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Content of this talk

@ We are interested in a family of g-series which arises in a theory which combines
multiple zeta values, partitions and modular forms.

@ There are a lot of linear relations between these g-series. For example:

q"' noq™? 1 n?¢” 1
Z (l_qm)(l_qnz) 722 +QZ

1—
ni1>n2>0 q

2.

@ First we start by an elementary definition of these g-series using partitions...

1—qgm 1—q
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Partitions

By a partititon of a natural number 1 with [ different parts we denote a representation
of n as a sum of [ different numbers.

For example
15=4+4+34+2+1+1

is a partition of 15 with 4 different parts.
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By a partititon of a natural number 1 with [ different parts we denote a representation
of n as a sum of [ different numbers.

For example
15=4+4+34+2+1+1

is a partition of 15 with 4 different parts.
We identify a partition of 7 with [ different parts with a tupel (Z) with u, v € N,

@ The u; are the [ different summands.

@ The v; count their appearence in the sum.

The above partition is therefore given by (Z) = (3??;)

Lyt

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series.



We denote the set of all partition of n with [ different parts by P;(n), i.e. we set
U

Pi(n) := {( ) e IN! x N | n=wjv1 + - +woy, up >--- >y >O} .
v

An element in P, (n) can be represented by a Young tableau. For example

2,1,1,2

4,3,2,1
RNE e Pi(15)

With this it is easy to see that this element gives rise to a different element P, (15):
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We denote the set of all partition of n with [ different parts by Pl(n) i.e. we set
u 1 1

Py(n) {( > eEN' xIN' | n=wuyvy + - +wuy, u1>~~~>ul>0} .
v

On the set P (n) we have an involution p given by the conjugation of partitionen

4,3,2,1\ _ 4 p o (6.4.3,2
2,1,1,2) o = L

On P;(n) this p is explicitly given by p ((7:)) = (“/) , where

,U/
u =v1 + -+ v_j41 and v} = U_jt1 — U—jp2 with w1 =0, ie.

J
p:<u1,...,ul) <’U1+-~'+Ul,...,1}1+’l)2,1}1>.
Vlyeens Ul Up, Up—1 — Ul - .y U — Ug
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Partitions & g-series

We now want to construct g-series Zn>0 anq", where the coefficients a,, are given
by sums over Pl(n) The map p will then give linear relations between these series.

Example Consider the following series

Z Z vy vz | q"

n>0 (;’t)EPZ(Tl)
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Partitions & g-series

We now want to construct g-series Zn>0 anq", where the coefficients a,, are given
by sums over Pl(n) The map p will then give linear relations between these series.

Example Consider the following series

S DY mw|m=> > uy - (uh —us) | "

n>0 \ (4)ePa(n) =0 \p((1)=(1r)er2(n)

Y T ww|e-T T @]

n>0 (5)6132(") n>0 (Z)EPz(n)
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bi-brackets

Forry,...,71 >0,81,...,8 > 0andc:= (ri!(s; — 1)!...¢!(s; — 1)) "L we
define th following g-series

S1y--+551 r1 s1—1 r1,.81—1 n
[ =c- g g utortT Lty q
T1y...45T1

n>0 (z)epl(n)

-1 1
_ Z U_g:l U_lrl ) ”U‘lgl .. .’U;l ugvi e fugy c Q[[ ]]
ri! !l (s1 =D (s —1)! ¢ 4
e 1! 1! 1 LI !
V1,...,01 >0

which we call bi-brackets of weight 7y + - - - + 7 + 81 + - - - + S;, upper weight
81+ - - + 51, lower weight 71 + - - - + 77 and length [. By BD we denote the Q-vector
space spanned by all bi-brackets and 1.
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The bi-brackets can also be written as

|:817"'38l:| —¢c Z n;lpsl_l(qnl)...TL,lrlPsl_l(qnl)
—c- ,
T1,...,T1 > S50 (1_qn1)81._.(1_qm)sl
where the Py,_1(t) are the Eulerian polynomials defined by

Ppa(t)

dk 1td
i t =
d>0

Examples:
Py(t) = Pi(t) = t,Py(t) =t +t,Ps3(t) =3 + 4> + ¢,
L1l q"1n2q"?
[0’ 1] = 2 (L—gm)(1—qn2)

ni>ng >0
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multiple divisor sums and modular forms

