
in hyperbolic groups.

Definition. Let G be a group and let ¢ € G. The centraliser of ¢ is the
subgroup

Ca(g) = {h € G| hg = gh}f]

Theorem 5.2.6. Let G be an infinite hyperbolic group and let g € G be an
element of infinite order. Then we have

|Cc(g) : {(9)| € N.

Proof. Let S be a finite generating set of G and let § € R>( such that the
Cayley graph I' of G and S is §-hyperbolic. By Proposition there exists
v € R>1 and ¢ € R>¢ such that

7Z— G, z+—g*

is a (v, ¢)-quasi-isometric embedding. Let h € Cg(g). Since the order of g is
infinite, there exists m € N such that

ds(1,9™) > 2ds(1,h) + 40 + 2.
We choose geodesic paths
e P between 1 and ¢,
e P, between g™ and hg™,
e P5; between hg™ and h,
e P, between h and 1 and

e P between 1 and hg™.

31t is easy to verify that the centraliser is indeed a subgroup.
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Let x be a midpoint of P,. Then there exists a vertex y on Ps of distance at
most § to x, since by the choice of the length of P; every vertex on P, has
distance more than § from x. Analogously, we find a vertex z on P3 such that
ds(y,z) <. Thus, we have dg(zx, z) < 20.

Let k be the constant of Proposition . Then there exists ¢,;7 €
{0,...,m} such that dg(z,g") < x and dg(z, hg?) < k. We obtain

ds(l,hgj_i) = dg(gi, hgj) < 2K+ 26

and hence the coset h{g) contains a vertex of the ball Ba,y25(1). Since this
holds for all cosets of (g) and since this ball is finite, this finishes the proof. O

Corollary 5.2.7. No hyperbolic group has a subgroup isomorphic to Z>2. O

We note that, in general, it is false that a group cannot be a subgroup of a
hyperbolic group just because it is not hyperbolic itself, as Rips has shown the
following result.

Theorem 5.2.8 (Rips). There exists a hyperbolic group that has a finitely gen-
erated subgroup that is not hyperbolic.

Even stronger, the following was shown.

Theorem 5.2.9 (Brady). There exists a hyperbolic group that has a finitely
presented subgroup that is not hyperbolic.

We omit both proofs for these results.

5.3 Hyperbolic boundary
Definition. Let ' be a hyperbolic graph. A (double) ray R is geodesic if

dR(xa y) = d(xv y)

for all z,y € V(R). It is quasi-geodesic if there are v € R>;1 and ¢ € R>q such
that
dr(z,y) < vd(z,y) +c

holds for all z,y on R. Two quasi-geodesic rays Ry, Ry are equivalent if there
exists m € N such that the ray R; has infinitely many vertices of distance at
most m to R; for all ¢ # j € {1,2}.

Lemma 5.3.1. Let ' be a §-hyperbolic graph. If R1 and Rs are two equivalent
quasi-geodesic rays, then there exists m € N such that d(z,R;) < m for all
z € V(R;) withi# j € {1,2}.

Proof. Let Ry and Ry be (7, ¢)-quasi-geodesic rays. Let m be the constant of
the equivalence of the rays Ry and Rsy. Let z1,29 € V(R1) and y1,y2 € V(R2)
with d(z;,y;) < m and let P; be a shortest x;—y; path for all ¢ € {1,2}. Then
Q = 11 Piy1 Roya Poxs is a (7, ¢ + 2m)-quasi-geodesic path and there exists
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by Proposition a constant k, depending only on -y, ¢ and m, such that
21 R125 lies completely in the k-neighbourhood of @) and vice versa. This implies
the assertion. O

Lemma 5.3.2. Let I' be a hyperbolic graph. Equivalence of quasi-geodesic rays
i I is an equivalence relation.

Proof. This follows immediately from Lemma [5.3.1 O

Remark 5.3.3. According to Lemma and Proposition the definition
of the equivalence of quasi-geodesic rays is invariant under quasi-isometries.

Lemma [5.3.2] and Remark lead us to the following definition.

Definition. Let I' be a hyperbolic graph and let G be a hyperbolic group.
The hyperbolic boundary 9y, (I") of T" is the set of equivalence classes of the
equivalence relation on the quasi-geodesic rays. The hyperbolic boundary
of G is the hyperbolic boundary of one of its locally finite Cayley graphs.

We immediately obtain the following.

