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ABSTRACT. Given an assignment of weights w to the edges of a graph G, a
matching M in G is called strongly w-mazimal if for any matching N there
holds > {w(e) | e € N\ M} < > {w(e) | e € M\ N}. We prove that if
w assumes only finitely many values all of which are rational then G has a
strongly w-maximal matching.

1. INTRODUCTION

Infinite min-max theorems are rather weak when stated in terms of cardinalities.
Cardinalities are too crude a measure to capture the duality relationship. To ex-
emplify this point, consider Menger’s theorem, the first combinatorial theorem that
was cast in the form of a min-max equality. Formulated in terms of cardinalities, it
states that given two sets, A and B in an infinite graph, the maximal cardinality
of a family of disjoint A—B paths is equal to the minimal cardinality of a vertex-set
separating A from B. This is easy to prove: if x is finite then it follows from the
finite version of the theorem, and if it is infinite then we can take a maximal set P of
disjoint A-B paths, and choose the set of vertices appearing in P as our separating
set. A more succinct formulation, capturing the duality in its full strength is the
following, which is known as the Erdés-Menger Conjecture:

Theorem 1.1 ([2]). Given two vertez-sets, A and B in an infinite graph, there
exists a set F of disjoint A-B paths and an A-B separating set S such that S
consists of a choice of precisely one vertex from every path in F.

This formulation is tantamount to requiring the complementary slackness con-
ditions to hold between the two dual objects.

A similar situation occurs when studying matchings in infinite graphs. It is easy
to prove the existence of a maximal matching with respect to cardinality, however,
it is possible to find matchings that are maximal in a stronger sense:

Definition 1.2. A matching M in a hypergraph H is said to be strongly mazimal if
|N\ M| < |M\ N| for any matching N.

The notion of strong maximality is closely related to duality results. Namely, it
is used to prove duality results, and conversely, a main tool in proofs of existence
of strongly maximal matchings is duality theorems. In particular, Theorem 1.1 is
equivalent (in the sense of easy derivation, in both directions) to the statement that
in the hypergraph of A-B paths (a path being identified with its vertex set) there
exists a strongly maximal matching. The set S in Theorem 1.1 is a strongly minimal
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cover in this hypergraph, where the notion of strong minimality is defined in an
analogous way. It is interesting to note that not every strongly minimal separating
set S has a corresponding matching F' as in the theorem. An example showing
this is the bipartite graph G with sides A and B, where A = {ag,a1,aq,...,},
B = {by,ba,...}, and E(G) = {(a;,b;) | 1 <i <w}U{(ap,b;) |1 <i < w}. The
side A is a strongly minimal separating set, but there is no F' corresponding to it
as in the theorem, since, easily, A is unmatchable.
The main result of [1] implies:

Theorem 1.3. In any graph there exists a strongly maximal matching.

As expected, the theorem follows from a duality result. The proof will be given
in Section 3. Beyond graphs very little is known. The main conjectures on the
notions of strong maximality and strong minimality are the following:

Conjecture 1.4. In any hypergraph with finitely bounded size of edges there exists
a strongly mazimal matching and a strongly minimal cover of the vertex set by edges
of the hypergraph.

Conjecture 1.5. In every graph there exists a strongly minimal cover of the vertex
set by independent sets.

An interesting conjecture that would follow from a positive answer to Conjec-
ture 1.5 is the following:

Conjecture 1.6. In any poset of bounded width there ezists a chain C' and a
partition of the vertex set into independent sets, all meeting C.

In this paper we are going to extend Theorem 1.3 to graphs with weighted edges.
Here and throughout the paper, for a set F of edges we define w[F] := ) __w(e).
Let G be a graph and w : E(G) — R an assignment of weights to the edges of G
fixed throughout this section.

Definition 1.7. A matching M in G is called strongly w-mazimal if w[N \ M| <
w[M \ N] for any matching N in G with |M \ N|,|N \ M| < cc.

Theorem 1.8. If w assumes only finitely many values all of which are rational,
then G has a strongly w-maximal matching.

On the way to the proof of Theorem 1.8 we shall prove:

Theorem 1.9. Suppose that G is complete and w assumes only finitely many values
all of which are rational. Then there exists a strongly w-minimal perfect matching,
or a strongly w-minimal almost perfect matching.

A strongly w-minimal perfect or almost perfect matching M is a perfect or
almost perfect matching that is strongly w-minimal (which is defined analogously
to strongly w-maximal) among all perfect and almost perfect matchings in G (i.e.
there is no perfect or almost perfect matching N with |M \ N|,|N \ M| < co and
w[N\ M| < w[M\ NJ]). Note that such a matching will, in general, not be strongly
w-minimal among all matchings in G.

As we shall see, Theorem 1.9 is best possible in the sense that it false if we allow
irrational weights or if we demand the matching to be perfect rather than almost
perfect.
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2. DEFINITIONS

We will be using the terminology of [4].

The support of a matching M, denoted by supp(M), is the set of vertices incident
with M.

Let M be a matching. A path or a cycle P is said to be M-alternating if one
of any two adjacent edges on P lies in M. An M-alternating path Q is said to
be finitely improving (or finitely M -improving) if it is finite and both its endpoints
do not belong to supp(M). Tt is said to be infinitely improving (or infinitely M -
improving) if it is infinite, has one endpoint, and this endpoint does not belong to
supp(M). Tt is said to be M -indifferent if it is either two way infinite or it is finite
and has one endpoint in supp(M) and one endpoint outside supp(M).