Forry = --- = r; = 0 we also write

S1y--581| N 1 .,
|:07,0:| - [317...75l] = (51 71)!“.(& — 1)' nZ>00'51,1,m’5171(7’L)q .

and denote the space spanned by all [s1, . .., ;] and 1 by MD. We call the
coefficients 0s, —1,...,5,—1 (n) multiple divisor sums. In the case [ = 1 these are
the classical divisor sums o, _1(n) = Zd|n d*—! and

1
[k] = o1 > okoa(n)g”.

n>0
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multiple divisor sums and modular forms

Forry = --- = r; = 0 we also write

51,000,851 o 1 .
[o,...,o} = sl = CTT T gasrlwwﬂfl(n)q

and denote the space spanned by all [s1, . .., ;] and 1 by MD. We call the
coefficients 0s, —1,...,5,—1 (n) multiple divisor sums. In the case [ = 1 these are
the classical divisor sums oj_1 (n) = Zd|n d*—! and

[k‘ 71 Zakl

n>0

These function appear in the Fourier expansion of classical Eisenstein series which are
modular forms for S L (7Z), for example
1 1 1

We will see that we have an inclusion of algebras
Mq(SLy(Z)) € Mo(SLy(Z)) C MD C BD,
where MQ(SLQ(Z)) = Q[G4, GG} and MQ(SLQ(Z)) = Q[GQ, Gy, GG} are

the algebras of modular forms and quasi-modular forms.
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bi-brackets - examples

2] =) o1(n)q" = q+3¢° +4¢> + 7¢* + 6¢° +12¢° + ...,
n>0

2,2]
[1’ ol = 2¢° + Tq* +23¢° +42¢° + 89¢" + 142¢% + 221¢° + 342¢'° + ... |

2,2]
[07 = @ + 3¢ +10¢° + 164¢° 4 35¢" + 52¢% + 78¢° +120¢'° + ...,

1,1,1]
1,2,3]

1
= 55 (12¢° +28¢" + 964" +481¢° + 747¢" + 2042 + ... ) ,

1
[4,4,4] = 316 (¢° + 99" + 45¢® +190¢° + 642¢'° + 1899¢™" + ... ) |

1
[3,1,3,1] = 1 (¢"" 4+ 2¢"" + 8¢ + 16" + 43¢" + 704" +...) .
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bi-brackets

@ There are a lot of relations between bi-brackets. For example the discussion from the

beginning gives
2,2] _[L1] 11
0,0/ |1,1 0,2]"

@ To obtain more relations we have to study the algebraic structure of the space 3D
which is "similar" to the algebraic structure of the space of multiple zeta values.

@ The brackets [81, ey sl} have a direct connection to multiple zeta values and the
Fourier expansion of multiple Eisenstein series.
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Multiple zeta values

For natural numbers s1 > 2, sa, ..., s; > 1 the multiple zeta value (MZV) of weight
81 + ... + s; and length [ is defined by

(otyems) = Y e

ny>..>n>0 L l

@ The product of two MZV can be expressed as a linear combination of MZV with the
same weight (stuffle product). e.g:

¢(r)-C(s) = C(ry8) + C(s,7) +C(r +5).

@ MZV can be expressed as iterated integrals. This gives another way (shuffle product)
to express the product of two MZV as a linear combination of MZV.

@ These two products give a number of Q-relations (double shuffle relations) between
MZV. Conjecturally these are all relations between MZV.
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Multiple zeta values

Example:
€(2,3) +3¢(3,2) + 6¢(4,1) =7 ¢(2) - €(3) "= ¢(2,3) +¢(3,2) +{(5).

