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Exercise 1:

(1) Does Theorem 2.5.12 hold for free products of an arbitrary number of fac-
tors?

(2) Does Theorem 2.5.12 hold for free products with amalgamations of an ar-
bitrary number of factors?

Exercise 2∗:

(1) Define a cyclically reduced form for HNN extension similarly to that for
free products with amalgamations.

(2) Prove that every element of an HNN extension is conjugated to an element
that has a cyclically reduced form.

Exercise 3: For an element g of a group G, its centraliser CG(g) is defined as

CG(g) := {h ∈ G | gh = hg}

Obviously, the centraliser is a subgroup of G. Show the following two statements
for the free product of two groups G and H.

(1) Let f ∈ G ∗H. For every g ∈ Gf and h ∈ Hf , we have CG∗H(g) ≤ Gf and
CG∗H(h) ≤ Hf .

(2) If g ∈ (G ∗H) \ (
⋃

f∈G∗H Gf ∪Hf ), then CG∗H is an infinite cyclic group.

Exercise 4: Let G,H,A be groups and let φ : A → G and ψ : A → H be
monomorphisms. Assume that φ(A) is normal in G and ψ(A) is normal in H.
Prove the following.

(1) φ(A) is a normal subgroup of G ∗A H.

(2) There exists a canonical isomorphism from (G ∗A H)/φ(A) to the free pro-
duct (G/φ(A)) ∗ (H/ψ(A)).

Exercise 5: Let G be a finitely presented group, let A,B ≤ G and let φ : A→ B
be an isomorphism. Prove thatG∗φ is finitely presented if and only if A is finitely
generated.

Only four of these five exercises are mandatory.
∗ This is also a written exercise.
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