Given two matchings M and N, a path or cycle is said to be M—N-alternating
if it is both M-alternating and N-alternating. For example, an M—N-alternating
path may consist of only one edge belonging to both M and N.

A graph C is called almost matchable if C — v has a perfect matching for some
v e V(C). It is called uniformly almost matchable if C — v has a perfect matching
for every v € V(C).

For a graph G and a set of vertices U of G we write G[U] for the subgraph of G
induced by the vertices in U.

3. STRONGLY MAXIMAL MATCHINGS IN GRAPHS

In this section we prove Theorem 1.3 and develop some tools for the proof of
Theorem 1.8.

Lemma 3.1. A matching M is strongly mazimal if and only if there does not exist
a finitely improving M -alternating path.

Proof. If P is a finitely improving M-alternating path then the matching M AE(P)
witnesses the fact that M is not strongly maximal. For the converse, assume
that M is not strongly maximal, namely there exists a matching N such that
IN\ M| > |M\N|. It is easy to see that M AN spans a set F of M—N alternating
paths and cycles. Now N\ M = Uger(NNE(Q)\ M NE(Q)) and M\ N =
Uger(M N E(Q)\ NN E(Q)), thus the inequality [N\ M| > [M \ N| implies the
existence of a path @ in F such that [N N E(Q)| > |M N E(Q)|. Then, Q is a
finitely improving M-alternating path. t

We will use the following result from [3], stating that the classical Gallai-Edmonds
decomposition theorem is valid also for infinite graphs. A graph C is called factor
critical if it is uniformly almost matchable but does not have a perfect matching.

Theorem 3.2. In any graph G there exists a set of vertices T, a set F of factor
critical components of G — T, and an injective function F : T — F such that

(i) for everyt € T there exists a vertex v(t) of F(t) connected to t in G, and
(ii)) G =T —Uper V(F) has a perfect matching.

Proof of Theorem 1.3. Let T and F be as in Theorem 3.2. Let G consist of those
elements of F belonging to the range of F', and let H = F\G. For every ¢t in T let J,
be a perfect matching of the graph F'(t) — v(t). For every F' € H choose an almost
perfect matching Jp. Let N be a perfect matching in the graph G—T'—Jzc » V(F).
We claim that the matching M defined as {tv; |t € T} UU,cp St UUpey JFUN is
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strongly maximal. Suppose not; then, by Lemma 3.1, there exists a finite improving
M-alternating path Q. By the construction of M the endpoints of () are unmatched
vertices vy, vs of some Fy, Fy € H respectively where Fy} # F». Now go along @,
starting at v1. Since F} is a component of G — T, the path @ can leave F} only
through T'. Let ¢; be the first vertex of @ in T'. Since the edge of @) leading to ¢; does
not belong to M, the edge e of Q leaving t; does belong to M; let e =: t;uy, where
uy € F(t1). But when @Q leaves F'(t1), it is again through an edge not belonging to
M that contains a vertex to of T'. Thus, again, the edge of @ leaving t5 belongs to
M, and continuing this way we see that @ cannot leave T'U|J G, contradicting the
fact that vy € Fy € H. O

An even stronger notion than strong maximality of a matching in a graph is that
of having (inclusion-wise) mazimal support. Similarly to the proof of Lemma 3.1 it
is possible to show:

Lemma 3.3. A matching M has mazimal support if and only if there does not
exist any (finitely or infinitely) improving M -alternating path.

In [7] the following stronger version of Theorem 1.3 was proved for countable
graphs:

Theorem 3.4. In every countable graph there exists a matching with mazimal
support.

In our proof of Theorem 1.9 we are going to need the following corollary of
Theorem 1.3:

Lemma 3.5. For any graph G, and every matching M in G there exists a strongly
mazimal matching N such that supp(N) 2 supp(M).

Proof. Let K be a strongly maximal matching of G, which exists by Theorem 1.3.
Then, the symmetric difference KAM spans a set G of disjoint M—K-alternating
paths and cycles. Let G’ C G be the set of those elements of G that are either
finite K-indifferent paths or infinitely K-improving paths. We can derive a new
matching N from K by switching between K and M along all paths in G’; formally,
let N := KAJpeg E(P). Clearly, since there are no finitely K-improving paths
by Lemma 3.1, supp(N) 2 supp(M). We claim that N is strongly maximal.
Suppose not. Then, by Lemma 3.1, there exists a finitely improving N-alternating
path Q. We shall use @ in order to construct a matching L such that |[L\K| > |K\L|
contradicting the strong maximality of K. As an intermediate step, we first con-
struct a further matching K’ by removing finitely many edges from K and adding
the same amount of new edges. To define K’, we start with K and perform the
following operations:
(i) For every finite element P of G’ incident with @, replace K N E(P) by
M N E(P) (the resulting matching thus coincides with N on E(P); note
that P has even length as it is a finite K-indifferent path).
(ii) For every infinite element R of G’ (i.e. for every infinitely K-improving path
in G) incident with @, let k& = k(R) be the last edge on R that lies in K
and is incident with Q). Replace all edges of R that lie in K and precede k
on R, including k itself, by the edges of M lying on R and preceding k.
Let K’ be the resulting matching. By construction, K’ satisfies |K' \ K| =
|K\ K'| < co. Moreover, K’ N E(Q) = NN E(Q) holds by construction and thus
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Q) is a K'-alternating path as it is an N-alternating path, and in fact it is a finitely
K’-improving one: To prove this, we have to show that the endvertices of @) do
not lie in supp(K'). As @ is finitely N-improving, its endvertices do not lie in
supp(N). If an endvertex v of @ does not lie in supp(K), it clearly also does not lie
in supp(K’) (as supp(K') C supp(K) U supp(N)). On the other hand, if v lies in
supp(K) and hence in supp(K) \ supp(N), then by the construction of N it is the
endvertex of a finite K-indifferent path in G’. This path was considered in (i) and
hence v ¢ supp(K'). Therefore the endvertices of @ do not lie in supp(K') and Q
is a finitely K’-improving path.