— 2@.(37 2) + 6C(47 1) double:shuh‘le C(5) )

But there are more relations between MZV, which can be proven by using (extended)
double shuffle relations. e.g.:

C(4)=¢(2,1,1),

¢(5) = ((4 1) +¢(3,2) +¢(2,3),
16¢(3,2,2) = 18¢(5,2) + 21¢(4,3) — 2{(7),
5619917 (12) = 168¢(5,7) 4+ 150¢(7,5) + 28¢(9,3) .
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bi-brackets - filtrations

Filtrations

On BD we have the increasing filtrations FilYV given by the upper weight,Fil].D given by
the lower weight and Filr: given by the length, i.e., we have for A C BD

P (4) = (|70 € A|0< I <k, 514451 < k),

171,571
Fill,g(A)::<-81""’Sl- €A|0<I<k,m+ - +n<k)
171,571 - = - /Q
. (s1,...,5]
Fill(4) := T e Alr <) .
ll( ) <7”1,.. , T }Ir_ >Q

If we consider the length and weight filtration at the same time we use the short notation
FilZVI’L = Filzv Fil{“ and simlar for the other filtrations.
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bi-brackets - algebra structure

Theorem
The space BD is a filtered differential Q-algebra with the differential given by d = q%
and

. W,D,L . W,D,L . 'W,D,L
Fllkhdlall (BD) ’ Fﬂkmdz,b (BD) C Fllk1+k2,d1+d2,l1+l2 (BD) ’

As in the case of multiple zeta values we also have two different ways, also called
stuffle and shuffle, of writing the product of two bi-brackets.
Examples:
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bi-brackets - algebra cture

That the space BD is closed under d = qd% is easy to see, since

d) 500nq" = Y, Nanq" one obtains:

Proposition

The operater d on [jiii] is given by

S1y-.-,85] 81,...,8]'_1,Sj+1,8j+1,...,81
d = i(r; +1 .
e B I CTUER i )

L L I R RSPy

Example:

1 1 1
d[k] = k/’|:k+ :| 5 d[Sl,Sg] = 851 |:51 + ’82:| +82 |:517(<j21+ :| .
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bi-brackets - generating series

To prove that BD is closed under multiplication we will consider the generating series
of bi-brackets

Definition

For the generating function of the bi-brackets we write

Figonon G|
Yi,....Y
S15-+-,81 s1—1 s1—1 r1—1 ri—1
2 [7"1—1... R R e R SR
S1,...,51>0 ’ ?
T1,...,71 >0
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bi-brackets - generating series

Forn € Nset L, (X) = <& ¢ Qllg, X]).

1—eXqgm

Forall [ > 1 we have the following two expressions for the generating series of bi-brackets

1
= Z Heu]'YjLuj (X;)

wy > >up >0 j=1

Xy X
Yl?"'a}/l

!
= Z H s KXiwi—i=Xit2=i) [ (V] + -+ + Yi_jy1)

up > >u >0 j=1

(where X;11 := 0)

Corollary (partition relation)

Foralll > 1 we have

Xi,..., X
Wigoooq ¥

Yi+ --+Y,.... 1+ 5
X, X1 - Xy, X1 — Xo
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bi-brackets - partition relation

The proof of the theorem uses the conjugation p which was given by
(ul,...,ul) <01+---+vl,...,v1+vg,v1>
p: —
V1y.--,0 UL, Up—1 — Uy - oo, U — U2
on the set of partitions P (n).

It is therefore not surprising that we have the similar looking equality

X1, X
Yi,....Y

Y1+"'+}/l7'-'7yl+}/27}/1
Xi, Xij—1 — Xy oo, X1 — Xo
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bi-brackets - partition relation

Corollary (partition relation in length 1 and 2)

Forr,ri1,m3 > 0and s, s1, s3 > 0 we obtain for the coefficients in the corollary before
s|  (r+1
rl o |s—1]"

[31,52}: Z (_1)k<81—1+k>(rg+j>|:7'2+j+1,7”1—j+].
rura) A2 k i Jes—1—k. s1—1+k
0<k<sz—1

11] _ [2.2] , ,[3.1

11,1/ (0,0 0,0’

3,31 1,1 1,17 1,1
0,0, "6[0,4] _’3{1,3] +[2,2}’

2. 2] 2.2 2,2 3.1 3.1
’ =-92|7 417 2177 .
1,1 kJ*LJ k4+{u]

Examples:
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bi-brackets - algebra structure