Proposition 5.3.4. The cardinality of the hyperbolic boundary of hyperbolic
groups is a quasi-isometry invariant. [

Example 5.3.5. (1) The group Z has exactly two hyperbolic boundary points.
(2) If F is a free group of finite rank, then |0, (F)| = e(G).
Remark 5.3.6. Let I' be a locally finite d-hyperbolic graph.

(1) Similar as in an exercise, where it was shown that every end contains a
geodesic ray, we obtain that every hyperbolic boundary points contains a
geodesic ray R and that there exists for every vertex = a ray that starts at «
and that has a common subrays with R.

(2) Let Ry = xoz1 ... and Ry = yoy1 ... be two geodesic rays that start at the
same vertex zp = yo but that are not equivalent (as quasi-geodesic rays).
Let n; be the hyperbolic boundary point that contains R;. Then there
exists r € N with d(x,,y,) > 20 and we have d(z,, R2) > 0. Since geodesic
triangles are o0-thin, there exists for every geodesic triangle with vertices
Zo, X, Y; for ¢ > r a vertex of the geodesic x;—y; path in Bs(x,). Since there
are only finitely many vertices in Bjs(x,), on of them, say z, lies on these
x;—y; paths for infinitely many ¢ > 7. Thus, we find (similar to an exercise)
a geodesic double ray with one subray in 7; and another subray in 7s.

(3) Let Ry, Ry be two geodesic double rays such that the hyperbolic boundary
points defined by R1E| are the same as those defined by Ry. Then there
exists m € N such that Ry lies in B,,(R2) and R lies in B,,(R1). If we
choose vertices x1,r2 on R; of distance at least 2m + 26 in I' and vertices

4These are the hyperbolic boundary points that contain subrays of Rj.
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Y1, Y2 on R with d(z;,y;) < m, then we can apply the definition of J-thin
geodesic triangles and obtain that for every vertex x on xyRjxo that has
distance more than m+ 26 to each x; there exists a vertex y on y; Reye with
d(x,y) < 26. Thus, we may choose m = 24.

(4) Let Ry, Ry be two (v, ¢)-quasi-geodesic double rays such that the hyperbolic
boundary points defined by R; are the same as those defined by Ry. Then
there exists m € N such that Ry lies in By, (R2) and Ry lies in B,,(Ry). If
we choose vertices x1, s on Ry of distance at least 2m+20 in I" and vertices
Y1, Y2 on Ry with d(x;,y;) < m, then we can apply Proposition and
the definition of J-thin geodesic triangles and obtain that for every vertex
r on x1R x5 that has distance more than m + 26 to each x; there exists a
vertex y on y; Roys with d(z,y) < 20 + 2k, where k is the constant from
Proposition . Thus, we may choose m = 2k + 24.

Theorem 5.3.7. Let G be a hyperbolic group. Then we have |0,(G)| € {0, 2, c0}.

Proof. If G is finite, then the hyperbolic boundary of G is empty. So let G be
infinite. Then G contains an element g of infinite order by Theorem The
quasi-isometric embedding 1g: Z — G, z + g (cf. Proposition [5.2.5) defines a
quasi-geodesic double ray ...x_jxgx; ... by Lemma [5.1.5} Note that it follows
from the definition of a quasi-geodesic double ray that the rays xox;... and
xox_1 ... are not equivalent. Thus, we have |0,(G)| > 2.

Let us now assume that |0,(G)| > 3. We want to show that the hyper-
bolic boundary is infinite. Let S be a finite generating set of G and let I" be
the Cayley graph of G and S. Let 6 > 0 such that I' is §-hyperbolic. Let us
suppose that the hyperbolic boundary is finite. Note that for every two hyper-
bolic boundary points there exists a geodesic double ray that defines these two
hyperbolic boundary points (Remark ) Since geodesic triangles are §-
thin and because of Remark [5.3.6(3), there exists a finite subset B of V/(I') such
that every geodesic double ray between every two hyperbolic boundary points
meets B. Let R be a geodesic double ray. Because of |0, (G)| > 3, there exists
a vertex x on one of the other geodesic double rays that has distance more than
2diam(B) + 26 to R. Since G acts transitively on I', there exists g € G with
x € gB. But then gB avoids the geodesic double ray R, which contradicts the
choice of B: the hyperbolic boundary is G-invariant and thus g B must meet ev-
ery geodesic double ray. This contradiction show |9),(G)| = oo in our remaining
case. O

Theorem 5.3.8. Let G be a hyperbolic group.
(1) If |On(G)| = 2, then G is virtually Z.
(2) If |On(G)| = o0, then G has a free subgroup of rank 2.