Letting L = K'AFE(Q) we thus have |L\ K'| > |K’\ L|, from which it easily
follows that |L\ K| > | K\ L|, contradicting the fact that K is strongly maximal. O

4. STRONGLY MAXIMAL WEIGHTED MATCHINGS

In this section we prove Theorem 1.9 and Theorem 1.8. Before we do so, let
us argue that Theorem 1.9 is in a way best possible. Firstly, we claim that the
requirement that G be a complete graph is essential in it. Indeed, if G is any graph
that has an almost perfect matching, then it does not necessarily have an almost
perfect strongly w-minimal matching. To see this, consider the graph consisting of
a set of paths Pj, P, ... that have precisely their first vertex w in common, such
that P; comprises 2i edges weighted alternatingly with zeros and ones (starting at w
with a zero-weight edge). Any almost perfect matching of this graph that matches
w by an edge e can be improved by matching w by the first edge of a P; with a
higher index than the P; containing e, and the almost perfect matching that does
not match w can be improved by any almost perfect matching. This example can
easily be modified to obtain a graph that has a perfect matching but no perfect
strongly w-minimal one: add a copy K of Ky, to the graph, identifying the final
vertex of each P; with a distinct vertex of K and let all edges of K have weight 0.

Next, let us see why we cannot improve Theorem 1.9 by always demanding a
strongly w-minimal perfect matching rather than an almost perfect one. Let G be
a complete graph of any infinite cardinality, pick a vertex v € V(G), and let M be
a perfect matching of G —v. Now let w(e) =0 if e € M and w(e) = 1 otherwise.
Suppose that N is a strongly w-minimal perfect matching of G, let e; = vw be
the edge of N matching v and let e; = w'y be the edge of N matching the vertex
w' that lies with w in an edge of M. But then, (N\{e1, e2}) U {vy, ww'} improves
N, contradicting the fact that it is strongly w-minimal. Thus, G has no strongly
w-minimal perfect matching.

It is easy to construct counterexamples to Theorem 1.9 and Theorem 1.8 if w
assumes infinitely many values. At the end of this section we will construct a
counterexample in the case that w assumes finitely many values that are not all
rational.

Proof of Theorem 1.9. Without loss of generality we may assume that all weights
are positive, since otherwise we can add a large positive constant to all of them.
Since w assumes only finitely many values, we may further assume that all weights
are integers. All M-alternating paths (for some given matching M) considered in
this section start with an edge that does not lie in M.

Our proof is an adaptation of Edmonds’ algorithm for finite graphs ([5], see also
[6]). This is a “primal-dual” optimisation algorithm, where the primal problem is
minimising the total weight of a perfect matching and the dual is maximising the
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sum of a set of “potentials” m;(U) assigned to some vertex sets U. In the infinite
case though, comparing the total weight of a perfect matching with the sum of the
potentials does not help, as both values will in general be infinite. However, in order
to show that a matching cannot be locally improved, i.e. it is strongly minimal, we
will only have to compare finitely many edge weights to the sum of finitely many
potentials.

We are going to perform a recursive procedure, in each step i of which we will
use several ingredients:

e a collection €2; whose elements are vertex sets, sets of vertex sets, sets of
sets of vertex sets and so on, and an assignment of potentials m; : ; — R;
e two auxiliary graphs G; and G;
e a matching M; in G,
For a set U in Q; we denote by | |U the set of vertices nested in U; formally,
a vertex x € V(G) lies in | |U if and only if there is a finite sequence of sets
Uy €Uy €--- € Ug where U, = U and x € Uy. The collection £2; will be laminar,
that is, for any U, W € Q; either | |[UN| W =0 or | JU C | |[W or | |[W C | |U
will hold. Moreover, Q; will contain {v} for every v € V. At every step, for any
element U of Q; the graph G;|| |U] will be uniformly almost matchable.
The auxiliary graphs G; are defined by G; = (V, E;), where E; is the set of edges
of G for which

1) > wlU) = w(e)
UeQ;
e€d(U)
holds, where §(U) is the set of edges that have precisely one endvertex in | |U.
Let QMAX he the set of maximal elements of €; with respect to containment,
and note that {| JU | U € QMAX} is a partition of V(G) as ; is laminar. For
U € Q; we now define an auxiliary multigraph G;|U. The vertices of G;|U are the
elements of U, and for every edge e = zw of G; such that x € | | X and w € | |[W
where X, W are distinct elements of U we put an X-W edge €’ in G;|U; in the rest
of the paper we will, with a slight abuse, not formally distinguish the edges e and
e’. Our second auxiliary graph G, is defined by G := G;|QMAX,
At each step ¢ the following conditions will be satisfied:

(2) m;(U) > 0 for every U € Q; with “_lU’ > 3,
(3) Z ™ (U) <w(e) for every e € E,
UeQ;
e€d(U)
4) G;|U is uniformly almost matchable for every U € €.