X n
For L, (X) = == we have

La(X) - La(Y) = coth <X - Y> LX) —En(¥) _ La(X) + La(¥)
2 2 2
k1 kel Ln(X) = Ln(Y)
= Z (X -Y) (Ln(X) 1 (=1) Ln(Y)) R
k>0
Proof: By definition it is
eX e X 2
coth(X) = P Qe 1+ oy e
and by direct calculation
1

This gives the first equation and the second one follows by the generating series of the
) X n XM
Bernoulli numbers —x— = Zn>0 p
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bi-brackets - algebra structure

The product of the generating series in length one can be written as:
("stuffle product of the generating series in length one")

‘Xl Xo|  [X1,Xo| | | X2, X1 gt 1 ( X1 | | X2 )
1| |Yz| Y1,Yz oY1 Xi—Xo \|i+Ye| [Y1+Ys
71@ k—1 X3 _1\k—1 X
+Zk %) <Y1+Y2+( Y1+Y2>'
("shuffle product of the generating series in length one")
X1 ) Xo|  [Xi+ X2, X, X1+ X, Xo
)/1 }/2 - }/27Y1_}/2 Y17Y2_Yi
n 1 X1+ X5 B X1+ Xo
i-Y, Y1 Y,
> By w1 [ |X1 + Xo 1| X1 + Xo
— (Y1 — Y5 =1 .
+; k!( 1 —Y3) Y, +(=1) Y,
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bi-brackets - algebr ucture

Sketch of the proof:

@ For the stuffle product consider

X, ‘Xz 5 o v
o= D0 €L (X)) €L (X)
Yl }/2 n1>0 ng >0
B SR SR o
niy>ng >0 na>ni >0 ni=ny>0
X1, Xo| | (X2, Xy (Yi+Y2)
- " L, (X1)L,(X
Y17)/2 }/27Y1 +nz>06 ( 1) ( 2)

and then use the lemma for the term L., (X)L, (X2).

@ For the shuffle product first use the partition relation on the left hand side, i.e. use
);11‘ = B&’ and then use the partition relation again on the right hand side.
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bi-brackets - algebra structure

Idea of proof for the algebra structure:
In order to proof that an arbitrary product of bi-brackets is again an element in 3D one
considers the product of the generating series in general

Ny > >Ny >0 M1 >+ >0 >0

X17~-~;Xm . Xm+17--~7Xl
Yla"';Ym Ym+17"‘7}/—l

where we again consider all possible sums over shuffles of ny,...,n,, and
Tyn41, - - -, T plus the sums with equalities 1; = n; with 1 < j < m and
m+1<i<L

docd= > > )

n1>n2>0 n3z>0 ni>ng>nz>0 ni>ng>ns >0 ny>ni>n2>0

DI

ni=nz>n2>0 ni>nzg=n2>0

For each equality n; = n; one uses the lemma to rewrite Ly, ; (X;) - L, (X;).

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series



bi-brackets - stuffle product

Corollary (stuffle product)

For s1, 82 > 0and ry,r3 > 0 we have
1 T2 71,72 72,71 71 1+ 72
aF <T1 +T2) SZI (_1)52_13814’52—]' (51 =+ s2 _j - 1) |: .7 :|
)i (sitse =) s1—J r1+ 72
+ (7“1 +7“2) i (=1 ' By 45,5 (81 +s2—j— 1) { J ]
o) (sitse =) s2—J r1+ 72
Notice: If 1 = ro = 0, i.e. when the two brackets are elements in MD, all elements
on the right hand side are also elements in MD.
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bi-brackets - shuffle product

Corollary (shuffle product)

For s1, 82 > 0andry, 79 > 0 we have

s1| |82 sh Z s1+s2—7—1\[ri+r2—k (_1)7‘2—k s1+82—7,J
71 T 15z s1— 7 r1 ]{J,T1 +7ro—k
0<k<rs
51+82—j—1><7”1+7‘2—k> ri—k|S1+S2—7J,]
-3 a
1< <89 S1 — 1 1T — k k,rl —+ ro — k
0<k<r;
n s1+82—2)[s1+s2—1
s1—1 rr+re+1
n S1+ 82 — 2 Tzl (=1)™Br4rog—jt1 [r1+12—J\ |81 +s2—1
s1—1 = (7’1—|—T2—j+1)! rL—7 7
n S1+ 82— 2 Z (=)™ Bri4rg—jt1 [r1+T2—3F\ |81 +82—1
s1—1 g (7"1—|—’r‘2—j+1)! ro —7J 7
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bi-brackets - stuffle & shuffle product

