Calculus — 15. Series, Solutions

b
1. Compute fda for

(a) f(x) = ;7, a(z)=a5a=0,b=1.
(b) f(z)=z,a=0,b=3,

0, for 0<z<1
4, for x=

a(z) =<3  for 1<xz<?2
e’, for 2<x<3
30, for = =3.

Solution. (a) Since a(z) is differentiable with o'(x) = 52* € R, by Proposition 12

we have ) )
/11:L‘7 dz® = / 2" 5t dr = 5/ 2 dz.
0 0 0

By the Fundamental Theoerem of Calculus,
1
5/1$11dx: Exm o

0 12

0

(b) Since f is continuous and « is piecewise differentiable, Proposition 13 applies
with (co,...,c3) =(0,1,2,3):

/3azda:/1xd0+/2xdx3+/3xdex+
+ f(0)(a(040) — a(0)) + f(1)((1 4+ 0) — a(1 = 0))+
+ f(2)((240) — (2 = 0)) + f(3)(a(3) — (3 = 0))

1 1 1
:/ 0dx+/ 3x3dx+/ ze”dr + 0+ 1(1 — 0) + 2(e* — 2%) + 3(30 — &?)
0 0 0

2
4

=0 +e"(z —1))5 4+ 1+ 2e* — 16 + 90 — 3¢
1
3
:1(16—1)+263—62—3e3+262+75
345 1
:T_e3+e2:861+62—e3%73.55



2. Using the table of antiderivatives compute
(a) /(3 —2°)%dx
(b) / tan? z dz
(c) / e +1 dz

e’ +1
1—2\°
d d
@ [(5) @
Solution. (a)
1 9
/(3 — )3 dr = /(27 — 2727 + 92" — 2%) dw = —?:cj + g:c5 —92° + 272 + C.
(b) Using
o sin?z  sin®z + cos?x — cos® 1 )
an’z = = — _
cos? cos? cos®
we have

1
/taandx:/< 5 —1) der =tanz —z + C.
cos? x

/e?’”Cledaj /(e$+1)(e2x—e$+1) 1

= de = —e** —e”" + .+ C.
et 41 e + 1 2 Tt

()

(d)

_ 2 _ 2
T 2 2

1
=———2log|z|+x+C.
T

3. Using an appropriate change of variables compute the following Riemann integrals

o [

(b) / * sin% 2 cos z dz
0

4 2
(c) / ze ¥ dx
0

Solution. (a) Let w = 1 — 2%, du = —2xdz. The interval changes into uy = 1,
uy = 3/4. We have

3 zdx 1 %du 1

1
du 1
e 2, ﬁzéﬁ, JaVuly =15
4



(b) The change of variables u = sinz, du = cosz dz gives

L 5 ! 5 1
sin® x cosx dx = u’du = =
0 0 6

(c) Setting u = 2%, du = 2x dz we obtain uy = 0, u; = 16 and
4 16
1 1
/ ze™™ dx = —/ e duy= —-e™
0 2 Jo 2

. Using integration by parts compute the following Riemann integrals

16
1
= (1—e710).
C-gl-e)

(a) / arctantdt, x>0,
o
(b) / e d,
0
4
(c) / eV® dz
0

Solution. (a) u = arctant, v’ = 1 yields v/ = 1/(1 + ¢*) and v = ¢. Hence,

xT xT
1
/ arctant dt = tarctant| —/ t——p dt
0 o 1+t

1/*‘ dt?
= garctanx — — e
2 Jo 1+t

1
= rarctanx — 5 log(1 + 2?).

(b) u=2%v' = re™™ yields v/ = 2z, v = —%e_”CQ_ This gives
1 1 1 1
1 1 11
/ e de = —a?e | — / ——e o dr = —— + —/ e da?
0 2 o Jo 2 2 2 Jo

R A e i L1 1y 1l
T2 2° 07 Toe % 2) 27 &

(c) u = /7 gives x = u?, dz = 2udu and

2
0

4
/ eV¥dr = / e"2udu = 2¢"(u — 1)|2 = 2¢* — (=2) = 2(e* + 1).
0

5. Find a recurrence relation for the antiderivatives

In:/:p% sinzdr, n=0,1,...

and compute [, and Is.



Solution. We apply integration by parts twice. Setting first u = 2%", v/ = sinz

2n—1 2n—1

we have v’ = 2nx and v = —cosx and then r = x , 8 = cosz we find

r" = (2n — 1)z*""? and s = sinz. Hence
I, = —a*"cosz + 2n / 22 teosxdr
I, = —x* cosz + 2n (xzn_l sinz + (2n — 1) /xZ"_Q sin x d:p)
I, = —x* cosx + 2nz* 'sinx — 2n(2n — 1)1,_;.

Since Iy = fsinxd:p = —cosz + Cy we find

I = —x*cosx + 2zsinw — 21y = (2 — 2%) cosz + 2z sinz + C)
I, = —x*cosz + 4’ sinz — 121,
= —2tcosx + 43 sinx — 24w sina — (24 — 122%) cosx + C

= (42® — 24z) sinw + (—a* + 1227 — 24) cos x + Oy,

where C;, 1 = 0,1, 2, 3, are integration constants.