Proof. Let G be an infinite hyperbolic group with finite generating set S. In
order to prove let |0n(G)| = 2. Then there exists a geodesic double ray
R between the two hyperbolic boundary points of G by Remark and
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by of that remark every geodesic double ray (that has to define the same
hyperbolic boundary points) lies in Bos(R). By the transitivity of T, there exists
no vertex of distance more than 2§ to R. Thus, we have e(G) = 2 and the claim
follows from Theorem [3.4.6)

For the proof of (2)), we assume |9, (G)| = co. By Theorem [5.2.4] there exists
g € G of infinite order. We consider the quasi-isometric embedding of (g) in G
according to Proposition By Lemma the image of that embedding
defines a (7, ¢)-quasi-geodesic double ray R, and by Remarkthere exists a
geodesic double ray R that defines the same hyperbolic boundary points. Note
that these hyperbolic boundary points are g-invariant. Let g© be the hyperbolic
boundary points that contains that subray of R which lies close to the ¢g* with
i € N and let g~ be the second hyperbolic boundary points defined by R.

Let f € G such that d(f, R) > 25. Then h := g/ has infinite order, too,
f71R is a geodesic double ray and f~!R is a (v, ¢)-quasi-geodesic double ray.
We set ht := f~1g* and h~ := f~1g~ | Then there exists a geodesic double
ray between every two hyperbolic boundary points of

Y :={¢9",9,h",h}.

By the choice of f, we have |Y| > 3, since not all geodesic rays in f~'R can
be equivalent to R by Remark . Let us suppose |Y| = 3. Then there
exists 41,12, j1,7j2 € Z such that d(g*,h’*) < m for £ € {1,2} and m as in
the definition of equivalent quasi-geodesic rays and such that d(g™,g*?) and
d(h7t, h72) are arbitrarily large. We obtain

d(gi1 -i-k|i1—142|7 hj1+k|j1 —jz\) <m
for all k € Z. But then we have |Y| = 2, which we had excluded.

By Remark [5.3.6] and since geodesic triangles are d-thin, there exists K € N
such that By (1) meets all (v, ¢)-quasi-geodesic double rays between elements
of Y and for every other hyperbolic boundary point the geodesic double ray from
that point to at most one element of Y~ are not met by Bx (1). Set B := Bag (1).
We define:

Ay :={n € 9,(G) | 3 geodesic double ray from n to g in '\ B},
Ay :={n € 0,(G)
By :={n € on(G)
By := {n € 0x(G) | 3 geodesic double ray from n to h~ in I' \ B}.

| 3 geodesic double ray from 1 to ¢~ in I' \ B},
| 3 geodesic double ray from 7 to At in T' . B},

Now let n € N such that
d(B, ¢"B) > diam(B) + 26 < d(B,h"B)

and let n € 9,(T) \ As. Let Q be a geodesic double ray between g"n and g*.
If this double ray meets B, then it is diam(B) close to R at that vertex and

5This is the canonical extension of the automorphism f from T" to 95, (T'): images of equiv-
alent quasi-geodesic rays are equivalent, too, and thereby we can extend every automorphism
to the hyperbolic boundary of T'.
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then it must also meet g™ B on its further way to g* (say at the vertex z). On
the other side, every geodesic double ray P from g~ to ¢"n must pass B first
and then ¢g"B. Since geodesic triangles are §-thin, there exists a vertex y on Q
between g"n and B that has distance at most 20 to PN g™ B. But then, we have

d(z,y) <20 +diam(B) < d(B,g¢"B) < d(y,B) + d(B,z) < d(z,y).

This contradiction proves QN B = () and thus g"n € A;. Analogously, we obtain
the other conditions in order to apply the Ping-Pong-Lemma (Lemma [2.1.12]).
We then obtain that g™ and h"™ freely generate a free subgroup. O

Together with Corollary [3.5.12] we obtain the following result from Theo-
rem £.3.8

Corollary 5.3.9. If a hyperbolic groups is neither finite nor virtually Z, then
it has exponential growth. O

5.4 Quasi-convex subgroups

Definition. Let G be a finitely generated group and let H be a subgroup of G.
Let T be a locally finite Cayley graph of G and some finite generating set S.
Let kK > 0. Then H is k-quasi-convex if every geodesic in I" with end vertices
in H lies in the K-neighbourhood of H. It is quasi-convex if it is f-quasi-convex
for some ¢ > 0.

We want to show that quasi-convex subgroups of hyperbolic groups are hy-
perbolic again.