Using the shuffle and stuffle product we obtain linear relations in BD.
Example:

oL =+ [ -2 F ol
L R i e P R P

L I I A B 25 Y I W S O A
2,5 3,4 " [4,3] 6048|2] " 720 [4] " |8

=
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This procedure works in general. For example the stuffle product for the generating
series of length one and length two is given by

X, ) X27X3 B X17X27X3 X2,X1,X3 X27X37X1
Y1 Y5, Ys Y1,Y2,Ys Y2, Y1,Y3 Y5, Y3, Y
I 1 X17X3 _ X27X3
X1 =X \|[1+ Y2, Y3 Y1 +Y2,Y;
P 1 KXo, Xa | | X2, X3
X1 —-X3 \|[Vo, Y1+ Y3 Yo, YV1+ Y3
>~ B k—1 X1, X3 p—1| X2, X3
— X -1
3 D v T iy
>~ By k—1 X2, X1 p—1| X2, X3
— (X1 — X -1
D I | R R e PR
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bi-brackets - relations

The partition relation and the two ways of writing the product give a large family of
linear relations in BD and conjecturally these are all relations.

Indeed there are so many relations that numerical experiments suggest the following
conjecture:

Conjecture

The algebra BD of bi-brackets is a subalgebra of MD and in particular it is
qW.D.L
il 4, (BD) C F11k+d 1+a(MD).

This conjecture is interesting, because the elements in MD have a connection to
multiple zeta values.
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bi-brackets - connections to mzv

Denote the space of all admissible brackets by

qMZ ::<[81,...,Sl] € MD ’51 >1>Q'

Proposition

For [s1,...,s;] € Fil}¥ (qMZ) define the map Zj, by

Zy ([s1,---,81]) = ;Lr%(l —q)¥[s1,..., 8]

then it is

S1y+.-,81), S1+---+s =k,
R A N

The map Zj, is linear on Fil}" (@M Z), i.e. relations in Fil} (qM Z) give rise to
relations between MZV.
Example:

4] = 2[2,2) - 2(3,1] + [3] - 5 [2] C(4) = 20(2,2) - 2(3,1).
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bi-brackets - connections to mzv

All relations between MZV are in the kernel of Z}. and therefore we are interested in
the elements of it.

Theorem

For the kernel of Zj, we have

@ Forsy+ -+ s < kitis Zp([s1,...,81]) = 0.

o If f € Fil}¥ o(MD) then Z(d(f)) = 0.

e Every cusp form f € Fil}Y (MD) is in the kernel of Zj,.

But these are not all elements in the kernel of Z,.

There are elements in the kernel of Z} which can't be "described" by just using
elements of MD in the list above.
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bi-brackets - connections to mzv

In weight 4 one has the following relation of MZV

C(4) = C(27 1, 1) )

i.e. itis [4] — [2,1, 1] € ker Z4. But this element can't be written as a linear
combination of cusp forms, lower weight brackets or derivatives. But one can show that

[4} - [27 1, 1} = (d[” + d[?]) — é[Q} _ [3] + |:i’(])-:|

N |

and [fé] € ker Z4.
In general one can show that most of the bi-brackets [iiii] where at least one
r; # Ois in the kernel of Zj,.

Conjecture (rough version)

Every element in the kernel of Z}. can be desribed by using bi-brackets.
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Summary

@ bi-brackets are g-series whose coefficients are rational numbers given by sums over
partitions.

@ The space BD spanned by all bi-brackets form a differential Q-algebra and there
are two different ways to express a product of bi-brackets.

@ This give rise to a lot of linear relations between bi-brackets and conjecturally every
element in BD can be written as a linear combination of elements in MD.

@ The elements in MDD have a connection to multiple zeta values and elements in
the kernel of Z}, give rise to relations between them.

@ Conjecturally the elements in the kernel of Z}, can be described by using
bi-brackets.

@ In arecent joint work with K. Tasaka it turns out that bi-brackets are also necessery
to give a definition of "shuffle regularized multiple Eisenstein series".
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