The procedure will stop if M; is perfect or almost perfect. Then, using the
properties of Q; we will extend M; to a perfect or almost perfect matching of G;
(and hence of G), and use conditions (2) and (3) to prove that it is strongly w-
minimal in G.

To begin with, we set Qy = {{v} | v € V(G)} and © = 7p({v}) = 0 for every
v. This implicitly defines Gy and Gf, (and Gj is isomorphic to Gy). Let My be a
strongly maximal matching in G{, (not taking edge-weights into account), supplied
by Theorem 1.3. Now for i = 0,1,... do the following.
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If M; is a perfect or almost perfect matching then stop (we will use M; to obtain
the required matching of G at the end of this proof). So assuming that there
are at least two unmatched vertices in G, do the following. Let X/ be the set of
unmatched vertices. Let S} be the set of vertices s of G} for which there is an
M;-alternating X/ — s path of odd length in G4, and let T} be the set of vertices t of
G, for which there is a (possibly trivial) M;-alternating X! — ¢ path of even length.
We would like S} and T} to be disjoint, but this does not have to be the case. To
amend this, we will define V; D €; so that in the auxiliary graph G := G;|[VMAX
(where VMAX is defined analogously to QMAX) the corresponding sets S;,T; are
disjoint (as will become clear later, one can intuitively think of G} as the graph
obtained from G by contracting each component of G — (S} \ T}), however we will
do need V; later, thus the former more complicated definition is preferred).

To define V; let

U; :={V(C) | C is a component of G} — (S} \ T/) that contains a vertex in T} }

and put V; := Q; UlU;. Note that V; is laminar since €2; is.

Let X; be the set of vertices of G that are not matched by M} := M; N E(GY)
(which, as we shall see, will be a matching in G7), let S; be the set of vertices s of
G for which there is an M/ -alternating X; — s path of odd length in G}, and let T;
be the set of vertices ¢ of G for which there is a (possibly trivial) M;-alternating
X; — t path of even length. We claim that:

Proposition 4.1. The following assertions are true:
(1) Gi|U = GL[U] is uniformly almost matchable for every U € U;;
(it) |M;No(U) =04 UNX.#0 and |M; N6(U)| = 1 otherwise for every
Uel;, and

Note that by Proposition 4.1(iii) and the definition of I; we have
(5) IfU € T; and U’ is a neighbour of U in G;|VMAX then U’ € S;.

Proposition 4.1 guarantees that S;NT; = () and hence we can define m; 1 : V; — R
as follows (in fact we want €; 41 to be the domain of m; 1 but ;11 is going to be
a subset of V;):

% HUeT;, = U,
7T1'+1(U) = 7Tl(U) — % ifU e Si,
i (U) otherwise.

For every set U € S; with || |U| > 1 and m41(U) = 0, remove U from V; to
obtain ;1. Since we have now defined ;11 and 7,41, the graphs G;41 and G;+1
are also defined.

We claim that for every U € V; the graph G;41|U is uniformly almost matchable.
To show this, we distinguish two cases. If U € Q;, then we have G;11|U = G;|U
because m;(W) = m;41(W) holds for every W € U since S; and T; by definition
only contain maximal elements of V;, so any relevant edge of G is present in G;
if and only if it is present in G;+1. Thus G;41|U is uniformly almost matchable
since G;|U is (by (4)). For the second case, when U € U; = V; \ Q;, then by
Proposition 4.1 G;|U is uniformly almost matchable, and again this implies that
Gi41|U is uniformly almost matchable as well since m;(W) = m;41(W) holds for
every W e U.
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Thus we have proved our claim. In particular, since ;1 C V;, this implies by
induction:

Proposition 4.2. Condition (4) is satisfied.

By (ii) of Proposition 4.1, M} is a matching in G. Using the fact that for every
U € V; \ Qi1 the graph G;41|U is uniformly almost matchable, we extend M} to
a matching N; in Gj,; with U C supp(N;) for every U € V; \ Q;41; this is possible
since by (ii) of Proposition 4.1 there is precisely one vertex of U that is incident
with an edge in M;, and this edge is also in M;*. By Lemma 3.5 there is a strongly
maximal matching M;; in Gj, | with supp(N;) C supp(M;11). We claim that by
the choice of N; and M;; we have

Every vertex U of Gi | that is not matched by M;y1 is a set of
(6) vertices of Gi (i.e. U & Q;) and precisely one of the elements of U
is unmatched by M;.

Indeed, consider such a U and note that U is also unmatched by N; as supp(N;) C
supp(M;y1). Suppose that U € Q;. If U € QMAX then U ¢ X/, since otherwise
the definition of U; would imply that there is a set U’ € U; that contains U; this
would in turn imply that U’ € T; by (iii) of Proposition 4.1, and hence U’ € Q;41
which contradicts the assumption that U € V(Gl, ) = QMAX. Thus U ¢ QMAX,
Suppose that U € Q; \ QMAX. As U is a vertex of G}, there is a set U’ 3 U with
U € V;\ Qg1 C S;. Since all elements of S; = 5.\ T/ are matched in M;, they
are also matched in M. Thus U’ is matched in M;* and hence all its elements—in
particular U—are matched in N;, a contradiction. This proves U ¢ €;, and by
the construction of the graphs G we obtain that U is a set of vertices of G}. To
prove (6) it remains to show that there is an element of U that is unmatched in
M;. But this follows immediately from Proposition 4.1(ii).

