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10.3 Hamilton cycles in the square of a graph 317

disconnect our multigraph. We write G1 for the Eulerian multigraph G1

thus obtained, E = E(G1) � E(G2) for the set of all its new parallel E

edges, and C1 := G1[V (C)]. C1

Let us note two properties of G1, which follow from its construction
and the definition of y:

The edges of G1 at vertices of C all lie in E ∪E. (1)

NG1(y) ⊆ {s1, s2}; thus, y has degree 2 or 4 in G1. (2)

Let P1 = x1
0 . . . x1

�1
be the (maximal) x–y multipath in C1 con- �i, xi

j

taining g1, and let P2 = x2
0 . . . x2

�2
be the multipath consisting of the Pi

other edges of C1. Unless P2 is empty, we think of it as running from
x2

0 ∈ {x, r2} to x2
�2

∈ {y, s2}. We write ei
j for the xi

j−1–x
i
j edge of Pi

in E(C), and ei
j for its possible parallel edge in E (i = 1, 2). ei

j , ei
j

Our plan is to find an Euler tour W1 of G1 that can be transformed
into a Hamilton cycle of G2. In order to endow W1 more easily with
the required properties, we shall not define it directly. Instead, we shall
derive W1 from an Euler tour W2 of a related multigraph G2, which we
define next.

For i = 1, 2 and every j = 1, . . . , �i−1 such that ei
j+1 ∈ G1, we delete

ei
j and ei

j+1 from G1 and add a new edge f i
j joining xi

j−1 to xi
j+1; we shall f i

j

say that f i
j represents the path xi

j−1e
i
jx

i
je

i
j+1x

i
j+1 ⊆ Pi (Fig. 10.3.4).

Note that every such replacement leaves the current multigraph con-
nected, and it preserves the parity of all degrees. Hence, the multigraph
G2 obtained from G1 by all these replacements is Eulerian. G2
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Fig. 10.3.4. Replacing ei
j and ei

j+1 by a new edge f i
j

Pick an Euler tour W2 of G2. To transform W2 into an Euler tour W2

W1 of G1, replace every edge in E(W2)�E(G1) by the path it represents. W1

By (2), there are either one or two passes of W1 through y. If d(y)= 4
then G1 is connected but G1−{h2, h2} is not, by definition of G1. Hence
the proper y–y subwalk W of W1 starting or ending with the edge h2

must end or start with the edge h2: otherwise it would contain an s2–y
walk in G1 −{h2, h2}, and deleting h2 and h2 from G1 could not affect
its connectedness. Therefore W1 has no pass through y containing both
h2 and h2: this would close the subwalk W and thus imply W = W1,












