UH Department
i Mathematik
{28 Universitdit Hamburg

Analysis of High-Dimensional Signal Data by

Manifold Learning and Convolution Transforms

Mijail Guillemard and Armin Iske
Department of Mathematics - Hamburg University

Sampta 2009

Sampta 2009 Mijail Guillemard 1/16



Contents

Motivation and Objectives
@ Main Topic: Manifold Learning and Convolution Transforms

o Motivation Examples

Background Theory
@ Manifold Learning and Dimensionality Reduction

o Differential Geometry: Curves and Curvature Tensor

Manifold Learning and Convolution Transforms
o Curvature Distortion and Convolution

e Examples: Curvature, Wave Equation, Topological Distortion

Sampta 2009 Mijail Guillemard 2/16



Motivation and Objectives

Manifold Learning and Dimensionality Reduction
Observed data X = {z1,...,2m} CM CR"
Hypothesis:
o Y ={y1,...,ym} CQCRY d < n (Q domain)
o nonlinear map A : Q — R", X = A(Y)

Task: Recover Y (and )
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Motivation and Objectives
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Manifold Learning Techniques

Principal Component Analysis (PCA)
Multidimensional Scaling (MDS)
Isomap - Supervised Isomap

Whitney Embedding Based Method
Laplacian Eigenmaps

Local Tangent Space Alignment
Riemannian Normal Coordinates
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Dimensionality Reduction: PCA

Matrix data: X = (21 ...x,,) € R"*™

Problem: find projection P : R™ — R? with:

err(P, X) = Y, ||zx — P(zy)]|* minimum

var(P(X)) = Y, ||P(zx)|]* maximum

“maximum” eigenvectors of the covariance matrix X X?
SVD of X

R™

k78
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Dimensionality Reduction: MDS

o Matrix data: X = (z1...2,,) € R™*™

e Problem: find a Y = (y1...ym) € R**™ with:
o err(Y, X) =3, (dij — |lyi — y;l/)? is minimum
o dij = ||lzi — z;]|.

R™ /\
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Dimensionality Reduction: Isomap

Isomap main ideas:
o Construct neighborhood graph
o Construct geodesic distances
e Use the MDS framework

Dij > dij
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Dimensionality Reduction: Isomap

Swiss Roll Dataset R>
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Curvature of Curves

e For a curve r : I — R"™ with arc-length parametrization:

S(at) = / I ()] de

the curvature is defined as

k(s) = [Ir"(s)]

o For a curve r with an arbitrary parametrization we have

e o el G
(112)?
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Curvature for Surfaces

R(X, Y)Y, X
o Gaussian Curvature: | K = ||X|<|2|(Y7|2 z <,X >Y>2

o Curvature Tensor: R(X,Y)Z :=VxVyZ —VyVxZ —Vxy|Z

n
Connection: Vy,d; = Z 9,
k=1
o Christoffel symbols (expressed with metric tensor)

L~ (9951 Oga  0Ogij
Fk _ - J ? 2 Ik
Kl 22<8xi +8mj + Oz g

=1

e Gaussian Curvature (expressed with Christoffel symbols)
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Curvature Distortion and Convolution

o Effect of the convolution map 7" on the M (and the dataset X).

o My ={T(z),zxe M} T(x)=xxh, h=(h,...,"wn)

h1 0 0

ho h1 0

hs ha 0

S P

0 hm ... ho

0 0 h.m

T,r//HQHT/r/”Z _ <T,',,// T,r,/>2

o Curves: K2 = I !

r (I7r2)3
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Example 1: Curvature Distortion

Low dimensional parametrization of scale modulated signals

X ={fur =L e 00" 0 c 0}

0= {at = (a1 (t), as(t), a5(t)), te [to,tl]}
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Example 1: Curvature Distortion - part 2

Low dimensional parametrization of scale modulated signals
Multiresolution V; — Vi1 — V)40

N

Wit W2

Ve @ Ws @ Wig ® Waa = Vs

0.1 0.1 0.06
w 08 g
C\g\/ ; oo - ARV
>
] 4‘> 0 ¢ a
<~~7 0.02 '««7
-0.05 £y -0.05 0.04 = B
G . 0.06 e /L//\\J
u‘O‘ 0.05 0 0.05 0.1 0—‘;‘5 0.1 0.05 0 0.05 0.1 0‘“—%‘ 0.05 0 0.05 0.1
QCR3 X Cc R T(X)CR%
Sampta 2009 Mijail Guillemard 14/ 16



Example 1b: Curvature Distortion Evolution

Manifold Evolution under a PDE

Pu 0%
i R
ot? Ox?
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Wave Equation (WE)
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ample 2: Topological Distortion
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