Proof of Proposition 4.1. We will derive both (i) and (ii) from another fact. For
this, note first that U; is the set of vertex sets of components of G}[T}], since any
vertex connected to a vertex of T in G lies, clearly, in S, UT,. Now let U € U;
and u € U; then there is an x € X/ and a (possibly trivial) M;-alternating = — u
path of even length P in G}. Moreover, for any neighbour v € U of u, we find a
y € X! and a (possibly trivial) M;-alternating y — v path of even length @ in G.
It is easy to see that P U {uv} U @ either contains an M;-alternating x — y path
or an M;-alternating x — v path of even length; indeed, if P and @ are disjoint
then P U {uv} U Q is itself an M;-alternating x—y path, and otherwise, if ¢ is the
first vertex on P that lies in @, then either the path xPqQy or the path x PqQu
is M;-alternating. But an M;-alternating path between vertices in X! is finitely
M;-improving, thus, since M; is strongly maximal, the latter holds. This proves
that any vertex z in X/ that sends an M;-alternating path of even length in G} to
some vertex of U sends an M;-alternating path of even length in G} to every vertex
of U. In particular, U cannot contain more than one element of X/.

Let z,y € V(G,). We say that © dominates y if there is an M;-alternating ax—
y path of even length. If a set X C V(G)) contains the vertices of such a path, we
say that = dominates y via X. We claim that

(7) For every U € U; there is a vertex xy € U that dominates every
velU viaU.
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For a vertex xy as in (7) we say that xy dominates U. Clearly (7) implies
that every vertex in U — xy is matched by M; to another vertex in U — zy, while
xy either lies in X! (i.e. is unmatched by M;) or is matched by M; to a vertex
outside U. In particular, each U can be dominated by at most one vertex. Note
that (7) implies (i) and (ii): Indeed, consider any set U € U;. For every v € U,
the symmetric difference of M; with the M;-alternating xy—v path of even length
in GJ[U] is a matching of U — v, which shows (i). Furthermore, as noted above,
IM; no(U)] =0 if zy € X/ and |M; N6(U)| = 1 otherwise. Since no vertex in
U — xy lies in X/ this implies (ii).

For the proof of (7), we distinguish two cases. The first case is when U contains
a vertex of X/, say x. Recall that there is a vertex in X/ sending an M;-alternating
path of even length to every vertex in U, and clearly this vertex must be z. We
claim that z dominates U. Indeed, let U’ be a maximal subset of U such that z
dominates every u € U’ via U’, and suppose that U’ # U. As G}[U] is connected,
there is a vertex u € U \ U’ which has a neighbour v € U’. Every vertex y € U’ —x
is matched in M; to a vertex in U’, namely to the penultimate vertex on any M;-
alternating z—y path in G}[U’] of even length. Therefore no edge in 6(U’) lies in
M;; in particular, vu does not lie in M;. Let P be an M;-alternating z—u path
of even length (possibly using vertices outside U) and let w be its last vertex in
U’. Then, the first edge of wPu does not lie in M;. Now since there is an x—
v path of even length in U’ it is easy to see that all vertices on wPu lie in T/ and
hence in U; moreover, for every y € wPu there is an M;-alternating z—y path in
G}[U'UV (wPu)] of even length, thus 2 dominates y via U'UV (wPu), contradicting
the maximality of U’.

The second case is when U N X/ = (. Again, recall that there is a vertex z € X/
that sends an M;-alternating path of even length in G} to every vertex of U; let
P be an M;-alternating x — U path, and note that it has even length since its
penultimate vertex cannot lie in 7. Let z be the last vertex of P and let e be
the last edge of P (hence e € M;). We claim that z dominates every vertex in
U. Indeed, let U’ C U be maximal such that z dominates every v € U’ via U’.
Consider a vertex u € U \ U’ which has a neighbour v € U’. Like in the previous
case, no edge in §(U’) \ {e}, in particular vu, lies in M;. Let @ be an M;-alternating
z—u path of even length, let y be its last vertex outside U and let f be the edge
on @ after y. Since y € S/ \ T/, the path zQy has odd length and hence f € M,.
We claim that there is a vertex on yQu that lies in U’. If y is the predecessor of
zon P, then f = e and z is such a vertex. We may thus assume that y is not the
predecessor of z on P. This implies that y does not lie on P, as otherwise P would
have to use f and would hence meet U before z. If yQu avoids U’, then there is
an M;-alternating x—y path of even length: go from x to z along P, then from z
to v within G}[U’], then use the edge vu and finally along uQy to y. But y ¢ T/,
a contradiction. Hence yQu has a last vertex w in U’, and all vertices of wQu lie
in U. Now like in the previous case it follows that z dominates every vertex in
U’ UwQu via U' U wQu, contradicting the maximality of U’. This proves (7), and
hence (i) and (ii) as discussed above.
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A consequence of (ii) is

For every M;-alternating path P starting in X| and every U € U;,
if PN GU] has more than one vertex then it is a subpath of P
whose first edge is not in M; and whose last edge is either the last
edge of P or an edge of M.