Lemma 5.4.1. Let G be a finitely generated group and let H be a quasi-convex
subgroup of G. Then H is finitely generated and the canonical map H — G is
a quasi-isometric embedding.

Proof. Let T be a locally finite Cayley graph and let k¥ > 0 such that H is k-
quasi-convex for that Cayley graph. Let S be the set of all elements of H with
distance at most 2k + 1 to 1 in I'.

Let P =xq...x, be a geodesic path between 1 and h € H in I'. For every
x; there exists y; € H with d(x;,y;) < k. Thus, we have d(y;, yi+1) < 2k + 1.
We may assume yg = 1 and y, = h. Then yoy; ...y, is a path in the Cayley
graph of H and S, which shows, that S is indeed a generating set of H.

By construction, we have

1

[ < < .
T 1d(a,b) < ds(a,b) < d(a,b)

Thus, the canonical embedding of H into G is a quasi-isometric embedding. [

Lemma 5.4.2. Let H be a finitely generated subgroup of a hyperbolic group G.
Then H is quasi-convez if and only if the canonical embedding H — G is a
quasi-isometric embedding.
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Proof. If H is quasi-convex in G, then Lemma implies that the canonical
embedding is a quasi-isometric embedding. For the other direction, let us as-
sume that the canonical embedding is a quasi-isometric embedding ¢: H — G.
Let P be a geodesic path in a Cayley graph A of H with respect to some fi-
nite generating set Sy of H. Then its ¢-image defines a quasi-geodesic path
Q@ in a Cayley graph I' of G and some finite generating set S of G according
to Lemma So Proposition [5.1.4] implies that there exists a constant x
depending only on the hyperbolicity constant and on the constant for the quasi-
isometry such that every geodesic in I' with the same end vertices as ) lies in
the k-neighbourhood of . This shows that H is quasi-convex. O

Corollary 5.4.3. Every quasi-convex subgroup of a hyperbolic group is hyper-
bolic.

Proof. Let H be a quasi-convex subgroup of a hyperbolic group G. Then it is
finitely generated by Lemma and the canonical embedding H — G is a
quasi-isometric embedding. Then Proposition[5.1.6/implies that H is hyperbolic.

O

Proposition 5.4.4. Let G be either a free product with amalgamation or an
HNN extension of finitely generated groups over finite subgroups. Then the
factors are quasi-convex in G.

Proof. Obviously, G is finitely generated, too. First, let G = A x¢ B with C
being finite. Let S be a finite generating set of G that consists of the elements
of a finite generating sets for A and of one for B. Let I' be a Cayley graph of G
and S. Let P be a geodesic path in I' whose end vertices lie in A. Let ¢ be
the longest distance in I" between vertices in C. Then every time P leaves A
through a coset of C, it must re-enter A through the same coset. (This follows
from the existence of normal forms.) So the last vertex before exiting A and the
first vertex after entering A have distance at most £. Thus, every vertex of P
lies within distance ¢/2 of A.

A similar argument holds in the case of HNN extensions. O

Let us now proof a theorem that is an analogue of Theorem [3.4.6] for free
groups of arbitrary finite rank.

Theorem 5.4.5. A finitely generated group is quasi-isometric to a free group
of finite rank, if and only if it has a finitely generated free group as subgroup of
finite index.

Proof. Note that we may assume by Theorem [3.4.6] that the involved free groups
have rank at least 2. The backward implication follows from Corollary [3.2.3] So
let us assume that G is a finitely generated group that is quasi-isometric to a
finitely generated free group. Since free groups of rank at least 2 have infinitely
many ends, the same is true for G and we may apply Theorem[L.7.1] Free groups
are hyperbolic and so Corollary implies that G is hyperbolic, too. Since
hyperbolic groups are finitely presented (Theorem , they are accessible
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by Theorem [4.7.6|and we may write G as free products with amalgamation and
HNN extensions over finite subgroups such that the factors have at most one
end each (Proposition or, equivalently, as fundamental group of a finite
graph of groups with finite edge groups and whose vertex groups have at most
one end. By Proposition[5.4.4] the factors are quasi-convex in G and hence they
are hyperbolic by Corollary

Note that the ends of G correspond to its hyperbolic boundary points: there
is a canonical bijection between them. Thus, every vertex group has at most one
hyperbolic boundary point and hence by Theorem [5.3.7] none at all. Hence, all
vertex groups are finite. So we are currently looking at a finite graph of groups
with finite vertex groups (and finite edge groups). By an exercise, we know
that the fundamental group has a free subgroup of finite index. Corollary
implies that this free subgroup is finitely generated. O
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