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Problem sheet 1

Modus of exercises

• There will be 5 exercise sheets throughout the term, they are due on 6.11, 20.11,
4.12, 18.12, 15.1

• In the exercise sessions, the solutions of the exercises will be discussed, the problems
will be self-graded

• The grading per problem will work as follows (3 points=perfect answer, 2 points=mostly
right, 1 point=somewhat correct, 0 points=not correct)

1.1 Legendre family of elliptic curves

Let Eλ :=
{
y2 = x(x− 1)(x− λ) ⊂ C2

}
a) (3P) Show in general that a holomorphic differential is closed, show that the dif-

ferential dx
y is holomorphic.

b) (3P) Show that the only singular fibers of Eλ are at λ = 0, 1.
Recall that for any p(x, y) ∈ C[x, y], the set V (p) := {(x, y)|p(x, y) = 0} ⊂ C2 is
called an affine plane curve, it is smooth if there is no (x0, y0) ∈ V (p) such that
∂p
∂x(x0, y0) = 0 = ∂p

∂y (x0, y0).

c) (3P)Consider next the family of elliptic curves x30 +x31 +x32 +λx0x1x2 ⊂ P2, what
are its singular fibers?

1.2 Non-constance of τ

(2× 3P) The goal of this exercise is to show that τ is non-constant by showing that τ
approaches infinity along the ray λ > 2 of the real axis. Assume therefore that λ >> 2 :

a) Convince yourself that ∫
A

dx

y
∼
∫
A

dx

x
√
−λ

and show that the last integral is equal to 2π
λ

b) Convince yourself that ∫
B

dx

y
= −2

∫ λ

1

dx

y



c) Show that the difference between the integrand 1
y and 1

x
√
x−λ is 1

2x2
+ higher pow-

ers of 1/x, an expression with asymptotically negligible integral −λ−1/4+ higher
powers of λ−1.

d) Compute −2
∫ λ
1

dx
x
√
x−λ

e) Put everything together to show that τ(λ) ∼ i
π log λ

1.3 Singular points and exponents

(2 × 3P)

a) Determine the singular points of the following differential operator:

θ2 − 3z(3θ + 1)(3θ + 2) , θ = z
d

dz
,

for the regular singular points determine the exponents.

b) Determine the singular points of ∂2

∂z2
− z and θ2 − z, the first one is the Airy

equation, we will see the second in the mirror of CP1
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