Indeed, let P and U be as in the statement of (8), and assume that P contains more
than one vertex from U. For every vertex v € U NV (P) whose predecessor v on P
does not lie in U the edge vu lies in M;, as otherwise Pv would have even length,
contradicting the fact that v € S/ \ T/. By (ii) there is no such w if U contains
the starting vertex of P, and there is at most one such u otherwise. Therefore,
PNG;U] is a subpath of P, and if the endvertex of P does not lie in U, then again
by (ii) the edge of P from U to V(G}) \ U does not lie in M;, and hence the last
edge of P N G}[U] does lie in M;.

It remains to show (iii). Let us first show S; D SI\T/ and T; D U;. Let v € S]\T)
and pick an M;-alternating path P in G} of odd length from a vertex x € X/ to v.
Note that v is not contained in any element of ;. Let Uy be the element of U; that
contains z, and note that Uy € X; by (ii). Then by (8) contracting the sets in U;
turns P into an M}-alternating path P* in G} of odd length starting in X;, hence
v e S;.

Now let U € U;, pick a vertex u € U and an M;-alternating path P of even
length in G} from a vertex x € X/ to u. Again (8) yields that contracting the sets
in U; turns P into an M -alternating path P* of even length in G} starting in X,
whence U € T;.

To prove S; C SI\ T} and T; C U;, let P* be an M/ -alternating path in G§ from
Ux € X; to a vertex U of G}; we will use P* to construct an M;-alternating path
P in G whose length has the same parity as that of P*. Let Uy = Ux,U,...,U,
be the vertices in U; that lie (in this order) on P*. Note that if U € U; then
U, =U. For j > 0 let u; be the vertex on P* before Uy, and for j < n let w; be
the vertex on P* after U;. Note that each u; and each w; are neighbours of U;
(which is a component of G — (S \ T/)) and hence lie in S} \ T]. Each edge u,;U;
in P* corresponds to an edge u;jv; in E(Gj) with v, € U;, while each edge Ujw;

(8)

corresponds to an edge v;rwj in E(G}). For j =0,1,...,n let v; := xy,; by (ii) we
have vy € X/.
Recursively for j = 0,1,...,n, we construct M;-alternating paths P; of even

length in G from vg to v; so that P; meets U; only in v;, starting with the trivial
path Py = vg. For 1 < j < n, since Pj_; is an M;-alternating path of even length
in GI, its last edge (if existent) is in M;. Hence by (ii) every other edge in §(U;_1),
in particular vj-'_le,l, does not lie in M;. As v;_; dominates vj-'_l via Uj_1, there
is an M;-alternating path Q,_1 of even length in G}[U;_1] from v;_; to v;;l. We
can thus prolong P;_; to an M;-alternating path P; from vy to a vertex in U;: Let
P; = Pj,lvj,le,lv;tle,lP*ujvj_. We claim that P; has even length and that
v; = v;. Indeed, as u; € 57\ T/, the M;-alternating path Pju; has odd length
and thus ujv; € M;. As the only edge in 0(U;) N M; is incident with v;, we have
vj = v; as desired.

If U € U;, we have thus constructed an M;-alternating path P = P, in G} whose
last edge coincides with the last edge of P* and hence either both P and P* have

even length or they both have odd length. If U ¢ U;, then we can apply the same
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construction as before to obtain an M;-alternating vo—U path P from P, whose
length has the same parity as the length of P*. If this parity is even then the last
vertex of P is in 7] and hence in a set in U;, which implies T; C U;. If the parity
is odd then U ¢ U; (as otherwise P = P, and this path has even length), hence U
is a vertex of G and lies in S} \ T/, which proves S; C S} \ T]. This completes the
proof of Proposition 4.1. O

Proposition 4.3. The function w11 satisfies (2) and (3).

Proof. By the definition of m;11 we have m;11(U) = % for every U € U;, thus every
U with || |U| > 1 begins its life with a positive potential. Since we only change
potentials by %, the potential of U cannot obtain a negative value without becoming
0 at some step k. But then U is removed from Qj41, so (2) holds.

To prove that (3) holds, let e = uv be an edge of G and suppose that (3) does
not hold for e and m; 1. Since it holds for e and 7; and we raised the potential only
for sets in T;, there is a set Uy € T; (and hence Uy € Q%Alx) with e € §(Uy), say
uw € | JUy and v ¢ | JUy. Therefore, there is no set U € Q; with {u,v} C | |U. Since
V; is laminar there is a unique set Uy € VMAX\ {U;} with e € §(Uy), i.e. v € | |Us
and u ¢ | |Us. Clearly, we have

0 ifU, e Si,
(9) Z 7Ti+1(U)— Z Wi(U)Z 1 if UQGTi,
Zg?&}f e%?ff}) % otherwise.

As (3) holds for e and m; but not for e and m;11, this means that Us ¢ S; (in
particular Us € Q;41).

Suppose that 3 ircq, cesr) Ti(U) = w(e), ie. e is present in G;. Therefore,
Uy, and Us are neighbours in Gi|V1MAX and (5) yields Uy € S;, a contradiction.

Thus, > rreq,, ces) Tit1(U) = Xpeq, cesr) Ti(U) = 1 and hence Us € T; by (9).
Moreover, this means that 3y cq. ccsr) Ti(U) = w(e) — z.

For every vertex « € (G), define the ith energy of x as p;(x) == 3_, ¢ jy mi(U). As
there is no U € ; with {u,v} C U, we have } y;cq. ccsr) mi(U) = pi(u) + pi(v)
and hence p; (u) + p;(v) = w(e) — 3 is not an integer. We will see that this leads to
a contradiction.

We claim that for every component C' of G; and any two vertices z,y € C, the
value p;(x) + p;(y) is an integer (or equivalently: for every component C of G;
either the ith energy is an integer for all vertices in C' or it is not an integer for
all vertices in C); indeed, if zy is an edge of G; (it clearly suffices to consider this
case) then it satisfies (1). But then

wey) = > mU)=pi@) +ply)— Y, 2m(U),
Ueq; Ueq;
zyed(U) {z.y}cUU

and as w(zy) and 2m;(U) for each U are integers, our claim follows. As G;[| |U] is
connected for every U € Q; (which follows immediately from the construction), the
ith energy is either integral for every vertex in U or non-integral for every vertex
inU.

Furthermore, by applying (6) recursively it is easy to show that for any set
X € X; there is precisely one vertex z € | | X such that the sets UJ € Qj-”AX with
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x € | JUJ have been unmatched by M ; in every step j of the construction and thus

(10) pile) = 5i.

By the definition of T}, every element U of T; lies in the same component of G} as
some X € X/ and hence every vertex in | |U lies in the same component of G; as
any vertex in | | X. This easily implies that the ith energy is either integral for all
vertices in Uy cr, |JU (if 7 is even) or non-integral for all such vertices (if i is odd).
Asu € | |Uy € T; and v € | |Uy € T;, this implies that p;(u) and p;(v) are either
both integral or both non-integral, in particular, p;(u) + p;(v) is integral, which
yields the desired contradiction. (I

Proposition 4.4. The procedure terminates.

Proof. We claim that after i = max.cp)w(e) steps (if not earlier) there is at
most one unmatched vertex in G;. Suppose for contradiction that there are two,
U,Y say. There are vertices u € | |U and y € ||V with p;(u) = pi(y) = 31,
i.e. that satisfy (10). Now the edge uy lies in G} since by (10) p;(u) + pi(y) =
max.ep(q) w(e) > w(uy), and this contradicts the maximality of M;. O

Thus, after finitely many steps, n say, we have a perfect or almost perfect match-
ing M,, in G’,. By recursively applying condition (4) we obtain that every element
of ,, is uniformly almost matchable. Thus we can extend M, to a perfect or almost
perfect matching M of G. We now claim that M is strongly w-minimal.

Firstly, consider the case when M is perfect. Pick any perfect matching M’ so
that M AM’ is finite, that is, there are disjoint finite edge-sets N C M and F C M’
so that M’ = M — N + F. By the definition of G; we have

(1) Suwe) =3 3 ),

eeN eeN Ue,
ecs(U)

and by (3) we have

(12) Zw(e) > Z Z w(U).

e€F e€F UeQ,
eco(U)

By the choice of M, for any element U of €2, there is at most one edge of M in
5(U), thus U appears in the first sum at most once. Moreover, as both M and M’
are perfect, F'U N is a finite set of disjoint cycles and thus if 7(U) appears in the
sum of (11) then it also appears in the sum of (12). By the same argument, any U
with negative potential appearing in (12) also appears in (11). Thus

(13) Mo <> D w),

eeN U€EQ, c€F UER,
e€d(U) e€d(U)

which by (11) and (12) implies that >y w(e) <> cpw(e). As M’ was chosen
arbitrarily, this proves that M is strongly w-minimal.

Next, consider the case when M is almost perfect. There is only a difference
to the previous case when F' meets the only vertex x not matched by M, however
(13) remains true since by (10) = has maximum energy (in particular non-negative).
Thus M is strongly w-minimal also in this case.



STRONGLY MAXIMAL MATCHINGS IN INFINITE WEIGHTED GRAPHS 13

O

Proof of Theorem 1.8. Clearly, we may assume that all weights w(e) are positive.
Let G’ be the complete graph resulting from G by adding an edge of weight 0
between any two non-adjacent vertices of G, and define w'(e) := —w(e) for every
e € E(G"). By Theorem 1.9, G’ has a strongly w’-minimal perfect or almost perfect
matching M, and then M’ := M N E(G) is a strongly w-maximal matching of G.
Indeed, suppose that there is a matching M" where M"” AM’ is finite such that

(14) wM"\M'] < w[M'\M"].

Let L be the set of edges of M\ M’ that are incident with an edge of M"\M’. Then,
N := (MU M \MN)\(LUM\M") is a matching in G’ with NAM finite, and
since w[L] = 0 we obtain w[N\M] < w[M\N] by (14). If N leaves more than one
vertex of G’ unmatched then, as G’ is complete, we can arbitrarily match all but
at most one of those unmatched vertices to extend N to a perfect or almost perfect
matching of G'. As w(e) < 0 for every e € e(G’), this contradicts the fact that M
is strongly w-minimal. O

We now show that Theorem 1.9 and Theorem 1.8 fail when we allow non-rational
weights. Since Theorem 1.8 follows from Theorem 1.9, it suffices to construct a
counterexample to the former. This counterexample G will consist of two vertices
x and y, joined by infinitely many paths Pi, P,.... The idea is to choose the
weights w(e) so that a potential strongly w-maximal matching has to match both
z and y, and it has to match them in the same path P;, and so that any such
matching can be locally improved by changing it along P; U P, so as to match x
and y in P;q1.

In order to achieve this situation, we will need an irrational value a as a weight
with the property that for every € > 0, there is an n € N such that na dif-
fers from some integer by less than €. This is satisfied for instance for a :=
pya 101-2i(+1) = 1010010001 .... The only weights in our graph will be a,
2a, and 2a — 1. We will choose the paths P; so that each of them contains an odd
number of edges, 2n; + 1 say. Every second edge on P; will have weight 2a — 1,
while the remaining n; + 1 edges on P; will have weights a and 2a, and the sum of
their weights will be larger than n;(2a — 1), i.e. than the sum of the weights of the
other edges, by a value that is strictly increasing with 1.

First, let us define the numbers n;. Let my := 1 and, for i = 1,2,..., let
niy1 = 10710, + 1. (Thus, ny = 101,73 = 101001 etc.) It is not hard to check
that
(15) 1070FD < 102D~ — p; < 1077,

We write P; = zfz} ...z, x4, 1, where v = zf, and y = 2%, ;. As already
mentioned, we put w(e) := 2a — 1 for each edge e = xéjflxéj, 1<j<n;. We
call these edges the even edges of P;; the other edges on P; are the odd edges of P;.

Define the weights of the odd edges of P; as follows. Inductively, for k =0,1,...,n;,

we put

(16) Wby ) = { a i Y373 we ;) < 2o 1)
a  otherwise

By this definition, we achieve that on every subpath zP;x}, of P;, the sums of
weights of the even edges (which equals k(2a — 1)) and of the odd edges do not
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differ too much. Indeed, it is easy to check that

=

k
(17) 1-a< Zw(xgjx;jﬂ)—k(?a—l) < 1.
j

Given a subpath P of some P;, we write even(P) (respectively odd(P)) for the sum
of the weights of the even (resp. odd) edges of P; on P. With this notation and (17),
we have the two inequations

(18) odd(xP;xl) — even(xPizt) < 1 for k even, and
(19) odd(xzP;xl) — even(zPzt) > a for k odd.

Suppose there is is a strongly w-maximal matching M in G. First, we show that
on each P; there is at most one unmatched vertex. Indeed, if there are at least two
unmatched vertices on some P;, then we can pick two of them x} and xi with j < k
so that all vertices x} with 7 <! < k are matched. Note that the path P = x}Pixi
has odd length. If j is even then k is odd, and we have odd(P) — even(P) =
odd(zPizt) — even(zP;xl) — (odd(xPix;-) - even(waé)) >a—1>0. If j is odd,
we have by a similar calculation again even(P) — odd(P) > a — 1 > 0. This means
that we can replace the edges in M N E(P) by the edges in E(P)\ M and improve
M, a contradiction. Therefore, every P; contains at most one unmatched vertex.
In particular,  and y cannot both be unmatched.

Thus one of z,y, say z, is matched in M, to x} say. If y = mémﬂ is unmatched
and P; has odd length, there has to be another unmatched vertex on FP;, which
again leads to a contradiction. Thus, y is matched in M, to xénj say. Easily, for
k # i,7 each vertex on Py is matched. Suppose i # j; then there are unmatched
vertices x%, and z7,. Since no other vertex on P;UP; is unmatched, m is even and n
is odd. Furthermore, the path P := xinPixijzL is an M-alternating path; we claim
that replacing the edges in M N E(P) by those in E(P)\ M is an improvement of
M. Indeed, on ¢, P;z, we replace the odd edges by the even ones and lose less than
1 by (18), while on zP;zJ,, we replace the even edges by the odd ones and gain at
least a by (19). Since a > 1, this contradicts the strong w-maximality of M and
hence ¢ = j.

Thus, M is a perfect matching. We claim that we can improve M by replacing
its edges in P; U P;11 by those in E(P; U Pi41) \ M. Indeed, M consists of the odd
edges of P; and the even edges of all the other P;. Clearly, we have even(P;) =
even(xij%nj) = n;j(2a — 1) and odd(P;) = odd(xij%nj) + w(x%njxénﬁl) for
every j, and if k; denotes of odd edges of xijgnj with weight a, then we have

odd(Pj) = nj2a — kja + w(x%nj xénﬁl) and hence

odd(P;) — even(P;) = nj — kja+ w(xén] xénﬁl).
If k; < 1027601 then odd(xijénj) - eve@(xij%nj) =n; —kja>a—1070+D
by (15), which contradicts (18) as @ — 10~ > 1. On the other hand, if k; >
10236+ =1 then odd(xP;wy,, ) — even(zPjxy, ) =nj — kja < —a — 1077 by (15),
which contradicts (17). Thus, k; = 10290+D=1 and —107 < odd(xP;x3,, ) —

even(xijgnj) < —10-U*Y < 0. By (16) we have w(a;%n7 xgnj_H) = 2q and thus

20 — 1077 < odd(P;) — even(P;) < 2a — 10~ G+D),
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In particular, odd(P;) — even(P;) < odd(P;j+1) — even(P;+1) and hence we can
improve M by using the even edges of P; and the odd edges of P,1 instead of the
odd edges of P; and the even edges of P;;1. Thus we get a contradiction, proving
that G has no strongly w-maximal matching.
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